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Brno University of Technology, Czech Republic

Mirjana Ivanović
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Abstract
The paper deals with stiff systems of differential equa-
tions. To solve this sort of system numerically is a diffult
task. In spite of the fact that we come across stiff systems
quite often in the common practice, a very interesting and
promissing numerical method of solving systems of ordi-
nary differential equations (ODE) based on Taylor series
has appeared. The question was how to harness the said
”Modern Taylor Series Method” (MTSM) for solving of
stiff systems.

The potential of the Taylor series has been exposed by
many practical experiments and a way of detection and
explicit solution of large systems of ODE has been found.
Detailed analysis of stability and convergence of explicit
and implicit Taylor series is presented and a new algo-
rithm using implicit Taylor series based on recurrent cal-
culation of Taylor series terms and Newton iteration me-
thod (ITMRN) is described. The new method reducing
stiffness in system based on finding new equivalent system
of ODE “without stiffness” is introduced.

Categories and Subject Descriptors
G.1.7 [Numerical Analysis]: Ordinary Differential
Equations—convergence and stability, error analysis, ini-
tial value problems, one-step (single step) methods, stiff
equations

Keywords
Stiff Systems of Differential Equations, Taylor Series Me-
thod, Ordinary Differential Equations, Initial Value Prob-
lems, Numerical Solutions of Differential Equations, TKSL
software
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1. Introduction
Generally speaking, a stiff system contains several compo-
nents, some of them are heavily suppressed while the rest
remain almost unchanged. This feature forces the used
method to choose an extremely small integration step and
the progress of the computation may become very slow.
However, we often need to find out the solution in a long
range. It is clear that the mentioned facts are trouble-
some and ways to cope with such problems have to be
devised.

Unfortunately, there are some peculiar systems of differ-
ential equations, which cannot be solved by commonly
used (explicit) methods - the stiff systems. While the
definition of this kind of systems is intuitively clear to
the mathematicians the exact definition has not been yet
specified.

There are many (implicit) methods for solving stiff sys-
tems of ODE’s, from the most simple such as implicit Eu-
ler method to more sophisticated (implicit Runge-Kutta
methods) and finally the general linear methods. The
mathematical formulation of the methods often looks clear,
however the implicit nature of those methods implies sev-
eral implementation problems. Usually a quite compli-
cated auxiliary system of equations has to be solved in
each step. These facts lead to immense amount of work
to be done in each step of the computation.

These are the reasons why one has to think twice before
using the stiff solver and to decide between the stiff and
non-stiff solver.

2. Modern Taylor Series Method
The “Modern Taylor Series Method” (MTSM) [22] is used
for numerical solution of differential equations. The
MTSM is based on a recurrent calculation of the Tay-
lor series terms for each time interval. Thus the compli-
cated calculation of higher order derivatives (much criti-
cised in the literature) need not be performed but rather
the value of each Taylor series term is numerically cal-
culated. Solving the convolution operations is another
typical algorithm used.

An important part of the MTSM is an automatic integra-
tion order setting, i.e. using as many Taylor series terms
as the defined accuracy requires. Thus it is usual that the
computation uses different numbers of Taylor series terms
for different steps of constant length. On the other hand,
for a pre-set integration order, the integration step length
may be selected. This fact positively affects the stability
and speed of the computation.
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Figure 1: Stability domain for explicit (left) and implicit (right) Taylor ORD = 63.

An automatic transformation of the original problem is
a necessary part of the MTSM [24]. The original system
of differential equations is automatically transformed to
a polynomial form, i.e. to a form suitable for easily calcu-
lating of the Taylor series forms using recurrent formulae.

The MTSM also has some properties very favourable for
parallel processing.

Since the calculations of the transformed system (after the
automatic transformation of the initial problem) use only
the basic mathematical operations (+,-,*,/), simple spe-
cialised elementary processors can be designed for their
implementation thus creating an efficient parallel com-
puting system.

An original numerical method (Implicit Taylor Series Me-
thod with Reccurent Calculation of Taylor Series Terms
and Newton Method - ITMRN) suitable for solving stiff
systems is suggested - again, the method is based on
MTSM. The MTSM has been implemented in TKSL soft-
ware [29].

There are several papers that focus on computer imple-
mentations of the Taylor series method in different con-
text “a variable order and variable step” (see, for instance,
[2, 3]). Another more detailed description of a variable
step size version and software implementation of the Tay-
lor series method can be seen in [20]. The stability domain
for several Taylor methods is presented in [1]. Promis-
ing A-stable combination of implicit Taylor series method
with Trapezoidal rule is described in [9, 10].

2.1 Taylor Series
The best-known and most accurate method of calculating
a new value of a numerical solution of ordinary differential
equation (ODE) - initial value problem

y′ = f(t, y), y(0) = y0 , (1)

is to construct the Taylor series [17].

Methods of different orders can be used in a computation.
For instance the order method (ORD = n) means that
when computing the new value yi+1 uses n Taylor series

terms in the form

yi+1 = yi + h · f(ti, yi) +
h2

2!
· f ′(ti, yi) +

+ · · ·+ hn

n!
· f (n−1)(ti, yi) , (2)

or

yi+1 = yi +DY 1i +DY 2i + · · ·+DY ni , (3)

where h is integration step and DY ni are Taylor series
terms.

Similarly we can construct implicit Taylor series method
of order n in the form

yi+1 = yi + h · f(ti+1, yi+1)− h2

2!
· f ′(ti+1, yi+1)−

− · · · − (−h)n

n!
· f (n−1)(ti+1, yi+1) , (4)

or

yi+1 = yi +DY 1i+1 +DY 2i+1 + · · ·+DY ni+1 .(5)

3. Explicit and Implicit Taylor Series Analysis
Let’s analyse well known Dahlquist’s equation [11], [18]

y′ = λy , y(t0) = y0 , λ < 0 , (6)

with analytic solution

y = y0e
λt . (7)

Approximate solution with explicit Taylor series is in the
form

yi+1 = yi + hy′i +
h2

2
y′′i +

h3

3!
y′′′i + · · ·+ hn

n!
y
(n)
i

yi+1 = yi + hλyi +
h2

2
λ2yi +

h3

3!
λ3yi + · · ·+ hn

n!
λnyi

yi+1 =
n∑

k=0

(λh)k

k!
yi , (8)

where h is integration step.

Similarly implicit Taylor series is in the form

yi+1 = (
n∑

k=0

(−λh)k

k!
yi)
−1 . (9)
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Figure 2: Local error of explicit (left) and implicit (right) Taylor series ORD = 1, 2, 3.

3.1 Stability and Convergence
Let z = λh then stability function R(z) =

yi+1

yi
for explicit

Taylor series is in the form

RET (z) =
k=n∑

k=0

zk

k!
, (10)

similarly for implicit Taylor series stability function is in
the form

RIT (z) = (
k=n∑

k=0

−zk
k!

)−1 . (11)

Some stability domains R(z) < 1 for explicit (10) and
implicit (11) Taylor series method ORD = 63 can be seen
in Fig. 1.
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Figure 3: Explicit Taylor series terms, λ = −100,
h = 1.

Let us concern in the relative error of the first step, de-
fined as difference between numeric (8), (9) and analytic
solution of (7). The relative error for explicit Taylor series
is

εE(z) = |RET (z)− ez| , (12)

similarly for implicit Taylor series we have

εI(z) = |RIT (z)− ez| . (13)

Local error of explicit (12) and implicit (13) Taylor series
in the first step for ORD = 1, 2, 3 can be seen in Fig. 2.

