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Abstract
This paper deals with the problem of designing the optimal structure of most public service systems, which is
often formulated as the p-median problem. The real instances of these problems are characterized by a considerably big number of possible facility locations, which can
take the value of several thousands. Current exact approaches must face up to a big demand on computational
time, and they often fail when a large instance is being
solved. This paper is focused on the approximate approach based on specific model reformulation. It uses
the approximation of a common distance by some predetermined distances given by so-called dividing points.
The deployment of the dividing points influences the solution accuracy. To improve this approach, we have developed a sequential method of dividing points deployment. Hereby, we study the accuracy of the suggested
method, using the upper and lower distance approximations in comparison to the saved computational time.

Categories and Subject Descriptors
G.1.6 [Optimization]: Integer Programming

Keywords
Public service system, large p-median problem, covering
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1.

Introduction

Large instances of the p-median problem and associated
solving approaches form a background of many public service system design problems [13]. The family of public
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service systems includes medical emergency system [4],
[12], fire-brigade deployment, public administration system [10] and many others, overall combinatorial problems,
where the quality criterion of the design takes into account
network distances. The public service system structure is
formed by the deployment of limited number of service
centers and the associated objective is to minimize social
costs, which are often proportional to distances from serviced customers to the nearest source of provided service.
To obtain a good decision on service center location in any
serviced area, a mathematical model of the problem can
be formulated and some of mathematical programming
methods applied to get the optimal solution of the problem. Mathematical models of the public service system
design problem are often related to the p-median problem,
where the p-median problem is formulated as a task of
determination of at most p network nodes as facility locations, so that the sum of distances between each node and
the nearest located facility is minimal. With real problems, the number of serviced customers takes the value
of several thousands and the number of possible facility
locations can take this value as well [1]. For some integer
programming algorithms, the number of possible service
center locations seriously impacts the computational time
[11]. Nevertheless, the location-allocation models, which
have been commonly used to describe the location problems with the criterion including distances between serviced customer and the nearest service center, constitute
such mathematical programming problems, which resist
to any attempt at fast solution.
Another way of the p-median problem representation by
means of mathematical programming uses so called radius
formulation [3], [5], [6]. This approach avoids assigning individual customers to some of the located facilities, and
it deals only with the information whether some facility
is or is not located in a given radius from the customer.
Mentioned approximate method has appeared in available
literature in two different versions. The first approach [5]
forms the particular finite system of radii for each customer according to the distances from the customer to
possible facility locations. The second approach [8] discussed in this paper forms one common system of radii
based on so called dividing points, which are determined
in accordance to the estimated distance relevance. The
later approach leads to the model similar to the set covering problem, which is easy to solve even for large instances
by common optimization software tools. This approach
pays for shorter computational time or smaller computer
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memory demand by losing its accuracy. The accuracy can
be improved by a convenient determination of so called
dividing points, which are used in the problem reformulation [8]. Hereby, we present a sequential approach to
the dividing points determination and we use them not
only for obtaining a good solution of the problem, but
also for gaining a good lower bound of the unknown optimal solution. We demonstrate an impact of the sequential
approach to the accuracy and computational time in the
dissertation thesis. To solve the associated problems, we
use common optimization environment XPRESS. To describe the p-median problem on a network we denote J
a set of serviced nodes, similarly, we denote I a set of
possible service center locations. We use here only formulation of the p-median problem, where it should be
determined at most p locations from the set I so that the
sum of network distances from each element of J to the
nearest located facility is minimal. The network distance
between a possible location i ∈ I and a customer j from
J is denoted as dij . The basic decisions in any solving
process of the p-median problem concern location of service centers at network nodes from the set I. To model
these decisions at particular nodes, we introduce a zeroone variable yi ∈ {0, 1}, which takes the value of 1, if a
facility should be located at the place i from I and it takes
the value of 0 otherwise. The p-median problem can be
formulated as follows:
X
M inimize
F (y) =
min{dij : i ∈ I, yi = 1}
j∈J

Subject to :

