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Abstract
Microfluidics is a rapidly developing research field that
has various applications in biomedicine. Microfluidic de-
vices can be used to capture rare cells from blood sam-
ples, to analyze flows with diseased cells or to perform
separation tasks. In order to optimize the design of these
devices, a good working model of cells traveling in blood
plasma or other biological fluids is needed.

This work describes such model and approaches taken
towards its development. It is a full 3D computational
model with two-way coupling of fluid and immersed ob-
jects capable of resolving elastic deformations based on
physical principles both in detailed simulations of single
or few objects and in large simulations of up to thousands
of cells.

This work also describes the procedures used for vali-
dation and calibration of the model, novel approach to
preservation of local area of the membrane, new mem-
brane collision algorithm capable of resolving intersecting
membranes, comparison of various seeding approaches for
dense suspensions and a simulation study that illustrates
model capabilities and its usefulness in the future opti-
mization of microfluidic devices.

Categories and Subject Descriptors
I.6.5 [Computing Methodologies]: Simulation and
modeling—model development ; J.3 [Computer Appli-
cations]: Life and medical sciences
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1. Introduction
Blood is a dense suspension of cells, mostly red blood
cells (RBCs). In microfluidic devices, where the cell size
is not negligible in comparison to the dimensions of the de-
vice channels, the cells cannot be treated as homogeneous
fluid, but rather have to be modeled as elastic objects
traveling in flow. Deformations of individual cells, their
mutual interactions and interactions with the boundary
contribute to the complexity of this flow. This work con-
cerns three-dimensional modeling of such elastic objects
moving in fluid with application in biomedicine.

The primary motivation is the future design and opti-
mization of microfluidic devices capable of filtering cir-
culating tumor cells (CTCs) from peripheral blood sam-
ples of patients. These kinds of bio-chips for non-invasive
cancer screening and monitoring are already being manu-
factured, however they have only appeared fairly recently
and their design is still under research. The computer
simulations significantly improve the design process.

Circulating tumor cells are cancer cells that have migrated
from the primary site of cancer and circulate in the blood-
stream. Already in 1869, Thomas Ashworth, an Aus-
tralian physician, after observing circulating tumor cells
in the blood of a man with metastatic cancer using micro-
scope, postulated [2] that ”cells identical with those of the
cancer itself being seen in the blood may tend to throw
some light upon the mode of origin of multiple tumors
existing in the same person.”

To this date, in the solid tumor setting, CTCs are re-
garded as a population of rare cancer cells that have de-
tached from a primary tumor and entered the circulation.
These cells can travel and potentially seed new metastatic
sites [26]. Metastasis is the signal of progression to an in-
curable state for most solid tumors. While the molecular
mechanisms of metastatic progression are still not well
known, there is evidence that CTCs are shed well before
the onset of macroscopic metastasis [6, 15]. This makes
them an obvious target when designing early cancer de-
tection procedures.

CTCs are found in frequencies of few hundreds per ml of
whole blood (which also contains ∼ 109 other cells) even
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Figure 1: Shape and dimensions of RBC.

in patients with advanced metastatic disease [22, 29]. In
general, the CTCs are larger than RBCs, have different
density, different migratory properties and they bind to
specific antigens, to which RBCs do not respond.

The most frequently used methods for isolation of CTCs
are: methods relying on physical properties of CTCs, nu-
cleic acid-based detection of CTCs, capture of CTCs using
antibodies against cell surface antigens and others that
rely on various types of microfluidic devices. More de-
tails can be found in review articles [4, 34] and references
therein. Overall, microfluidics and labs-on-chip devices
are recently emerged and rapidly developing fields that
have the potential to significantly impact our healthcare
system.

At this time, we are not aware of research that would
have done rigorous optimization of design of microfluidic
devices - for example with respect to geometry or veloc-
ity of passing blood. In order to be able to tackle the
ultimate goal of designing and optimizing microfluidic de-
vices, first we need a very good working model of blood
passing through such device. This means modeling the
blood plasma as fluid with water-like properties, model-
ing the red blood cells immersed in it as elastic objects
and modeling other relevant objects (such as CTCs) and
their properties (e.g. adhesion) properly.

2. Description of Modeled System
In vertebrates, blood is composed of blood cells suspended
in blood plasma. Plasma constitutes approximately 55%
of blood volume and is mostly water (92% by volume).
The blood cells are mainly red blood cells and then in
smaller numbers platelets and white blood cells. (For
every 600 red blood cells, there are approximately 40
platelets and one white cell.) Humans have about 2 −
3 ·1013 RBCs (which is about one quarter of the total hu-
man body cell number) and there are typically 4− 8 · 106

cells per mm3 of blood. Mature RBC has no nucleus. Its
inner volume is filled with a solution of hemoglobin, an
iron-containing protein, which facilitates transportation
of oxygen.