Let’s have the example

y′ = −100y , y(t0) = 1 , (14)

with integration step h = 1.

In Fig. 3 can be seen how many Taylor series terms (about
300) are needed in explicit Taylor series to achieve a re-
quired accuracy EPS = 1 · 10−15 in solution of (14).

The values of explicit Taylor series terms are large (about
1040). Multiple arithmetic for solution (14) with explicit
Taylor series must be used Tab. 1.

Table 1: Multiple arithmetic in explicit Taylor se-
ries - absolute error in first step (z = −100)

bits |εE(z)|
64 1.3875808066× 1019

128 1.5807982421

256 3.27147256574024× 10−39

512 “ZERO”

Local error (13) of implicit Taylor series method in the
first step can be seen in Tab. 2.

Table 2: Implicit Taylor series - absolute error in
first step εI(z)

|εI(z)|
z ORD = 1 ORD = 3 ORD = 5

-1 0.132121 0.00712056 0.000218718

-10 0.0908637 0.00434699 0.000631343

-50 0.0196078 4.5178× 10−5 3.4641× 10−7

-100 0.00990099 5.8218× 10−6 1.1406× 10−8

-500 0.00199601 4.7712e× 10−8 3.8016× 10−12

-1000 0.0009990 5.9820× 10−9 1.1940× 10−13

Conclusion:
Explicit Taylor series method (8) for n → ∞ becomes
A-stable. With growing number of Taylor series terms
multiple arithmetic must be used.
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Figure 4: Absolute value of the Taylor series terms, a = 1 - left, a = 10 - right.

Implicit Taylor series method (9) is A-stable numerical
method for ORD = 1, 2. With growing number of Taylor
series terms small instability domains near imaginary axe
Im(z) are occurred. For n→∞ in (9) instability domains
are smaller and instability domains shift to infty along
Im(z). Implicit Taylor series (9) for λ ∈ R and n =
1, 2, . . . is L-stable numerical method

lim
z→−∞

1

1− z + z2

2
− z3

3!
+ · · ·+ (−z)n

n!

= 0 .

Implicit Taylor series method appear as suitable for stiff
systems where eigenvalues Re(λ)� 0 are occured.

4. Stiff Systems
Let

y′j = fj(t, y1, y2, . . . , yn), j = 1, 2, . . . , n , (15)

be a system of n ordinary differential equations. Let J
be the Jacobian of the (15) and λj the eigenvalues of J .
The eigenvalues λj are generally timedependent. Let the
eigenvalues λj be arranged in the following way:

|Reλ1| ≤ |Reλ2| ≤ · · · ≤ |Reλn| , (16)

and let

λmin = λ1, λmax = λn .

One of the most frequently mentioned definition of stiff
systems [30] is using a stiffness ratio.

The stifness ratio is

r =
|Reλmax|
|Reλmin|

. (17)

The stiffness ratio r is a coefficient that helps to decide
whether a problem is stiff or not. A higher r indicates
a more stiff system. However, there is no exact value of
the stiffness ratio r that would distinguish the non-stiff
problems from the stiff-problems. For many problems in
common practice the stiffness ratio r is “very high” (say
1 · 106 or higher).

4.1 Stiff Systems Detection Using Taylor Series Terms
A novel stiff systems detection directly using Taylor series
terms in MTSM is presented. Neither Jacobian matrix
nor eigenvalues need to be computed.

Let us examine a system

y′ = −ay , a > 0 ,
z′ = −0.0001z ,

(18)

with initial conditions y(0) = 1, z(0) = 1.

Note: well known analytic solution of (18) is in the form

y = e−at ,
z = e−0.0001t ,

(19)

Typically we calculate the Jacobian of the system (18)

J =

(
−a 0
0 −0.0001

)
,

then we specify the eigenvalues of the system (18)

λ1 = −a ,
λ2 = −0.0001 .

We suppose that a > 0.0001 then the stiffness ratio of the
system (18) is in the form

r =
|Reλmax|
|Reλmin|

=
a

0.0001
. (20)

Many stiff systems solver needs to compute the Jacobian
of the ODEs systems to detect the stiffness. Modern
Taylor Series Method as implemented in TKSL software
needn’t compute Jacobian matrix or eigenvalues of the
ODEs systems.

Explicit Taylor series solution of (18) is in the form

yi+1 = yi − ah · yi +
(−ah)2

2!
· yi +

+ · · ·+ (−ah)n

n!
· yi , (21)

yi+1 = yi +DY 1i +DY 2i + · · ·+DY ni , (22)

similarly

zi+1 = zi − 0.0001h · yi +
(−0.0001h)2

2!
· zi +

+ · · ·+ (−0.0001h)n

n!
· zi , (23)

zi+1 = zi +DZ1i +DZ2i + · · ·+DZni . (24)
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Let us analyze Taylor series terms in the first step. The
absolute value of explicit Taylor series terms |DZni| have
rapidly decreasing trend. As we can see in Fig. 4 (left) for
constant a = 1 (respectively r = 10000) and integration
step size h = 1, 15 Taylor series terms are needed to
obtain result with local error EPS = 10−10.
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Figure 6: Taylor series terms after automatic step
size reduction.

When the constant a is increased (the stiffness ratio r is
also increased) we need to use more Taylor series terms to
keep the stability of numerical method. In Fig. 4 (right)
we can see Taylor series terms for a = 10 (r = 100000).
To obtain local error EPS = 10−10 for a = 10 we need to
use 48 Taylor series terms.

As we can see in Fig. 4 (right) absolute value of ex-
plicit Taylor series terms |DY ni| have increasing char-
acter. Modern Taylor series method as implemented in
TKSL automatically detects (from different and rapidly
growing Taylor series terms) the stiffness in system (18)
with growing constant a and automatically reduces inte-
gration step size h. Tendency of decreasing Taylor series
terms after automatic decreasing step size is shown in
Fig. 6.

Conclusion: The TKSL automatically detects stiff sys-
tem (18) using Taylor series terms and automatically re-
duces integration step size until the strategy in Fig. 6

is obtained. After detection of stiffness (using explicit
MTSM), implicit Taylor series method (ITMRN) must
be used as presented in Chapter 4.4.

4.2 Semi-analytic Computation using MTSM
Let us consider the initial value problem [7]

y′ = L(y− sin(t)) + cos(t) , y(0) = 0 , L� 0 . (25)

the exact solution of which is

y = sin(t) . (26)

If constant |L| increases as presented in [7] the system (25)
becomes“stiff”- explicit numerical methods require smaller
integration step size for preserving the stability of com-
putation as we can see in Fig. 5 (left). In Fig. 5 absolute
error of numerical solution |ε(y)| which is defined as differ-
ence between numerical yi and exact y(ti) solution where
ti = h · i = 2 can be seen. It is better to use implicit
numerical methods for bigger constant |L|.

Note: It is an advantage of the explicit Taylor series
method using recurrent calculation of the Taylor series
terms (implemented in TKSL software) to transform au-
tomatically initial value problem (25) into a new system

y′EKV = cos(t) , y(0) = 0 . (27)

which is independent on constant L. The new system (27)
has of course the exact solution (26). The new system is
non-stiff and absolute error in t = 2 is shown in Fig. 5
(right).

Conclusion:
Explicit Taylor series method with recurrent calculation
of the Taylor series terms and using auxiliary variables
and auxiliary differential equations as is implemented in
TKSL automatically transform stiff problem (25) into new
equivalent non-stiff problem (27) which is independent on
constant L.