X

(1)

yi ≤ p, yi ∈ {0, 1} f or i ∈ I

i∈I

Reminder of this paper follows the below scheme. Section
2 contains the location-allocation formulation of the pmedian problem. Section 3 comprises the approximate approach based on given sequence of dividing points, where
a covering model is used to obtain both lower and upper
bound of the optimal solution value together with a nearoptimal solution. Section 4 presents the dividing points
determination, which enables to minimize estimated deviation of the upper and lower bounds from the optimal
solution value. Section 5 introduces a dynamic approach
which adjusts distances between the dividing points and
improves the solution of the original problem step by step.
Section 6 reports on various mathematical definitions of
distance relevance which plays a very important role in
the process of dividing points deployment and it directly
influences the solution accuracy. The main goal of this paper is to present different approaches based on a covering
formulation which have been studied in the dissertation
thesis.

2.

Location-Allocation Approach

The above-formulated p-median problem can be modeled
using the following notation. Let the decision of service
center location at the place i ∈ I be modeled by a zeroone variable yi ∈ {0, 1}, which takes the value of 1, if a
center is located at i and it takes the value of 0 otherwise.
In addition, the allocation variables zij ∈ {0, 1} for each
i ∈ I and j ∈ J are introduced to assign a customer j
to a possible location i by the value of one. Then the
location-allocation model can be formulated as follows:
XX
M inimize
dij zij
(2)
i∈I j∈J

Subject to :

X
i∈I

zij = 1

f or j ∈ J

(3)

zij ≤ yi

9

f or i ∈ I and j ∈ J

(4)

X

(5)

yi ≤ p

i∈I

zij ∈ {0, 1}

f or i ∈ I and j ∈ J

yi ∈ {0, 1}

f or i ∈ I

(6)
(7)

In the above model, the allocation constraints (3) ensure
that each customer is assigned to exactly one possible
service center location. Link-up constraints (4) enable
to assign a customer to the possible location i only if the
service center is located at this location and the constraint
(5) bounds the number of located service centers.
The problem described by terms (2) - (7) can be rewritten
to a form acceptable by a modeler of integrated optimization environment and solved by associated IP-solver. Due
to huge number of allocation variables zij , a commercial
software usually fails, when a very large instance of the
problem (2) - (7) is solved.

3.

Radial Formulation of the p-Median Problem

Let us use the above introduced notation. As above, the
variable yi ∈ {0, 1} models the decision of service center
location at the place i ∈ I.
The keystone of the approximate approach consists of a
relaxation of the assignment of a service center to a customer [8]. The distance between a customer and the nearest facility is approximated unless the facility must be assigned. To obtain an upper approximation of the original
objective function value, the range of all possible distances
< 0, max{dij : i ∈ I, j ∈ J} > is partitioned into r + 1
zones. The zones are separated by a finite ascending sequence of m + 1 dividing points D0 , D1 , . . . , Dm chosen
from the sequence, where D0 = 0 and Dm = max{dij :
i ∈ I, j ∈ J}. The zone k corresponds with the interval
(Dk , Dk+1 ], the zone one corresponds with the interval
(D1 , D2 ] and the r-th zone corresponds with the interval
(Dr , Dm ]. The length of the k-th interval is denoted by
ek for k = 0, . . . , r.
In addition, auxiliary zero-one variables xjk for k = 0, . . . , r
are introduced. The variable xjk takes the value of 1, if
the distance of the customer j ∈ J from the nearest located facility is greater than Dk and it takes the value of 0
otherwise. Then the expression e0 xj0 + e1 xj1 + · · · + er xjr
constitutes an upper approximation of the distance dj∗
from the customer j to the nearest located facility. If
the distance dj∗ belongs to the interval (Dk , Dk+1 ], it is
estimated by the upper bound Dk+1 .