The red blood cell is a very elastic biconcave disc with di-
ameter 6−8µm and thickness about 2µm, Figure 1. This
shape increases the surface area to volume ratio of the
cell (compared to spherical shape) and thus increases the
efficiency of diffusion of oxygen and carbon dioxide in and
out of the cell. The flexible membrane allows erythrocytes
to squeeze through capillaries as small as ∼ 5µm wide.

Figure 2: Stretching forces.

The resulting shape is then the biconcave discoid with
constant surface SRBC ∼ 136µm2 and constant volume
VRBC ∼ 90− 100µm3 [3].

The human RBC membrane is ∼ 40nm thick [14] and
consists of several layers. For our purposes, the following
two are most important: the phospholipid bilayer with
4-5 nm thickness and a 2D triangular mesh-like spectrin
cytoskeleton network attached to the inner side of bilayer.
Since the RBC cytoplasm mainly consists of hemoglobin
solution, the elastic properties of RBC are determined by
RBC membrane and can be explained by three fundamen-
tal deformation modes (experimentally measured values
in brackets): area expansion/compression (0.2N/m [25]),
shear (5−10·10−6N/m [7]) and bending of the membrane
(∼ 2 · 10−19Nm [11]).

The flow is governed by Stoke’s law [3]. This means that
the viscous (frictional) effects are more dominant than
inertial forces.

3. Model
3.1 Elastic Objects
The most widely used models are continuum models [28],
spectrin models [12], and various mesoscopic models, some
of which consist of a spring network with either forces, [5],
or energies [24], applied to enforce the required elastic
properties.

Our model is inspired by the one described in [9] and
implemented in [5]. It consists of a triangular mesh that
represents the elastic membrane of the red blood cell. The
elasticity is modeled using five elastic moduli: stretching,
bending, local and global area conservation and volume
conservation.

Stretching modulus
The purpose of the stretching modulus is to capture the
primary elastic property of the cell membrane - stretching.
The stretching force between each pair of nodes is essen-
tially a non-linear spring, Figure 2, which pulls the points
together when they are further than in relaxed state and
pushes them apart, when they are closer than in relaxed
state:

Fs(AB) = ksκ(AB)∆LABnAB (1)

where ks is the stretching coefficient, κ(AB) represents
the neo-Hookian nonlinearity of the stretching force. L0

AB

is the relaxed length of the edge AB, ∆LAB = LAB−L0
AB

is the prolongation of this edge and nAB is the unit vector
pointing from A to B.

Bending modulus
The main role of bending force is to preserve the shape of
the object. The resting angles θ0 ”remember” the position
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Figure 3: Bending forces.

Figure 4: Local and global area forces.

of triangles with respect to one another and the elastic
force acts to restore it:

Fb(ABC) = kb
∆θ

θ0
nABC (2)

where kb is the bending coefficient, θ0 is the resting angle
between two triangles that have common edge BC, ∆θ =
θ − θ0 is the deviation from this angle and nABC is the
unit normal vector to the triangle ABC. This force is
applied to the vertex A that does not lie on the common
edge and half of this force with the opposite direction is
applied to the vertices B and C, Figure 3.

Local area modulus
Local area force is in its action very similar to the stretch-
ing force.

Fal(A) = −kal
∆SABC√
S0
ABC

wA (3)

where kal is the local area coefficient, S0
ABC is the relaxed

area of triangle ABC, ∆SABC = SABC − S0
ABC is the

deviation from this resting state and wA is the unit vector
pointing from the centroid of the triangle ABC to the
vertex A, see Figure 4. (Similar forces are assigned to
vertices B and C).

Global area conservation
The purpose of global area force is to preserve the total
surface of the object.

Fag(A) = −kag
∆S

S0
wA (4)

where kag is the global area coefficient, S0 is the relaxed
area of the whole object, ∆S = S − S0 is the deviation
from this area and wA is again the unit vector pointing
from the centroid of the triangle ABC to the vertex A.
Analogous forces are acting on nodes B and C.

Volume conservation
Finally, the volume force acts to conserve the total volume
of the object, Figure 5:

Fv(ABC) = −kv
∆V

V 0
SABCnABC (5)

Figure 5: Volume conservation forces.

where kv is the volume coefficient, SABC is the current
area of triangle ABC, V 0 is the resting volume of the
whole object, ∆V = V − V 0 is the deviation from this
volume and nABC is the unit normal vector to the plane
ABC.

3.2 Fluid
We assume an incompressible, homogeneous fluid and use
the lattice-Boltzmann method (LBM) [31] to model it.
One of the first applications of LBM to suspended parti-
cles can be found in [19].