4.3 Stiffness Reduction - Using New Equivalent
System

Let us examine system

y′ = z ,
z′ = −a · y − (a+ 1) · z , a ∈ (1,∞) ,

(28)

with initial conditions y(0) = 1, z(0) = −1.
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The eigenvalues of the system (28) are

λ1 = −1 ,
λ2 = −a ,

then the stiffness ratio is r = Re|λmax|
Re|λmin|

= a.

The system (28) is “stiff” for large constant a and “non-
stiff”for small a. Let us create an analytic solution of (28).
The system of ODEs (28) can be rewritten into

y′′ = z′

y′′ = −a · y − (a+ 1) · z
y′′ = −a · y − (a+ 1) · y′

or

y′′ + a · y − (a+ 1) · y′ = 0
λ2 + (a+ 1) · λ+ a = 0

λ1 =
−(a+1)+

√
(a+1)2−4·a
2

λ2 =
−(a+1)−

√
(a+1)2−4·a
2

λ1 = −1 , λ2 = −a .

Solution is expected in the form

y = C1 · eλ1·t + C2 · eλ2·t

y = C1 · e−t + C2 · e−a·t
y′ = −C1 · e−t +−a · C2 · e−a·t .

with initial conditions

y(0) = 1, z(0) = −1
1 = C1 + C2

−1 = −C1 − a · C2

we get

C1 = 1 , C2 = 0 .

The particular solution of the system (28) is

y = e−t ,
z = −e−t . (29)

New equivalent system with respect to the system (28)
and its particular solution (29) is

y′ = −y , y(0) = 1 ,
z′ = −z , z(0) = −1 .

(30)

Conclusion:
After some mathematical computations we have changed
and simplified the given stiff problem (28) into non-stiff
problem (30) with stiffnes ratio r = 1. New non-stiff
system of ODEs (30) should be solved with generally used
explicit numerical methods.

4.4 ITMRN
Stiff systems in some literature [18] are defined as systems
of ODEs where explicit numerical methods don’t work
and implicit numerical methods must be used.

That is why the new Implicit Taylor Series Method with
Reccurrent Calculation of Taylor Series Terms and New-
ton Iteration Method (ITMRN) is introduced in some spe-
cial examples.

4.4.1 Stiffness in Electric Circuits
Let’s have electric RC circuit Fig. 7 which can be de-
scribed by differential equation

u′C =
1

RC
u− 1

RC
uC , (31)

or

u′C + auC = au, uC(0) = 0, (32)

where a = 1
RC

.

u

R

C

u C

uR

Figure 7: RC circuit.

Analytic solution
To find analytic solution of homogeneous differential equa-
tion

u′C + auC = 0, (33)

we start with a characteristic equation

λ+ a = 0, (34)

λ = −a, (35)

then eigenvalue (35) is substituted to the expected solu-
tion (36) of the homogeneous differential equation (33)

uCh = K(t)eλt. (36)

To find non-homogeneous part of solution (32) we use
particular integrals

uCp = A sin(ωt) +B cos(ωt), (37)

u′Cp = Aω cos(ωt)−Bω sin(ωt). (38)

After substitution uCp (37) and u′Cp (38) into (32) we
have

Aω cos(ωt)−Bω sin(ωt) +Aa sin(ωt)+
+Ba cos(ωt) = a sin(ωt).

(39)

A system of algebraic equations can be obtained as follows

Aω +Ba = 0, (40)

Aa−Bω = a. (41)

Corresponding solution of (40), (41) is

A =
a2

a2 + ω2
, (42)

B = − aω

a2 + ω2
. (43)
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General solution of non-homogeneous differential equa-
tion (32) is

uC = uCh + uCp, (44)

thus

uC = K(t)e−at − aω

a2 + ω2
cos(ωt) +

aω

a2 + ω2
sin(ωt). (45)

Particular solution of (32) can be obtained using initial
condition uC(0) = 0

uC =
aω

a2 + ω2
e−at− aω

a2 + ω2
cos(ωt)+

a2

a2 + ω2
sin(ωt) . (46)

Comparison of analytical (46) and numerical solution us-
ing MTSM of RC circuit (32) for a = 100, ω = 10 rad/s
can be seen in Fig. 8. Note that the printed values of uC
and uCA are the same.

Figure 8: TKSL: numerical and analytical solution
of RC circuit.

From analytical solution (46) we can see that

lima→∞( aω
a2+ω2 ) = 0,

lima→∞(e−at) = 0,

lima→∞( a2

a2+ω2 ) = 1,

and so

lim
a→∞

(uC) = sin(ωt). (47)

Solution (47) is not a surprise. From physical aspect
(when we use very small capacitance and resistance than
the constant a = 1

RC
is very large) the differential equa-

tion (32) becomes “stiff”. Numerical methods have prob-
lems with computation (32) for large constant “a” as can
be seen in Tab. 3. With increasing constant “a” smaller
integration step h must be used. The stiff problem (32)
for large “a” can be solved effectively using implicit nu-
merical methods. Basic problem is a “stability problem”.

4.4.2 Stability Problem
Let’s solve differential equation (well known “Stability
problem” [18])

y′ = −2000(y − cos(t)), y(0) = 0, t ∈ 〈0; 1, 5〉 . (48)

Table 3: Maximum integration step hmax (a =
2000, ω = 1)

numerical method hmax

Euler 4.076 ×10−22

Runge-Kutta 2. order 1.36 ×10−12

Runge-Kutta 4. order 5.96 ×10−8

Taylor (64 terms) 3.125 ×10−3

Analytic solution is equivalent to RC circuit (32) and for
a = 2000, ω = 1, u = cos(t) is in the form

y =
4000000

4000001
cos(t) +

2000

4000001
sin(t)− 4000000

4000001
e−2000t (49)

Maximum integration step size of solution (48) using ex-
plicit numerical methods can be seen in Tab. 3.

Let’s try to find numerical solution of (48) using implicit
numerical methods.

Trapezoidal rule

When we use well known formula

yi+1 = yi +
1

2
(hy′i + hy′i+1), (50)

for solution (48) we obtain

yi+1 =
yi(1− 1000h) + 1000h(cos(t+ h) + cos(t))

1 + 1000h
. (51)

Implicit Euler method

When we use well known formula

yi+1 = yi + hy′i+1, (52)

for solution (48) we obtain

yi+1 =
yi + 2000h cos(t+ h)

1 + 2000h
. (53)

Implicit Taylor series method

When we use well known formula

yi+1 = yi + hy′i+1 − · · · −
(−h)n

n!
y
(n)
i+1, (54)

for solution (48) we obtain

yi+1 = yi+h(−2000(− cos(t+h)))

1−h(−2000)+h2

2
(−2000)2−h3

3!
(−2000)3+ ···

−

−
h2

2
(−2000(−2000(− cos(t+h))+sin(t+h)))

1−h(−2000)+h2

2
(−2000)2−h3

3!
(−2000)3+ ···

+

+
h3

3!
(−2000(−2000(−2000(− cos(t+h))+sin(t+h))+cos(t+h)))

1−h(−2000)+h2

2
(−2000)2−h3

3!
(−2000)3+ ···

− · · ·

Numerical solution of (48) using implicit numerical meth-
ods (50), (52) and (54) can be seen in Fig. 9. The implicit
Taylor series has the best approximation from the previ-
ous numerical methods and the largest integration step h
can be used.
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Figure 9: Implicit numerical methods.