Figure 1: Upper approximation of dj∗ using zone
widths ek and auxiliary variables xk . The upper
approximation of dj∗ is denoted by thick dotted
line at the top of figure.
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Similarly to the covering model, we introduce a zero-one
constant akij for each triple [i, j, k] ∈ I × J × {0, . . . , r}.
The constant akij is equal to 1, if the distance between
the customer j and the possible location i is less or equal
to Dk , otherwise akij is equal to 0. Then a covering-type
model can be formulated as follows:
r
XX
M inimize
ek xjk
(8)

Subject to :

(9) − (12)

Having solved both problems, the better of two obtained
solutions concerning the original objective function value
gives the resulting solution of this approach and the optimal value of (13) gives the lower bound of the unknown
optimal solution.Thus, this method allows evaluating the
maximal deviation of the approximate solution from theunknown optimal one.

j∈J k=0

Subject to :

xjk +

X

akij yi ≥ 1
(9)

i∈I

f or j ∈ J and k = 0, . . . , r
X
yi ≤ p

(10)

i∈I

xjk ≥ 0

f or j ∈ J and k = 0, . . . , r
yi ∈ {0, 1}

f or i ∈ I

(11)
(12)

The objective function (8) gives the upper bound of the
sum of the original distances. The constraints (9) ensure
that the variables xjk are allowed to take the value of 0
if there is at least one center located in radius Dk from
the customer j. The constraint (10) limits the number of
located facilities by p.
To obtain a lower bound of the original problem optimal
solution, we realize that the interval (Dk , Dk+1 ] given by
a pair of succeeding dividing points contains exactly the
r(k)
elements Dk1 , Dk2 , . . . , Dk of the sequence d0 , d1 , . . . , dm .
The elements are strictly greater than Dk and less than
Dk+1 . If a distance d between a customer and a possible
service center location belongs to the interval (Dk , Dk+1 ],
then the maximum deviation of d from the lower estimation Dk+1 is Dk+1 − Dk1 . As the variable xjk from the
model (8) - (12) takes the value of 1 if the distance of the
customer j ∈ J from the nearest located facility is greater
than Dk and this variable takes the value of 0 otherwise,
we can redefine the zone coefficients ek in accordance to
1
for each k = 1, . . . , r.
e0 = D01 − D0 and ek = Dk1 − Dk−1
Then the expression e0 xj0 + e1 xj1 + · · · + er xjr constitutes a lower approximation of dj∗ , which corresponds to
the distance of the node j from the nearest located facility.

As concern the formulated models, we can easily find that
the model (2) - (7) uses |I|∗(|J|+1) decision variables and
(|I|+1)∗|J|+1 constraints. The model (8) - (12) contains
|I| + (r + 1) ∗ |J| variables and (r + 1) ∗ |J| + 1 constraints.
It follows, that if we want to keep the approximate model
at a moderate size, then the number r of the dividing
points must be in order less than the number of possible
locations.

4.

Optimal Deployment of Dividing Points

The number r of dividing points D1 , D2 , . . . , Dr influences
the size of the covering model (8) - (12) as concerns either
the number of variables xjk or the number of constraints
(9). That is why the number r must be kept in a mediate
extent to achieve the resulting solution quickly enough.
On the other hand, the smaller the number of dividing
points is, the bigger inaccuracy afflicts the approximate
solution. Let us focus now on the problem of efficient
deployment of given number of dividing points in the set
of values d0 < d1 < · · · < dm . As before, let us denote
D0 = d0 and Dm = dm . Let the value dh have a frequency Nh of its occurrence in the matrix {dij }. We start
from a hypothesis that the distance dh from the sequence
d0 < d1 < · · · < dm occurs in the resulting solution nh
times and that is why the deviation of this distance from
its approximation encumbers the total deviation proportionally to nh .
The distance d between a customer and the nearest located facility can be only estimated taking into account
that it belongs to the interval (Dk , Dk+1 ] containing only
r(k)
values Dk1 , . . . , Dk of the sequence d0 < · · · < dm . Maximal deviation of the upper estimation Dk+1 from the exact value d is Dk+1 − Dk1 . If we were able to anticipate
a frequency nh of each dh in the unknown optimal solution, we could minimize the total deviation of the upper
approximation from the unknown optimal solution by deployment of dividing points. The dividing points for the
upper approximation follow from the optimal solution of
the problem described by (14) - (18).
m X
t
X

M inimize

(dt − dh )nh zht

(14)

t=1 h=1

Figure 2: Lower approximation of dj∗ using zone
widths ek and auxiliary variables xk . The lower
approximation of dj∗ is denoted by thick dotted
line at the top of figure.