The lattice-Boltzmann method uses a regular grid and
represents the fluid domain by a set of lattice nodes. In
our 3-dimensional case, this is a cubic lattice D3Q19 with
19 velocity directions, ei, with i = 0, ..., 18. The fluid itself
is modeled as a group of fictitious fluid particles that are
only allowed to either stay where they are or move to
the neighboring nodes. The governing equations in the
presence of external forces, are

ni(x+ eiδt, t+ δt) = ni(x, t)︸ ︷︷ ︸
propagation

−∆i(n(x, t))︸ ︷︷ ︸
collision

+ fi(x, t)︸ ︷︷ ︸
externalforces

where ni are the directional densities, δt is the time step
and ∆i denotes the collision operator that accounts for
the difference between pre- and post-collision states and
satisfies the constraints of mass and momentum conser-
vation. fi is the external force exerted on the fluid. We
refer to [1] for details. The macroscopic velocity u and
density ρ are evaluated from

ρ(x, t) =
∑
i

ni(x, t) and ρ(x, t)u =
∑
i

ni(x, t)ei.

Computationally, the big advantage of this method is that
it can be treated locally and explicitly, only using the
information from the previous time step, without the need
to solve large systems of equations. Thus, it is suitable
for parallel computations.

3.3 Interactions
Fluid-object
The immersed boundary method (IBM) connects the so-
lutions of governing equation for the fluid with the imple-
mentation of boundary conditions on the surface of the
object. In our model, the IBM involves transfer of forces
between objects and fluid. In [5], very good results are
obtained when the objects are propagated forward using
a friction term with adjustable friction coefficient, ξ, as
described in [20]:

F = ξ(v − u), (6)

where v is the velocity of the particle and u is the velocity
of the fluid at the particle position.
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The propagation of immersed boundary points (IBPs) is
then governed by the Newton’s equations of motion

m
d2xi

dt2
= fi, (7)

where m is the mass of each immersed boundary particle,
xi is the position of the ith particle and fi is the force
exerted on that particle. fi has two sources: one is the
fluid-object interaction (6) and the other are the elastic
forces.

Unlike some other models, e.g. [24], the coupling in our
model is two-way. That means, the fluid has influence on
the triangulation nodes on the surface of the object and
vice-versa.

Object-object
Blood is a dense suspension, with cells occupying roughly
half of the total volume, so the objects come to contact
very often. Natural approach in spring network models
is to transform the object-object interaction into a set
of particle-particle interactions. These pairs of particles
then receive repulsive forces when they get too close, cor-
responding to the so-called soft-sphere potential:

V (d) = a · d−n d < dcut, (8)

where d is the distance between the two particles, dcut
is the threshold at which this potential starts acting (for
larger distances, no force is applied to these two particles),
a is a scaling parameter and n (typically greater than
1) determines how ”steep” the response gets as particles
approach one another.

The collective effect is that the two objects repel each
other when they are on collision course. However, the
drawback of this approach is that in the event that the
two objects intersect (for any reason), instead of correct-
ing this unphysical behavior and pushing them apart, this
type of potential locks them in even more. For more de-
tailed discussion and our proposed solution to this prob-
lem, see Section 6.2.

Object-boundary
For object-boundary interactions, we also use the soft-
sphere potential, (8), with slightly different parameters.
They are chosen in such a way that the object behaves
”softer” in this interaction than in object-object interac-
tion, in order to account for the fact that a solid boundary
cannot ”yield”, while another elastic object can.

4. Validation and Calibration of the Model
4.1 Mass Calibration
The mesh points have their own mass. In simulations,
one often uses different triangulations of the same object,
e.g. to increase the precision by having larger number of
nodes or to reduce the computational cost by having fewer
nodes. In these cases, if the mass of individual bound-
ary points remains constant, the total mass of the object
varies, depending on how many points were used. Intu-
itively, one could say that this effect is negligible, how-
ever, it can be easily shown that the mass of the bound-
ary points needs to be adjusted to avoid the variations of
behavior when using different triangulations.

We have used simulations of sphere immersed in a station-
ary fluid and given an initial velocity (in the x-direction)
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Figure 6: Red blood cell with various surface tri-
angulations was immersed in a stationary fluid.
Mass of IBPs was properly adjusted. The veloc-
ity profiles are nearly identical.

v0. The fluid slows it down until it stops. We then com-
pared the results with known theoretical solutions and
calibrated the friction coefficient ξ, that was then also
used for the RBCs.

For red blood cells, we do not have a theoretical solution
to compare to, but we can compare the different trian-
gulations to each other. We used different triangulations
and results are displayed in Figure 6. We see that the
change of triangulation has a minimal effect on the veloc-
ity profile.