Implicit Taylor Series Method with Reccurrent
Calculation of Taylor Series Terms and Newton
Iteration Method (ITMRN)

For automatic recurrent calculation of higher implicit Tay-
lor series terms we need to use auxiliary variables and dif-
ferential equations. For solution term yi+1 we need to use
Newton iteration method.

Absolute error of ITMRN numerical solution is defined
as difference between numerical yi and analytical y(ti)
solution

|Error(y)| = |yi − y(ti)| , (55)

where ti = h · i.

Table 4: ITMRN absolute errors, ORD = 5, TOL =
10−15

|Error(y)| New. iterat.

t h1 = 0.25 h2 = 0.5 j1 j2

0.25 3.03123×10−7 - 2 -

0.5 5.12372×10−7 1.29815×10−5 2 2

0.75 5.79973×10−7 - 2 -

1 4.73771×10−7 6.16008×10−6 2 2

1.25 1.80985×10−7 - 2 -

1.5 2.89796×10−7 2.2726×10−5 2 2

Table 5: ITMRN absolute errors, h = 0.5, ORD =
10, TOL = 10−15

t |Error(y)| New. iterations

0.5 9.99822×10−12 2

1 2.42912×10−11 2

1.5 3.39579×10−11 2

Absolute errors for different integration step size h and
Taylor series terms ORD can be seen in Tab. 4, 5. Take
a notice of the same number of Newton iterations j for the

different integration step and different number of Taylor
series terms.

Absolute errors for different order ORD of ITMRN in first
step is shown in Tab. 6.

Table 6: ITMRN absolute errors in first step, h =
1.5, TOL = 10−10

ORD |Error(y)| New. iterations

1 0.236354 2

2 0.126078 2

3 0.21045 2

4 0.026256 2

5 0.0144353 2

6 0.00107299 2

7 0.00059927 2

8 3.01715×10−5 2

9 1.51633×10−5 2

10 5.67345×10−7 2

11 2.60475×10−7 2

12 7.66305×10−9 2

13 3.23702×10−9 2

14 7.78821×10−11 2

15 3.04601×10−11 2

16 6.17006×10−13 2

17 2.24515×10−13 2

18 4.02456×10−15 2

19 1.34615×10−15 2

4.4.3 Test Example
Let us analyze system [30]

y′ = z ,
z′ = −b · y − (b+ 1) · z , b ∈ (1,∞) ,

(56)

with initial conditions y(0) = 1, z(0) = −1.

Well known analytic solution of (56) is in the form

y = e−t ,
z = −e−t . (57)

The system (56) becomes stiff for b� 0 and stiffness ratio
is r = b.

Let’s try to find the solution of (56) with explicit Taylor
series method. Absolute error is shown in Tab. 7. Ab-
breviation ORD = 1 means that 2 Taylor series terms
are used during the computation (explicit Euler method)
in Tab. 7. Explicit Euler method becomes unstable with
growing constant a according to the Tab. 7. We should
reduce integration step size, or we must use more Taylor
series terms Tab. 8.

Multiple arithmetic: with growing constant a multiple
arithmetic is needed. Only 9 Taylor series terms are used
for integration step h = 0.1 and local error EPS = 10−20.
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Table 7: Explicit Taylor series method absolute
errors, h = 0.1, ORD = 1

|Error(z)|
t b = 104 b = 105 b = 106 b = 107

0.1 0.004837 0.004837 0.004837 0.004837

0.2 0.008730 0.008730 0.008730 0.008730

0.3 0.011818 0.011818 0.011818 0.011781

0.4 0.01422 0.014307 0.037502 37.2672

0.5 0.016076 0.856836 2328.16 3.72529×107

0.6 0.018722 8727.91 2.328×108 3.72529×1013

Table 8: Explicit Taylor series method absolute
errors, h = 0.1, b = 100

|Error(y)|
t ORD = 2 ORD = 3 ORD = 4

0.1 0.000162582 4.0847×10−6 8.1964×10−7

0.2 0.000294247 7.39197×10−6 1.48328×10−7

0.3 0.000399404 1.00328×10−5 2.0132×10−7

0.4 0.000481905 1.2104×10−5 2.4302×10−7

0.5 0.000545106 1.36903×10−5 3.14994×10−7

0.6 0.000591932 1.48514×10−5 1.20207×10−5

Corresponding word length of Taylor series terms for large
constant b are shown in Tab. 9.

Table 9: Multiple arithmetic

b Word length [bits]

1010 3681

1020 8900

1050 24000

TKSL automatically detects stiffness in system (56) (when
b is growing) from Taylor series terms and TKSL uses au-
tomatically smaller step size.

Implicit Taylor series method has prosperous proper-
ties to solve stiff systems especially implicit Taylor series
method has bigger absolute stability domain than those
of explicit Taylor series method.

Let’s solve the system (56) with implicit Taylor series
method. Implicit Taylor series is in the form

yi+1 = yi + hy′i+1 − · · · − (−h)n
n!

y
(n)
i+1 ,

zi+1 = zi + hz′i+1 − · · · − (−h)n
n!

z
(n)
i+1 ,

(58)

where higher derivations are in the form

y′i+1 = zi+1 ,
z′i+1 = −byi+1 − (b+ 1)zi+1 ,

y′′i+1 = −byi+1 − (b+ 1)zi+1 ,
z′′i+1 = −by′i+1 − (b+ 1)z′i+1 = −bzi+1−

−(b+ 1)(−byi+1 − (b+ 1)zi+1) ,

y′′′i+1 = −bzi+1 − (b+ 1)(−byi+1 − (b+ 1)zi+1) ,
z′′′i+1 = −b(−byi+1 − (b+ 1)zi+1)− (b+ 1)·

·(−bzi+1 − (b+ 1)(−byi+1 − (b+ 1)zi+1)) ,

y
(4)
i+1 = −b(−byi+1 − (b+ 1)zi+1)− (b+ 1)·

·(−bzi+1 − (b+ 1)(−byi+1 − (b+ 1)zi+1)) ,

z
(4)
i+1 = −b(−bzi+1 − (b+ 1)z′i+1)− (b+ 1)·

·(−bz′i+1 − (b+ 1)(−bzi+1 − (b+ 1)z′i+1)) ,
...

After substitution higher derivations into implicit Taylor
series form (58) we obtain numerical solution in the form

yi+1 = yi(hb+h+1)+zi(h)

1+h2b+hb+h
,

zi+1 = − yi(hb)−zi
1+h2b+hb+h

,

for implicit Taylor series order 1 (ORD = 1) that is im-
plicit Euler method.

Similarly for ORD = 2 we obtain formula in the form

yi+1 = 2 yi(h
2b2+h2b+2hb+h2+2h+2)+zi(h

2b+h2+2h)

2h2+2h3b2+h4b2+2h3b+4+4hb+4h+4h2b+2h2b2
,

zi+1 = −2 yi(h
2b2+2hb+h2b)+zi(h

2b−2)

2h2+2h3b2+h4b2+2h3b+4+4hb+4h+4h2b+2h2b2
,

implicit Taylor series ORD = 3 is in the form

yi+1 = 6(yi(h
3b3 + h3b2 + h3b+ h3 + 3h2b2 + 3h2b+

+3h2 + 6hb+ 6h+ 6) + zi(6h+ h3b+ h3 + 3h2+

+3h2b+ h3b2))/(36 + 36h2b+ 6h3b3 + 36hb+

+3h5a3 + 3h5b2 + h6b3 + 18h2 + 18h3b2 + 36h+

+18h3b+ 9h4a2 + 6h4b3 + 6h4b+ 6h3 + 18h2b2) ,

zi+1 = −6(yi(3h2b2 + 6ha+ 3h2b+ h3b+ h3b2 + h3b3)+

+zi(−6 + 3h2b+ h3a2 + h3b))/(36 + 36h2b+

+6h3b3 + 36hb+ 3h5b3 + 3h5a2 + h6b3+

+18h2 + 18h3b2 + 36h+ 18h3b+ 9h4b2+

+6h4b3 + 6h4b+ 6h3 + 18h2b2) ,

etc.