The optimal objective function value of the following problem gives the lower bound of the objective function value
of the original problem [7].
M inimize

r
XX
j∈J k=0

ek xjk

(13)

Subject to : z(h−1)t ≤ zht
f or t = 2, . . . , m and h = 2, . . . , t
m
X

zht = 1

(15)

f or h = 1, . . . , m

(16)

ztt = r

(17)

t=h
m−1
X
t=1

zht ∈ {0, 1}

f or t = 1, . . . , m and h = 1, . . . , t (18)

If the distance dh belongs to the interval ending by a dividing point dt then the decision variable zht takes the
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value of 1. Link-up constraints (15) ensure that the distance dh−1 belongs to the interval ending with dt only if
each other distance between dh−1 and dt belongs to this
interval. Constraints (16) assure that each distance dh
belongs to some interval and the constraint (17) enables
only r dividing points. After the problem (14) - (18) is
solved, the nonzero values of ztt indicate the distances dt
which correspond with dividing points.
Similar approach can be used to obtain an efficient deployment of dividing points to determine a good lower
bound of the optimal solution of the original problem [7].
Nevertheless, several differences in the way of the approximation must be taken into account. When a lower bound
is computed, the expression e0 xj0 + e1 xj1 + · · · + er xjr is
used as a lower approximation of dj∗ . Here e0 = D01 − D0
1
and ek = Dk+1
− Dk1 for k = 1, . . . , r. If a relevancy nh
of each dh is given, we could minimize the total deviation
of the lower approximation from the unknown optimal
solution in a similar way as in the case of the upper approximation. The dividing points for the lower distance
approximation can be obtained from the optimal solution
of the problem (19) - (23).
M inimize

m−1
X m−1
X

(dh+1 − dt+1 )nh+1 z th

(19)

t=0 h=t

Subject to :

z t(h+1) ≤ z th

f or t = 0, . . . , m − 1 and h = t, . . . , m − 1
h
X

z th = 1

f or h = 0, . . . , m − 1

z tt = r

f or t = 0, . . . , m − 1 and h = t, . . . , m

To the contrary with the static approach, the presented
sequential improvement of the relevancies nh is based on
the idea of making the estimation of the individual distance dh relevancy more accurate. The distance relevancy
here also means a measure of our expectation that this distance value is the distance between a customer and the
nearest located service center but this estimation is improved step by step by the following algorithm, which can
be used either for the lower or upper bound determination. The input of the algorithm consists of the matrix
{dij }, the sequence d0 < · · · < dm and the associated sequence of the frequencies Nh for h = 0, . . . , m, and the
number p of centers, which are to be located. Further parameters T and r of the algorithm must be given, where T
is the shaping parameter and r is the number of the dividing points. The upper bound algorithm can be described
by the following steps:
1. Determine the initial values of the relevancies nh
according to (24).

(21)

(22)

t=1

z th ∈ {0, 1}

In this expression, T is a positive parameter and Nh is the
mentioned occurrence frequency, where only |I| − p + 1
smallest distances of each matrix column are included.
After the frequency determination, models (14) - (18) and
also (19) - (23) are used to obtain the series of dividing
points for the upper and lower bound respectively. Then
the models (8) - (12) and (13), (9) - (12) are used to obtain
the upper and lower bounds and the associated resulting
solution of the original problem.

(20)

t=0
m−1
X

11

(23)

On the contrary to the upper bound model, it holds here,
that if the distance dh belongs to the interval starting with
a possible dividing point dt then the decision variable zth
takes the value of 1. Link-up constraints (20) ensure that
the distance dh+1 can belong to the interval starting with
dt only if each distance between dh+1 and dt belongs to
this interval. Constraints (21) assure that each distance
dh belongs to some interval and the constraint (22) enables that only r dividing points will be chosen. After
the problem (19) - (23) is solved, the nonzero values of
ztt indicate the distances which correspond with dividing
points for the lower bounding process.