The proper procedure to account for the mass of immersed
boundary points in simulations of elastic objects is to
check the mass of the inner fluid, determine the mass
of the membrane, distribute this mass into the IBPs and
adjust the friction coefficient ξ according to the number
of IBPs

4.2 Calibration of Elastic Coefficients
The standard and most widely used calibration exper-
iment in modeling single red blood cell is the optical
tweezers experiment. In biological setting, e.g. [23], two
silicone beads are attached to opposite locations on the
RBC membrane and the technique uses highly focused
laser beams to apply a controlled displacement of these
two beads to measure the force-displacement curve be-
tween two locations on the RBC membrane. The cell that
started as spherical is now deformed and both the axial
(now the largest) and the transversal (now the smallest)
diameters are measured, see Figure 7. These changes in
diameter in response to optical force are then used to infer
the elastic coefficients of the RBC.

We have simulated this experiment for several sets of elas-
tic parameters. The resulting curves were compared to
the experimental data and we are able to find sets of elas-
tic parameters that fit the experimental data well, see
Figure 8.

Note, that the goal is not to exactly fit some values, e.g.
mean of experimental data, but rather obtain curves of
desired shape that fall in the boundaries defined by the
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Figure 7: Axial and transversal diameters.
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Figure 8: Axial and transversal diameters of our
red blood cell (black) compared with experimental
(red) and spectrin model (grey) data obtained by
Dao et al [8].

variance of experimental data. The reason is that the
individual biological red blood cells are not identical and
do not respond in exactly the same way when subjected
to this experiment. Therefore, we are not aiming for exact
match but rather for general qualitative fit.

4.3 Validation of Minimum Energy Principle
The numerical method for creating biconcave discoids from
spheres inspired by the biological maturation of RBCs has
also been investigated in several works, e.g. [33].

We have performed simulations, such as the one depicted
in Figure 9, and observed that our model exhibits simi-
lar behavior. When we start with a sphere that has the
same surface as a RBC, gradually decrease its volume and
let the structure relax after each decrease, we ultimately
obtain the typical biconcave discoid shape of the cell.

In the end, we generally do not use this concept when ini-
tializing simulations with RBCs, but rather directly start

Figure 9: A biconcave discoid shape can be ob-
tained by slowly decreasing volume of a sphere.

with triangulation of biconcave discoid - this speeds up
the initialisation process. However, in principle, it could
be done and this technique validates the model in the
sense that it obeys the potential energy-minimizing prin-
ciple so frequently observed in nature with the same out-
come.

One exception, in which we actually use this concept, is
our investigation of seeding dense simulations, described
in more detail in Section 6.2.2, because there one can use
dense packings of spheres. The principle is not employed
exactly as described here, but in a modified way - instead
of keeping the surface constant and decreasing volume of
the spheres, we start with spheres that have the same
volumes as RBC and increase their surface. This allows
us to use smaller spheres, i.e. pack more cells.

4.4 Validation of Model Dynamics
The optical tweezers experiment described in Section 4.2
validates the mesh mechanics. For validation of cell dy-
namics, one needs to look at the shear-induced motion of
red blood cell. The relevant biological experiments are
described in [10].

In simulations, we have induced the shear by applying
velocity v to the top wall of the chamber and −v to the
bottom wall of the chamber. When the distance between
them is w, the shear rate γ of the induced flow can be
calculated as

γ = 2
V

w
(9)

In the experiments, a sheared RBC tumbles with no sig-
nificant deformations below shear rate of ∼ γT = 10s−1.
For γ � γT , the cell exhibits tanktreading motion - mem-
brane rotates around a highly deformed flat ellipsoidal cell
as in Figure 10.

The shear rate γT is not a strict boundary. For shear
stress values around γT , the cell exhibits a combination
of these two behaviors - there is membrane rotation and
there is still the tumbling motion, but we see the cell
deformations ”travel” around the membrane. The types
of cell profiles obtained in our simulations, correspond
well to those described in [27].

While the profiles are similar, in our simulations, the tran-
sition from tumbling to tanktreading does not happen at
the experimentally observed shear rate γT ∼ 10s−1, but
rather at larger values γT ∼ 700s−1. A possible reason is
that the membrane shear modulus and shear rate of the
flow are not the only factors influencing this threshold.
As described in [12], it is also dependent on the viscosity
contrast defined as

λ =
µi + µm

µo
(10)

Figure 10: Tanktreading of RBC induced by hor-
izontal shear flow with large shear rates.
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where µi is the viscosity of the inner fluid, µo is the vis-
cosity of the outer fluid and µm is the viscosity of the cell
membrane. While some preliminary work in this direction
has been started, currently our model does not account
for the viscosity of the cell membrane at all and inner and
outer viscosities are identical.