Absolute errors of numerical solution using implicit Taylor
series method of different order is shown in Tab. 10. Note
that constant b has no influence on error of computation.

There is a problem with general formulation of yi+1, zi+1

from implicit Taylor series formula (58) - other implicit
numerical methods have the same problem. We have to
use some iteration method to compute yi+1, zi+1 in im-
plicit form.

Implicit Taylor series method with recurrent calculation
of Taylor series terms and Newton iteration (ITMRN)
was implemented. Absolute errors of ITMRN of ORD =
2, 3, 4 are the same as explicit calculations presented in
Tab. 10 and only two Newton iterations are needed. Ab-
solute errors of ITMRN ORD = 5, 6, 7 and number of
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Table 10: Implicit Taylor series method absolute
errors h = 0.1

|Error(y)|: b = 104, 105, 106, 107, 108

t ORD = 2 ORD = 3 ORD = 4

0.1 0.000139958 3.48077×10−6 6.93811×10−8

0.2 0.000253297 6.29908×10−6 1.25557×10−7

0.3 0.000343816 8.54948×10−6 1.70413×10−7

0.4 0.000414829 1.03145×10−5 2.05595×10−7

0.5 0.000469227 1.16662×10−5 2.32538×10−7

0.6 0.000509528 1.26673×10−5 2.52491×10−7

Newton iterations j which are needed to obtain numer-
ical results with tolerance TOL = 10−10 are shown in
Tab. 11.

Table 11: ITMRN absolute errors h = 0.1, ORD =
5, 6, 7, TOL = 10−10, b = 104

ORD = 5 ORD = 6 ORD = 7

t |Error(y)| j |Error(y)| j |Error(y)| j

0.1 1.15×10−9 3 1.64×10−11 3 2.03×10−13 5

0.2 2.08×10−9 3 2.97×10−11 3 3.45×10−13 5

0.3 2.83×10−9 3 4.04×10−11 3 4.84×10−13 5

0.4 3.41×10−9 3 4.87×10−11 3 5.89×10−13 5

0.5 3.86×10−9 3 5.51×10−11 3 6.35×10−13 4

0.6 4.19×10−9 3 5.98×10−11 3 6.99×10−13 5

Problem with increasing the number of Newton iterations
j with increasing order of implicit Taylor series method
is shown in Tab. 11. We should use multiple arithmetic
with growing constant b and order of ITMRN or we should
reduce integration step size to obtain better stability of
ITMRN (Tab. 12). Absolute errors of ITMRN ORD = 8
and number of Newton iterations using in each step are
shown in Tab. 12. There are two integration step size used
h1 = 0.1 with absolute error |Error1(y)| and number of
Newton iterations j1 resp. h2 = 0.05 with absolute error
|Error2(y)| and number of Newton iterations j2. The same
arithmetic (double precision) is used in both cases.

Table 12: ITMRN absolute errors h1 = 0.1, h2 =
0.05, ORD = 8, TOL = 10−10, b = 104

t |Error1(y)| j1 |Error2(y)| j2

0.05 — — 7.10543×10−15 4

0.1 2.148×10−12 9 1.77636×10−15 4

0.15 — — 5.00711×10−14 4

0.2 2.753×10−14 8 9.17044×10−14 4

0.25 — — 8.71525×10−14 5

0.3 6.328×10−14 19 8.23785×10−14 5

...
...

...
...

...

0.6 4.938×10−12 7 1.77636×10−14 4

5. Conclusions
A very interesting and promising numerical method of
solving systems of ordinary differential equations based
on Taylor series has appeared. The question was how
to harness the said ”Modern Taylor Series Method” for
solving of stiff systems. The potential of the Taylor series
has been exposed by many practical experiments and a
way of detection using Taylor series terms and solution of
large systems of ordinary differential equations has been
found.

The new Implicit Taylor Series Method with Reccurrent
Calculation of Taylor Series Terms and Newton Iteration
Method (ITMRN) was proposed. ITMRN has prosperous
properties to solution “stiff systems” with large eigenval-
ues λ � 0. ITMRN algorithm is also suitable to paral-
lelization. In many cases multiple arithmetics need to be
used.
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Computations Based on TKSL. In Proceedings second UKSIM
European Symposium on Computer Modeling and Simulation.
Liverpool, GB, IEEE CS, 2008, p. 159–164,
ISBN 978-0-7695-3325-4.

J. Kunovský, V. Šátek, M. Kraus. 25th Anniversary of TKSL. In
Proceedings of 7th International Conference of Numerical
Analysis and Applied Mathematics. Psalidi, Kos, GR, AIP, 2008,
p. 343–346, ISBN 978-0-7354-0576-9.

M. Kraus, J. Kunovský, V. Šátek. Taylorian initial problem. In
Proceedings MATHMOD 09 Vienna - Full Papers CD Volume.
Vienna, AT, ARGESIM, 2009, p. 1181–1186,
ISBN 978-3-901608-35-3.

J. Kunovský, V. Šátek, M. Kraus, J. Kopřiva. Automatic Method
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Abstract
Presented work focuses on proposal of new service deliv-
ery method based on innovative idea of sharing services
among operators and service providers. The proposal is
aimed to extend architecture of IP Multimedia Subsystem
(IMS) in order to enable service sharing. The extension
is named Service sharing System (SSS).

IMS architecture supplement is defined as application
server, its structure, blocks, relationships and communi-
cation among involved entities is proposed.

The reason for such extension definition is that the IMS
is for upcoming decade preferred communication technol-
ogy focused on delivering multimedia services. With its
service-oriented and layered architecture it enables pro-
visioning of variety of services and adoption 3rd party
providers’ services.

However, communication network operators are loosing
market share of service providers at expense of Apple’s
iPhone and Google’s Android. If they want to reverse
the trend of becoming only Internet connection providers,
they need to focus on customers’ satisfaction and offer
variety of interesting services. Such requirement can be
fulfilled by changing their ”Walled garden” thinking and
opening their environments to 3rd party service providers.
For this purpose we propose mentioned Service Sharing
System.

SSS offers listing and categorization of services, which
does not exist in any former nor current communication
network. Compiled of services offered by home operator
and other service providers, the list of services is presented

∗Recommended by thesis supervisor: Assoc. Prof. Ivan
Kotuliak. Defended at Faculty of Informatics and Infor-
mation Technologies, Slovak University of Technology in
Bratislava on April 19, 2012.

c⃝ Copyright 2012. All rights reserved. Permission to make digital
or hard copies of part or all of this work for personal or classroom use
is granted without fee provided that copies are not made or distributed
for profit or commercial advantage and that copies show this notice on
the first page or initial screen of a display along with the full citation.
Copyrights for components of this work owned by others than ACM
must be honored. Abstracting with credit is permitted. To copy other-
wise, to republish, to post on servers, to redistribute to lists, or to use
any component of this work in other works requires prior specific per-
mission and/or a fee. Permissions may be requested from STU Press,
Vazovova 5, 811 07 Bratislava, Slovakia.
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to customers, which can browse it, choose a service (e.g.
TV stream) and use it regardless of who provides it.