2. Compute the sequence of the dividing points by
solving the problem (13)-(17).
3. Using the sequence of the dividing points, determine
the constants akij and ek and solve the covering problem (7)-(11) to the optimality, to obtain the optimal
values of the location variables y. Determine the
value of the original objective function according to
(25), and update the best found solution.
4. If the stopping rule is met, terminate, otherwise go
to Step 5.
5. Determine the set I1 of the active rows according
to I1 = {i ∈ I : yi = 1}. Update the relevancies
nh so that each column of the matrix {dij } is processed and only minimal value over the active rows
is included into the set of the relevant distances and
their occurrence frequencies. Go to Step 2.

X

min{dij : i ∈ I, yi = 1}

(25)

j∈J

5.

Sequential Approach

The static approach [8] to the dividing points determination comes out from the estimated frequencies nh of
each dh in the unknown optimal solution. It is necessary
to take into account, that the mentioned sequence Nh of
occurrence frequencies does not provide us the information, because it reports only on the elements contained in
the matrix {dij }. We start here from the hypothesis that
the frequency nh of dh may be proportional to Nh and to
some weight, which decreases with the increasing value of
dh . We formulate this hypothesis in the form of (24).
nh = Nh e

−dh
T

(24)

The above algorithm can be converted to the lower bound
algorithm by replacing the model (13)-(17) in Step 2 by
the model (18)-(22) and by replacing the model (8)-(12)
in Step 3 with the model (13), (9)-(12).
The effectiveness of the suggested algorithm, and also the
time necessary to find the resulting solution both depend
on the criteria of terminating the iteration process. The
easiest way consists of the basic condition that the computing process is to be stopped whenever no better solution of the original problem is obtained. Since the sequential method may perform too much iteration with
very little improvement of the objective function value, we
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suggest limiting the number of the performed iterations.
In the dissertation thesis, we study some additional rules
that make the algorithm less time-consuming.
The above algorithm starts with an initial relevancy estimation described in the previous section, and computes
relevancies nh in accordance to the hypothesis formalized
by the expression (24). Having obtained the first optimal solution of the covering model following the dividing
points deployed according to the initial relevancies, the
algorithm updates the relevancies. For this purpose, a set
of active matrix rows is defined so that the i-th row of the
matrix {dij }, is denoted as active, if the location variable
yi of the problem (8)-(12) is equal to one. Then each column j of this matrix is processed, the minimal value over
the active rows is included into the set of the relevant distances, and the associated frequency is increased. Thus a
new sequence of the distance frequencies nh is obtained.
These new frequencies are used in the next iteration of the
algorithm. This process can be repeated as long as better
solution of the original problem keeps being obtained, or
until the used stopping criterion is met.

6.

from the interval [0, a/(a − t)]. At the end of this section
we introduce the third approach to the relevance, which
combines both exponential and ranking approaches. The
associated relevance nh is defined in accordance with (27).
nh = Ltsh e

−dh
T

(27)

Various approaches to the distance relevance estimation
have been studied and compared within the dissertation
thesis. This topic presents a very interesting area which
will become a subject of future possible research.
The dissertation thesis contains also a big portion of numerical results that prove the usefullness of suggested approaches based on the set covering formulation. The main
goal of the numerical comparison was to find appropriate
settings of different parameters which influence the solution accuracy of concrete instances. The test problems
were taken from commonly used benchmark libraries used
in available literature. The aim of this paper is not to
present all the numerical results, but to give an overview
of suggested principles and to describe the studied research field.

Distance Relevance

This chapter deals with the fundamental problem of dividing points deployment, which consists in the distance relevance estimation. The distance value relevance expresses
the strength of our expectation that the distance belongs
to the optimal solution of the p-median problem. There
are several ways to express the distance value relevance
using mathematical relations. In previous works [6], [7]
we based our research on the idea that the distance value
relevance dropps exponentially with the distance value.
In the dissertation thesis we base our approach to the relevance estimation on so called column ranking, where not
only value but also the order of the distance is taken into
account. We suggest the formulation of the ranking relevance and study the influence of the associated dividing
point deployment on the effectiveness of the approximate
approach.
The former approach to the estimation of the relevance
follows the hypothesis that the relevance decreases exponentially with the increasing distance value [8]. The hypothesis can be mathematically expressed by (24), where
T is a positive parameter and Nh is the above-mentioned
dh occurrence frequency in the matrix {dij }. Hereby, we
present a new approach to the relevance, where the column ranking evaluation Lts
j (dij ) of the distance dij is used
to define the relevance nh according to
X X
nh = Ltsh =
Lts
(26)
j (dij )
j∈J