However, we would like to state that our model exhibits
the characteristic behaviors of RBC in shear flow well
- they enlongate and align under high shear, they ex-
hibit tumbling and tanktreading and they migrate radi-
ally while traveling downstream.

5. Implementation and Performance
ESPResSo is written in C/C++ and can be compiled on
variety of Linux and Unix platforms. It also has a Tcl
(Tool command language) layer and the simulations can
be exclusively controlled by Tcl scripts. Our elastic inter-
actions and object-object interactions are implemented in
C to take advantage of the fast computational core. The
objects themselves are created on the Tcl level and also
the scripts that control the simulations are in Tcl.

5.1 Parallelization
The simulation package ESPResSo is parallelized using
standard MPI routines for computation on multiple CPUs.
The splitting of computational domain is done in such a
way that the standard ESPResSo particle-particle inter-
actions are only treated on single core. The elastic forces
of our objects need special approach, in order to con-
serve total surface and volume of objects that span across
subdomains computed on different cores. We use partial
surface and volume calculations, results of which are ex-
changed among the relevant computational nodes.

The lattice-Boltzmann method in ESPResSo has also been
implemented for GPUs by D. Roehm [30], using the CUDA
programming model and language. The streaming and
collisions instructions are performed in parallel threads
on the Streaming Multiprocessors of the GPU and the
fluid resides in the video RAM of the GPU. The code
for immersed objects is not altered and is running on the
CPU(s). Only in appropriate intervals, the particle po-
sitions and velocities are transferred to the GPU to cal-
culate the interaction with the fluid, and the resulting
forces are transferred back. The code developers claim
that compared to the parallel LBM implementation on a
conventional quad-core CPU, the GPU LBM is 50 times
faster.

5.2 Performance and Scalability
As was previously mentioned, there are very few CTCs
circulating in the blood compared to the number of other
flowing objects. This means that it is necessary to include
a large number of red blood cells in the model. Using
our Object-in-fluid framework, we are currently able to
simulate few thousand cells. This is sufficient for some
microfluidic applications, where we can take advantage
of periodicity or for applications that focus on detailed
behavior of fewer cells.

To illustrate computational scalability of the problem in
terms of number of parallel computational cores, we set
up a simulation of a channel with dimensions 240× 120×
120µm3 (3 456 000 fluid nodes). We have uniformly dis-
tributed 512, 1024 and 2000 cells (each 2µm in diameter)

Table 1: Simulation time, in minutes (fluid com-
puted on GPU) for computation on 1, 2, 4 and 8
cores. Total simulated time: t = 2µs

cells
CPUs 512 1024 2000

1 38.0 163.9 754.9
2 18.8 92.1 295.8
4 9.9 34.4 166.3
8 7.1 29.2 98.5

in this channel, so that cell density is constant over the
whole simulation box. In Table 1 we can clearly see that
increasing number of computational cores decreases the
computational time.

Currently the most efficient way to run multiple-cell sim-
ulations using our framework is to use single GPU for
fluid, multiple CPUs for computations of elastic objects
and template approach during initialisation (identical ob-
jects are created by copying the same template).

5.3 Taking Advantage of Periodicity
In some of the applications of our model, e.g. the one
described in Section 6.3, certain parts of the simulation
domain repeat themselves - the domain is periodic. This
leads to a natural question, how could one use this prop-
erty to gain advantage in modeling and simulations.

Instead of modeling a very large domain, one can take a
cut-out, i.e. basic building block, and simulate only that
one, Figure 11. The objects which leave at one bound-
ary of the computational domain appear at the opposite
boundary again. One can think of this as an approxima-
tion of ”moving window” that is ”following” certain cells
through the device. In order to ensure periodicity for elas-
tic objects, we had to consider a ghost layer at the peri-
odic boundaries, so that the objects close to the boundary
can already interact and feel influence of objects at the
opposite end of the domain.

5.4 Comparison with Another Simulator
In order to compare the performance of the methods that
we have developed, we have contacted Timm Krüger, com-
putational physicist at University of Edinburgh, one of the
leading researchers in the blood cells simulations area [16,
18], who kindly agreed to provide information about com-
putational performance of his code.

The fluid is in both cases computed using LBM with
D3Q19 lattice. with 2-point interpolation stencil. For the
elastic objects, our spring network model is compared to

Figure 11: Instead of simulating a large periodic
array of obstacles, one can simulate a basic block
that repeats in the array.
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Figure 12: Parachute shape of the cell in steady
parabolic flow.

model that uses finite elements methods (FEM) combined
with IBM with indirect position updates.

The following tests were done on laptop 1, Prof. Krüger’s
machine (2.7 GHz Intel i7-2620M), laptop 2 (2 GHz Intel
i7-3667U) and Tesla (Nvidia M2090, 2.4 GHz Intel Xeon
E5-2609 CPUs). Their comparison has shown that L1 is
about 30% faster than L2 and L2 is about 45% faster than
1 CPU on Tesla.