The solution is win-win for all involved parties while it
brings higher quality and variety of services to customers
while producing higher income for operator and also for
service provider.

Categories and Subject Descriptors
C.2.1 [Network Architecture and Design]: Distribu-
ted networks; C.2.1 [Network Architecture and De-
sign]: Packet-switching networks; C.2.m [Computer-
Communication Networks]: Miscellaneous; H.3.4 [Sys-
tems and Software]: Information networks; H.3.5 [On-
line Information Services]: Data sharing

Keywords
IMS, NGN, service delivery, sharing services, multimedia
service, service indexing and categorization, Service Shar-
ing System, customer satisfaction

1. Introduction
Multimedia services became very important part of hu-
man communication - amount of audio, video, text and
data transfers rises continuously [10]. Delivering multi-
media services is than a very popular topic in the field of
communication. IP Multimedia Subsystem (IMS) is one
of the most promising and preferred architectures among
communication systems [18]. It was meant to be a core
of 3rd generation mobile networks [2]. Later, by adopting
different access technologies it became architecture, which
is a base for fixed-mobile convergence [3]. Its layered and
service-oriented architecture enables access technology in-
dependence, fast service deployment in multimedia envi-
ronment, easy network management and QoS manage-
ment in IP networks [8]. IMS brings ability to provide
many services to different types of customers while short-
ening time-to-market.

Telecommunication networks development is from last cen-
turies characterized by evolution from Public Switched
Telephone Network (PSTN) and Public Land Mobile Net-
work (PLMN) through Intelligent Networks (IN) up to
Next Generation Networks (NGN). Each generation of
communication networks provided services to customers
in a different way. However, there are two problems which
none of them reflected. The first one is unmet need for
liberalization of market of services, which is always an im-
portant topic [11, 21, 14] (in this article, a service means
e.g. TV stream, call recording service, information ex-
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change, content delivery etc.). The second issue is tight
to absence of a list of categorized services, which are avail-
able to customers (Internet as a communication network
also lacks such option). To solve both presented prob-
lems and open communication networks to 3rd party ser-
vice providers in order to provide variety of services to
customers, Service Sharing System (SSS) deployed in a
network of interconnected IMS domains and operators is
proposed.

The main aim of SSS deployment is fulfillment of demand
of liberalization of market of services [5]. Currently opera-
tors deploy services in their own networks utilizing Walled
garden approach [12]. This approach attracts operators
to offer only their own services to their own customers.
To meet a demand of opening the market of telecom-
munication services and enable competitive environment
[5], SSS is proposed. It utilizes simple idea of collection
and categorization of information about all available ser-
vices provided by any network operator or service provider
(commonly Shared Service Provider - SSP) with connec-
tion to Consuming Operator (CO). The list of categorized
services is after collection presented to customers of CO
which can than use any of offered services. As proven
by rising market of smart phones applications developed
by different vendors, such approach gives customers larger
freedom of service provider choice and thanks to the com-
petitive environment brings higher quality and amount of
services to them.

Similar idea of opening the market of carriers to liber-
alization has been presented in [16], where authors dis-
cussed Telecommunications Service Exchange (TSE). It
enables a customer to use a service which fits his require-
ments best. A service in [16] means a call placement and
optimized parameter of connection is price for the call.
TSE uses automatic agents in auction to negotiate cheap-
est service for a customer with respect to desired quality
of service, network parameters and price the customer is
willing to pay for the service.

The main aim of presented work is to propose IMS archi-
tecture supplement (SSS) enabling competitive market of
services and to define its architecture, blocks, relation-
ships and communication among involved entities.

The article is organized as follows: Section 2 provides mo-
tivation for proposed extension, Section 3 compares three
concepts of communication networks while discussing their
orientation on services while Section 4 introduces IMS ar-
chitecture. Section 5 describes Service Sharing System as
an idea of sharing services in the IMS networks while Sec-
tion 6 gives closer view to technical details of SSS. Section
7 describes architecture of proposed application servers,
its entities and their communication. Section 8 provides
overview of deployed testbed and testing scenarios and
concluding remarks are given in Sections 9.

2. Motivation for SSS extension
2.1 Liberalization
It has been proven that liberalization in any market brings
higher quality of the segment. In telecommunications,
which highly affect also employment in other sectors of
economy [11], liberalization increases coverage and avail-
ability of communication services. It brings new possi-
bilities also to low-income part of population. Countries
with fully liberalized communication sector grow up to

1% faster than countries without any liberalization [11].

Liberalization in telecommunication sector can be divided
into two levels. The first level means bringing new opera-
tors to the country and letting them build infrastructure
and provide voice and other communication services. The
second level means that established operators allow their
customers to use value-added services provided by other
service providers (e.g. download ring tones, record a call,
establish voice mail etc.).

Currently, many countries achieved the first level of liber-
alization which resulted in increased penetration of com-
munication services and in many cases helped economies
to grow. The second level is currently hard to achieve
due to technology reasons as well as operators’ attitude to
opening their networks to service providers (Walled gar-
den). However, extending market of smart phones proves
that users want to customize their devices and use them
in different ways while downloading and using variety
of applications developed by different providers. In the
meanwhile, network operators utilizing Walled garden ap-
proach loose the market at the expense of Apple’s iPhone
and Google’s Android. Innovative companies’ philosophy
opens their platforms to any developer and progressive ap-
plication. The outcome of open approach is satisfied user,
developer having income and a corporation distributing
the application and increasing its profit. The other im-
portant outcome is improvement in several service quality
attributes [22] - higher service availability, functionality,
reliability, performance and stability achieved by compe-
tition and redundancy of services offered by different ser-
vice providers.

Communication networks operators need to change their
business model not to become just mobile and fixed In-
ternet connection providers.

2.2 Service indexing, categorization and listing
In current nor former communication technologies there
does not exist any list of available services. If a user de-
cides to use a service, he has to find it by himself. It means
to go to information channel of his operator (store, web
page, customer service) or browse the Internet and search
for appropriate service. Such approach is time consuming
and many times leads to a situation when usual user gives
up his demand for a service while it is difficult to obtain
it. It is definitely not what operator wants to happen. Af-
terwards, there is a serious demand for indexing, catego-
rization and listing of available services similar to Apple’s
AppStore or Android Market. Such browsing and search-
ing engine would give customers better access to services
and become an important part of service delivery.

In combination with second level liberalization, service
indexing, categorization and listing could bring win-win
solution increasing customer’s satisfaction and income of
operator and also service provider.

3. Communication networks evolution and
services

In former generations of telecommunication networks, op-
erators were interconnected mostly via Peering Centers
allowing their customers to reach each other. To achieve
higher reliability of interconnection, mesh topology of in-
terconnecting network was used. Internet appeared later



14 Kováčik, T.: IMS service provisioning improvement

Figure 1: Example of operators’ interconnection
using Peering centers.

as a non-intelligent network pushing users and servers to
the edge of the network and providing services to every-
one. Such approach allowed very fast development and
adoption of new services.

In this work, we shall name interconnection of telecommu-
nication networks operators via Peering Center as Con-
cept 1 network (see Figure 1) and the idea of Internet as
non-intelligent network pushing users and servers to the
edge as Concept 2 network (Figure 2).