i∈I
dij =dh

The linear column ranking function Lts
j (dij ) is defined as
follows: let Pj (dij ) be the position of dij in the ascending
sequence of the j-th column items of the distance matrix {dij } and let a denote the cardinality of I. Then
Lts
j (dij ) = a + s ∗ (1 − Pj (dij )) for Pj (dij ) < a + 1 − t
and Lts
j (dij ) = 0 otherwise. The parameters t and s represent a threshold and a step respectively. The threshold
influences the number of t − 1 largest distances of the
j-th column, which are not taken into account, and the
step gives the difference between the contributions of the
k-th and k − 1th item of the ascending sequence of the
j-th column items. The parameter t can vary over the
range [p..a − 1] of integers, and the step s can take values

7.

Summary

Designing a public service system, including medical emergency system, fire-brigade deployment, public administration system and many others, can often bring along
some overall combinatorial problems concerning the system structure. The public service system structure is
formed by the deployment of the limited number of service
centers, and the associated objective is to minimize social
costs, which are proportional to the distances from serviced objects to the nearest source of the provided service.
The mathematical models of the public service system design problem are often related to the p-median problem,
which is formulated as the task of the determination of
most p network nodes as facility locations, so that the
sum of the distances between each node and the nearest located facility is minimal. With real problems, the
number of serviced customers takes the value of several
thousands, and the number of possible facility locations
can take this value as well. The number of possible service center locations seriously impacts the computational
time. To obtain a good decision on a facility location in
any serviced area, the mathematical model of the problem
can be formulated, and some of mathematical programming methods can be applied to find an optimal solution.
The location-allocation model constitutes a mathematical
programming problem which resists any attempt at a fast
solution.
In the dissertation thesis, we deal with annother way of
the p-median problem representation by means of mathematical programming, which uses so called radius formulation. This approach avoids assigning individual customers to some of the located facilities, and it deals only
with the information whether some facility is or is not
located in a given radius from the customer. The later
approach leads to the model similar to the set covering
problem, which is easy to solve even for large instances
by common optimization software tools. This approach
pays for shorter computational time or smaller computer
memory demand by losing its accuracy. The accuracy
can be improved by some convenient determination of so
called dividing points which are used in the problem reformulation. The dividing points can be determined so that
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the expected deviation is minimized and the deviation is
expressed using so called distance value relevance.
The distance value relevance expresses the strength of expectation that the distance belongs to the optimal solution of the p-median problem. There are several ways to
express the distance value relevance. In previous works
we based our research on the idea that the distance value
relevance dropped exponentially with the distance value.
In the dissertation thesis we base our approach to the relevance estimation on so called column ranking, where not
only value but also the order of the distance is taken into
account. We suggest the formulation of the relevance and
study its influence of the associated dividing point deployment on the effectiveness of the approximate approach.
As a complementary algorithm used for making the covering method more accurate we have suggested a sequential
approach to the dividing points determination, and we
use them not only to obtain a good solution of the problem but also to gain lower bound of the unknown optimal
solution. We demonstrate the impact of the sequential approach to the accuracy and computational time. We have
performed the numerical comparison of the suggested approximate method to the location-allocation approach.
To solve the associated problems, we use the common
optimization environment XPRESS.
Suggested methods proved to be very efficient as far as
the accuracy is concerned, when solving the instance up
to one thousand customers or middle and larger instances
originated from real transportation networks. Therefore,
we can conclude that the proposed method is a suitable
complement to the state-of-the-art methods. The main
contribution of the suggested approach lies in its simple implementation without the necessity of programming
several algorithms. Just two different models are enough
to obtain a good solution in a short time. Furthermore,
common software tools can be used instead of special ones.
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