Test A: Efficiency
In order to compare the overall performance of the imple-
mented models, we have performed a simulation of rectan-
gular channel with dimensions 100×40×40µm3 and grid
size 1µm (160 000 lattice-Boltzmann nodes). We have
placed 16 red blood cells at the beginning of the chan-
nel and measured the time needed to simulate 1000 times
steps. The breakdown of computational time is shown
in Table 2. While the overall performance is worse in our
case (even if we account for the speed of the machines, our
implementation is roughly 2-3 times slower), the LBM is
running extremely fast on the GPU.

Test B: Comparison of elasticity models
To compare the elasticity of RBCs, we have performed a
simulation of single cell in a periodic rectangular chamber.
The resulting parachute profiles of the cell are depicted in
Figure 13. While there is a small difference between them,
they are qualitatively very similar and this shows that
our model is capable of capturing elastic deformations
similarly to the FEM model.

6. Results, Applications and Interpretation
6.1 Proportional Local Area Force
We have investigated the behavior of the model as origi-
nally described in [9] and concluded that the normalisa-
tion they use (by edge length for stretching) is not suitable
when one wants to have scalable elastic forces. Moreover,
without the normalisation factor L in the denominator,
the coefficient ks has the proper units Nm−1.

Also, in order for the elastic coefficient kal to have the
desired units Nm−1, the local area force has to be nor-

Table 2: Breakdown of computational time
needed for Test A, in seconds.

L1 L2 Tesla (LBM on GPU)
initialisation 0.08 7.6 7.7
LBM 31.46 64.3 0.85
elastic objects 15.65 92.4 102.8
total 47.19 164.3 111.35

Figure 13: Two parachute profiles of red blood
cell: FEM model in black, our spring network
model in red.

malised by a quantity whose units are m. At first, we
have used

√
SABC and analyzed in detail in [32]. In the

following, we show that there is another quantity that
can be used instead that gives better results under some
conditions.

The main idea is to base the local area force definition on
the difference ∆S = S − S0 as it is in (3), but instead of
equal distribution of partial forces among the three trian-
gle nodes, to find suitable proportions for the distribution.
The two criteria that we want the local area force to meet
are:
- the units of the local area coefficient kal should beNm−1,
- the energy computed using this new local area force
should be shape independent, i.e. the energy of two tri-
angles that have the same area but different shape should
be the same.

We derived the proportional force in such a way that it
does not influence shape - the resulting triangle (in the
ideal case, when there are no other forces present), is con-
gruent to the original one, since this force is meant to
conserve only the triangle area. And secondly, we want
to use the same principle for computing the local area
elastic energy, as one would use for stretching force (1):

Es =

∫ d

0

Fs(x)dx, (11)

which for linear stretching force Fs = ks∆L gives Es =
1
2
ks(∆L)2. (Here, Fs denotes the magnitude of the direc-

tional force Fs.)

The resulting local area force definition is then

Fal(A) = − tA
t2A + t2B + t2C

kal∆SABCwA (12)

and analogous for vertices B and C. It is easily shown,
that the new definition satisfies the force-free conditions
for individual triangles (and, as a consequence, also glob-
ally). Using simulations of 3D objects we have shown that
this method for local area conservation tends to regular-
ize triangulation when the deformed triangle has larger
area than its relaxed state. The non-uniformity accounts
for the fact that some nodes are further from their pre-
ferred position than others and thus receive larger propor-
tion of the acting force and offers improvement when the
current area of triangle is greater than the relaxed area.
When used in combination with uniform local area force,
the regularity of individual triangles is either preserved or
improved during the simulation.
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6.2 Collisions
Since our ultimate goal is to model dense suspensions of
cells, it is important to consider the object-object inter-
actions carefully.

The package ESPResSo treats interactions of individual
particles using various potentials, including the soft-sphere
potential (8). Unlike the elastic interactions (1)-(5), this
interaction only works when two points (of predefined
types) get sufficiently close - closer than dcut. The dis-
advantage of this approach is that if due to numerical
integration step, a particle node of one object ”crosses”
the membrane of neighboring object sooner than the re-
pulsive potential has had a chance to deflect its trajectory,
it is then repulsed from the membrane, but this time in-
side the other object. This is highly undesirable because
then the two objects entangled further instead of being
pushed apart. In order to remedy this problem, we have
proposed and tested a new collision algorithm.

6.2.1 New Collision Algorithm
This new algorithm takes into account not only the dis-
tance of the two points, but also the normal vectors of the
two corresponding objects at these two points. Based on
these two vectors, it determines whether the two mem-
branes have crossed each other or not and applies the
repulsive forces in the proper direction.