3.1 Concept 1
Peering center is a central point of network which con-
nects telecommunication operators together (Figure 1).
Towards it an operator forwards a request for call estab-
lishment which is routed to destination operator and to
called party.

Features of Concept 1 networks:

• a user is identified by telephone number with pre-
fixes identifying operator and country

• routing of calls and text messages is based on hier-
archical dial plan

• in fixed lines prefix identifies geographical area, in
mobile networks prefix identifies network operator

• telephone number can be transferred to another op-
erator

• high availability of networks (99,999% [15])

• high scalability of networks

• closed environment of interconnected operators

• high level of security

• authorization to services done manually by operator

• high CAPEX and OPEX for network building and
provisioning

• Walled Garden approach to services - operator im-
plements own services in own network

• service logic implemented in each exchange (PSTN
networks) - high expenses in maintenance and ser-
vice implementation, later generations implemented
services centrally (Intelligent Networks)

Figure 2: Internet - users and services are pushed
to the edge of network.

• no list of services - a user needs to ask his operator
if a service is available

• no service sharing except roaming services

Architecture of operators’ interconnection via Peering Cen-
ters enables only few services related to the interconnec-
tion to be offered to customers. It allows placing phone
calls and sending messages (SMS, MMS) from one oper-
ator’s customer to a customer of another operator and
enables roaming in mobile networks.

3.2 Concept 2
Internet can represent Concept 2 where the network does
not have any intelligence from services point of view. It
only provides data transport, while services’ intelligence
is pushed to the edge of network (see Figure 2).

Features of Concept 2:

• connection of a user and service to the network is
identified by IP address and DNS record

• routing of packets is based on IP addressing and
DNS records

• Internet access providers have IP addresses ranges
assigned by central authority - IANA [17]

• some services use email-like format for users’ iden-
tification

• availability of Internet access and services never rea-
ches 99.999%

• open environment - unless restricted, Internet pro-
vides access to all services (email, chat, video, music,
VoIP etc.)

• security depends on service implementation and se-
curity rules adopted by access network provider and
service provider

• authentication and authorization to a service needs
to be implemented in a service logic

• low expenses for a server and user connection
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Figure 3: Concept 3 - reliable operatos’ intercon-
nection with access to variety of services.

• low expenses of network provisioning - operational
costs cover maintenance of the network, services are
maintained by service providers

• easy low cost service deployment - anybody can add
a new service to Internet

• services centralization - services are implemented on
servers connected to the edge of network and avail-
able to any user world-wide

• services are available anytime and anywhere (unless
service or connection failure occurs)

• number of available services is much higher in com-
parison to Concept 1

• no list of services - a user needs to search for a ser-
vice using indexing search engine or know the exact
address of the service (IP or DNS record)

• no need for service sharing

3.3 Concept 3
Convergence of telecommunications and computer net-
works driven by Next Generation Networks (NGN) and
especially IMS is the next step in evolution of telecom-
munications. While operators must be reliably and safely
interconnected to provide high availability of basic com-
munication services [15] (Concept 1), they also need to
meet rising customers’ demand of using variety of ser-
vices available at Internet and demand for communica-
tion with customers of Internet communication services
providers (SIP, Instant Messaging, proprietary communi-
cation platforms, etc.).

Concept 3 (see Figure 3) brings main advantages of Con-
cepts 1 and 2 together - reliable interconnection and va-
riety of services. Concept 3 uses IMS architecture in core
networks of operators. As IMS utilizes SIP as a signaling
protocol, it enables also easy usage of 3rd party services
(e.g. voice mail, video-on-demand or content sharing pro-
vided by server at Internet or by another operator).

SSS brings into such environment possibility to index,
categorize and list all available services. Customers can
browse and use any service offered by any provider.

Figure 4: IMS layered architecture.

4. IP Multimedia Subsystem
IP Multimedia Subsystem (IMS) currently does not have
any real alternative as next step in communication net-
works development. PSTN is in developed countries en-
riched by Intelligent Networks, however the next step is
switching to Next Generation Networks [20]. Softswitch
as NGN architecture [31] has been already deployed in
many networks. Most of vendors however end support of
former technologies and focus on IMS development and
deployments [18].

Its main features include strong service orientation in ar-
chitecture which is composed of 3 layers logically differ-
entiating functional nodes [12] (see Figure 4). Transport
layer is responsible for connecting different access tech-
nologies users’ devices to the IMS domain and for connec-
tion of the domain to other packed-switched and circuit-
switched networks. Control layer is responsible for au-
thentication, routing of SIP messages and distributing
traffic between Transport and Service/Application lay-
ers. Main components of control layer are Call Session
Control Function (CSCF) and Home Subscriber Service
(HSS). CSCF is SIP messages routing and authentication
node, HSS is the main database containing information
about customers and services. Service/Application layer
contains Application Servers (AS) which provide various
services to customers, i.e. Presence, Interactive Voice
Response, call recording, voice mail, instant messaging,
conferencing, video streaming, Video On Demand, IPTV,
Push-to-talk-over-Cellular (PoC) and others.

IMS enables convergence of telecommunication and com-
puter networks as it is based on IP protocol. It brings real
fixed-mobile convergence thanks to different gateways in
Transport layer.

IMS is based on open standards of several standardization
bodies including 3GPP [1], 3GPP2 [4] and ETSI work-
group of TISPAN [29]. Signalization and session proce-
dures are provisioned by open protocols - SIP protocol [26]
and Diameter [7] are used for signaling while data streams
carrying audio, video or other data are transported using
RTP protocol [27].
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Thanks to service orientation of IMS architecture deploy-
ment of new services is simple. Time-to-market which is
currently very important factor of gaining service pop-
ularity is than shortened. It is also one of our main
aims while developing SSS. New services are deployed
by introducing appropriate application server into Ser-
vice/Application layer. Strong advantage of layered ar-
chitecture is the fact that lower layers serve needs of ap-
plication layer so service developer does not need to con-
cern about delivery of messages, reserving resources for
the session etc.

IMS enables setting of Quality of Service (QoS) param-
eters in IP networks while introducing resource reserva-
tion in the time of multimedia session setup. It serves as
a platform for delivering multimedia services to different
access technology based devices.

Users and services are in SIP protocol and in IMS iden-
tified by email-like format identifier with SIP prefix (e.g.
sip:user@domain). It has many advantages in compari-
son to PSTN phone numbers format. The main advantage
which is also important for our SSS proposal is DNS based
routing of SIP messages. It enables easy usage of 3rd
party services while messages can be routed by lower lay-
ers of OSI reference model regardless whether it is trans-
ferred through telecommunication operators or Internet.
The other important advantage is easy-to-remember name
of a service provider or a service which one user wants to
recommend to others.

One of desired features of services provided via Internet
comes out of customers’ requirements in recent years. As
number of services used by each user is high and almost
all services require usage of security credentials, there is a
call for easy access to all services. As users do not want to
remember new credentials for each service they use, there
are technologies which enable access to multiple services
using one set of credentials [19]. However, in IMS no such
initiative is necessary as users sign up to the operator’s
network and from that point they are strictly identified.
This feature allows easy payment for a service or content
as the cost can be charged to customer’s invoice.