This approach then required a redefinition of the distance-
dependent potential, since it was required to be inversely
proportional to the distance of nodes of membranes that
are not crossed and saturating with growing distance of
nodes of crossed membranes. We have proposed the func-
tional form

V (d) = a
1

1 + end
d < dcut, (13)

where d is the distance between the two particles, dcut
is the threshold, at which this potential starts acting (for
larger distances, no force is applied to these two particles),
a is a scaling parameter and n (typically greater than
1) determines how ”steep” the response gets as particles
approach one another. An example is shown in Figure 14.

The new collision detection algorithm then works as fol-
lows: It detects the proximity of two points of different
types and checks the angle between their outward nor-
mals. If this angle is too small, it does not apply any
potential to avoid fluctuations. Otherwise, it applies re-
pulsive potential in the direction dir = nP1 − nP2.

This method depends on straightforward calculation of
(at least approximate) outward normal vector at any given
mesh node at any given time, Figure 15, since the bound-
aries are moving both due to the advection and due to
elastic deformations. We have proposed the following
method for calculation of the outward normal: During
the initialisation phase, identify all neighbors of given
node (neighbors do not change during simulation). Then
for each node P, select three neighbors N1, N2, N3 that
are best spatially distributed, by checking all triplets of
neighbors and choosing the one, for which the following
expression is minimal

min
i,j,k
| ~PNi + ~PNj + ~PNk|,

where Ni, Nj , Nk ∈ S and S is the set of all neighbors of
mesh node P.

 0
 0

V
(d

)

Particle distance d

Repulsive potentials

soft sphere
membrane collision

Figure 14: Illustration of two types of object-
object repulsive potentials.

Figure 15: Outward normal for given mesh node.

Then compute the normal nP of the triangle N1N2N3.
This normal may point inside or outside of the object,
depending on the order of nodes Ni. By checking the an-
gle between nP and the normal of any triangle contain-
ing node P determine the proper orientation and reorder
nodes N1N2N3, if necessary, so that the normal of tri-
angle with reordered nodes points outward. The IDs of
these three nodes in proper order are then saved in the
particle structure of the node P and anytime during the
simulation when outward normal at P is necessary, it is
computed from their current positions.

6.2.2 Seeding Dense Simulations
It is very problematic to initialise simulations with large
numbers of cells. The problem has two main parts. One is
the desired randomness of RBC deformations and second
is their dense packing.

Regular dense packing of cells
The simple but costly solution to this problem is to start
a simulation with regularly placed cells, let it evolve for
a fairly long amount of time (sometimes longer than the
actual simulation of interest) to obtain the desired mix-
ing and deformations as a result of cell-cell collisions and
then start the actual simulation of interest. Using this
method, one can theoretically achieve hematocrit up to
∼ 0.70. The main restriction is the very long warm-up
time needed to obtain irregular mixture of cells.

Randomly placed cells
The warm-up time can be significantly shortened by seed-
ing the simulation with deformed randomly placed cells.
Obviously, it is unfeasible to deterministically prescribe
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the deformations for each cell in each simulation. Our
new method relies on the membrane collision interaction
described in the previous section. We place the cells at
random locations of the channel with random initial ro-
tation and allow partial overlap. The membrane collision
interaction then in the first few simulation steps takes care
of this unphysical situation and separates the cells. This
method works well for hematocrit up to Ht ∼ 0.2 (or up
to Ht ∼ 0.1 without overlap).

Cell growth
Another method, proposed in [21], is to ”grow” the cells.
It starts by specifying random location and orientation
for each cell. The number of cells is determined from
required final hematocrit. However, these are not put
in the simulation box at their full volume. They start
at about 30% of their final volume and slowly (at the
order of 10−3Vfinal/dt) grow to their final size. The big
advantage is that when the membrane interaction forces
(e.g. as described in Section 6.2) are turned on, the cells
naturally deform in this process and thus a well deformed
dense suspension is created.

Sphere growth
In our model, growing red blood cells is not feasible for
two reasons. One: it would require redefinition of all
local elastic interactions in every growth step, which is
time-consuming. And two: the local interplay of growing
bonds between mesh nodes causes obtuse triangles and
significantly decreases the mesh quality in the process.
Instead, we have employed a method that was partially
inspired by biological maturation of RBCs, mentioned in
Section 4.3. We have started the seeding with randomly
placed spheres with partial overlap, whose volume is equal
to the desired RBC volume, and then increased their sur-
face area by ∼30%. With this method, one can achieve
the desired hematocrit levels of 45%. The tradeoff is that
compared to seeding with overlap, this takes longer, be-
cause the increase in surface area has to be gradual with
sufficient relaxation time between subsequent increments.

Table 3 summarises the various seeding methods. The last
column shows the simulation time (in µs) needed for the
seeding a small channel with dimensions 40×20×20µm3.

6.3 Biomedical Application: Simulation Study
of Hematocrit-Dependent Rare Cell - Obstacle
Contacts in Microfluidic Array

Isolation of rare cells (e.g. CTCs) is often done using pe-
riodic microfluidic obstacle arrays that work on the prin-
ciple of transverse displacement [17]. One of the assump-
tions sometimes used in modeling of these symmetric or
asymmetric obstacle arrays is that it is sufficient to know
the rare cell’s radius and offset from obstacles that iden-
tifies the future trajectory, in order to determine its col-
lision mode and collision rate [13].

We have studied the interplay of obstacle radius and hema-
tocrit and their combined influence on the number and

Table 3: Comparison of various seeding methods.

Htmax speed available time [µs]/Ht
in OIF

regular spacing ∼0.7 slow yes 5100/Ht∼0.2
random spacing ∼0.1 fast yes 0/Ht∼0.1
random with overlap ∼0.2 fast yes 20/Ht∼0.2
cell growth ∼0.45 medium no -
sphere growth ∼0.45 medium yes 700/Ht∼0.45

Figure 16: Periodic chamber with cylindrical ob-
stacles with r = 15µm, 100 red blood cells and a
rare cell.

Figure 17: RBC gets trapped between the rare
cell and column. In this situation, the rare cell
does not come in contact with the surface of ob-
stacle until it slides over the RBC. Its chances of
being captured would therefore be lower (if the
obstacles were coated with antibodies).

duration of the rare cell - obstacle contacts. We show that
the interactions with other cells impact both the number
of contacts and their duration.

We have simulated a microfluidic chamber with dimen-
sions 100×50×30µm3 with 5 cylindrical obstacles placed
as shown in Figure 16. We varied the column radius -
setting it to 3, 7, 11 and 15 µm. We have placed one
stiff (CTC-like) rare cell at random position in the cham-
ber. Then we have placed 10 or 100 elastic red blood
cells into the channel and repeated this simulation with
several random seedings. We have applied force density
f = 3 · 106N/m3 to the fluid in the x direction and the
flow was periodic in x and y directions.

The computational time of these simulations on Tesla
(specification as described in previous section) is sum-
marised in Table 4, which shows the computational time
in seconds needed to compute 1 µs of simulated time.

In these simulations, we have tracked the distance to the
nearest obstacle.

We have shown that for large obstacle diameters, e.g.
r = 15µm, and larger number of RBCs, quite often the
smaller cells interfere with the rare cell - obstacle collision,
Figure 17. They get into the way and the rare cell slides

Table 4: Computational time, in s, needed to sim-
ulate 1µs of flow (fluid computed on GPU) in sim-
ulations with different obstacles.

obstacle radius [µm] r = 3 r = 7 r = 11 r = 15
10 RBC 0.82 0.82 0.83 0.82
100 RBC 57.31 54.76 54.54 55.11
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Figure 18: Rare cell distance to closest column in
simulation with 100 RBCs. r = 15.

along the red blood cell and only touches the obstacle col-
umn as it flows by. From applicational point of view, if
we wanted the rare cell to bind to the antibodies-coated
surface of columns, it might not even get into contact
with it, or if it did, the contact might only happen on
the ”side” of the column (as opposed to ”front”) where the
fluid velocity is higher and might prevent adhesion.

This behavior can be inferred from ”Distance to closest
column” graphs, such as Figure 18, where only the third
dip corresponds to uninterrupted rare cell-obstacle con-
tact, while the remaining three reveal the interference of
a red blood cell. Thus, this is an efficient way to check
the behavior at contact without the need to examine large
amount of graphical output.

To conclude, this simulation study demonstrates, why it
is important to consider dense cell suspensions when de-
signing microfluidic devices and shows that our model is
capable providing insight during such design process.

7. Conclusion
Recent technological developments make it possible to
manufacture microfluidic devices capable of capturing rare
cells from blood samples, analysing flows with various dis-
eased cells or performing separation tasks. In order to op-
timize the design of these devices, a good working model
of cells traveling in blood plasma is needed.

This work describes such model and approaches taken
towards its development. It is a full 3D computational
model with two-way coupling of fluid and immersed ob-
jects capable of resolving elastic deformations of thou-
sands of these objects in a single simulation based on
physical principles. The model is general enough that it
allows further extensions and incorporation of new prop-
erties.

The contributions of this work are improved model for lo-
cal area conservation; new method for membrane collision
of objects represented by triangular spring network, in-
vestigation of seeding methods for dense simulations and
a new seeding method that allows initial overlap; devel-
opment of open source framework capable of running in
parallel on multiple processors and validation of model
behavior using various simulations.
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