5. Service Sharing System
The proposed Service Sharing System introduces two new
concepts into market of communication services:

• it presents available services to customers directly
through their devices

• it enables customers to use a service regardless of
its provider

The first feature is inspired by market of applications
which users of e.g. iPhone and Android OS can use to
search for and install new application onto their device.
None of current or recent communication networks (in-
cluding Internet) give such opportunity to their users and
their demands-in-the-moment (e.g. for watching a foot-
ball match) are not met. The second feature comes out
from the demand for liberalization of market of commu-
nication services. Opening the market to new providers
would bring competitive environment, variety and higher
quality of services. Moreover, sharing services among net-
work operators and enabling one operator’s customers to

access e.g. video stream or conferencing service of second
operator brings satisfied customers to the first one and
increased profit to the second one.

The sharing approach is a win-win solution for all involved
parties - a customer is satisfied because of getting variety
of high quality services as product of competition, service
provider offers services to wider audience and home op-
erator of the customer charges extra fees and increases
his profit. At the end SSS brings more services to more
customers.

As seen from rising market of smart phones and their us-
age surveys, customers do not use their devices only for
making phone calls but also for sending messages, brows-
ing Internet, sending emails, listening to music, watch-
ing videos, creating and publishing content, connecting
to friends etc. Such usage shows that customers are will-
ing to use variety of services if they are able to and they
are also willing to pay for them if their quality is good.

Network operators are currently loosing the market of ser-
vices at the expense of Apple’s iPhone and Google’s An-
droid. The reason is that Apple AppStore and Android
Market give a user freedom of customization of his device
and usage of variety of applications. Similar approach
(represented also by SSS) should be adopted in meaner of
providing services by operators.

There are two possible relationships between two opera-
tors :

1. corporate relationship - both operators belong to an
international corporation

2. competitive relationship - two operators operate at
the same geographical area and compete for cus-
tomers

It is obvious that in the first case SSS is much more suit-
able in comparison to the second one. ”Mother - daugh-
ter” or other corporate relationship allows easy transfer
of know-how and services among operators. Its adoption
decreases costs for services’ deployment and provisioning
and usually such companies do not share the same market
but operate in different geographical areas.

The second - competitive relationship might seem unsuit-
able for SSS deployment. It is a situation similar to in-
troduction of virtual operators in past [23, 28] where the
telecommunication market has been opened to operators
which do not deploy their own physical networks but use
existing infrastructures of established operators.

Similarly, by deploying SSS, operators open their net-
works to service provides and let them gain profit on their
infrastructure while the provider can also be competitor
to the operator. On the other hand, such sharing prin-
ciple enables faster services deployment and offering new
high quality services with aim to satisfy customers. The
profit of the operator is in possibility to charge fees for
each service invocation.

From the perspective of a service provider, the SSS is at-
tractive while it allows him to reach new customers which
is in fully or almost fully penetrated market difficult goal.
SSS is for service providers also an opportunity to present
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high quality services to customers of his competitors. This
way he can try to attract them to become his own sub-
scribers (determination of a service provider can be done
by logo or audio message included in a service).

There are several advantages which SSS brings. The main
one is the ability of SSS to collect information about avail-
able services from different service providers and opera-
tors. Such approach offers more services than one opera-
tor can ever offer to its customers. It also allows service
providers to reach new market and serve more customers.
SSS also introduces indexing, categorization (based on dif-
ferent criteria) and browsing available services directly on
customer’s device. SSS also fulfils customers’ demands for
services demanded ”at the moment” (e.g. specific TV pro-
gram not offered by own operator).

Liberalized market gives competition an opportunity to
introduce high quality of services. Their development is
due to higher number of involved providers and develop-
ers accelerated which is another advantage of SSS adop-
tion. It also lowers costs of installation and provisioning
of services for operators as they are borne by providers.

If an operator adopts SSS, it collects information about
available services (as mentioned before). In the environ-
ment of different service providers, there is high probabil-
ity of redundancy of services. Than in case of high load
or service provider connection outage, the operator has
an opportunity to change service provider to alternative
one. Such solution increases availability and stability of
service provisioning and brings higher performance.

6. Principle of proposed SSS extension
The main function of SSS deployed at operator’s network
is collection of information about services provided by
the operator (CO - Consuming Operator) and partner
IMS operators and service providers - commonly named
Shared Service Providers (SSPs). After the collection the
information is processed by CO and chosen services are
offered to customers through GUI on their devices.

For the purpose of transferring information from SSP to
CO and from CO to user’s device SIP protocol messages
defined for Presence service [25] are used - SUBSCRIBE,
NOTIFY and appropriate responses. Session stream data
(audio, video) is subsequently transferred in RTP protocol
stream.

Mechanism similar to the one used in SSS has been used
also in [30] where author uses SUBSCRIBE-NOTIFY-
PUBLISH mechanism enabling seamless access of users
to community-based and user-generated content. User
interested in particular information subscribes to specific
group and retrieves data. Any group member can access
and change particular content which is than published to
other members. This way information exchange mecha-
nism is established.

Mechanism of subscription and information transfer used
in SSS can be found at Figure 5. As seen at Figure 5, CO
subscribes to receiving information about services pro-
vided by SSP. Similarly, User Equipment (UE) subscribes
to information provided by CO. These 2 subscriptions can
take place independently one from each other. If UE sub-
scribes earlier to CO than CO to SSP, CO sends update to
UE after receiving information about new services. Simi-

Figure 5: SSS information exchange mechanism.

Figure 6: Interconnection of two IMS domains
and SSS.

larly, if any change in a service (new service addition, ser-
vice removal, parameters change, temporary outage etc.)
is taking place, SSP notifies CO to inform him about the
change (SERVICE CHANGE INFO in Figure 5). CO
processes the change, adds its own information to it and
updates its users with such compiled. Every user is than
updated about all changes in service provisioning via de-
scribed triggering mechanism.

While SSS is a typical Presence-like service based on SIP
protocol, network load and traffic characteristics can be
estimated using results of Rishi and Kumar and Cao et
al. which discuss influence of presence service on network
[24] and model it considering day time [9].

Information exchange between SSP and CO
SSS installed in operator’s IMS domain (at CO as well as
SSP) consists of SSS application server (AS) placed into
Services/Application layer of the domain and connected
to S-CSCF, I-CSCF and HSS (see Figure 6).

Initial Filter Criteria [8] must be set appropriately so mes-
sages directed to SSS AS are routed correctly through I-
CSCF and S-CSCF. Routing is based on destination ad-
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Figure 7: SIP messages flow in SSS: subscription
and service information exchange.

dress noted in To: header field of SIP message. The ad-
dress of SSS AS is predefined to sss.<ims domain name>
so no additional discovery mechanism for SSS server is
needed. The logic of SSP and CO is implemented into one
server so the operator can offer his services (role of SSP)
as well as offer foreign services to his customers (role of
CO). However, operator can decide not to share any ser-
vice as well as not to offer any services to his customers.
This way he is only in the role of SSP or CO.

After confirmation of business agreement between SSP
and CO, CO’s SSS AS invokes sending SUBSCRIBE mes-
sage to SSP’s SSS AS. The message contains addresses of
sending as well as receiving SSS servers. It is sent to
CSCF function which is part of IMS control layer. CSCF
uses destination SIP address for routing purposes among
IMS cores as well as inside of the cores. DNS mechanism
is used for directing message towards appropriate IMS
domain.

When SSP’s SSS server receives SUBSCRIBE request from
CO’s SSS it queries HSS database in order to find out
whether the agreement with particular CO has been es-
tablished. If so, it confirms the acceptance of subscription
by sending 200 OK reply to CO’s SSS AS. If the agree-
ment is not confirmed, SSS AS of SSP sends 488 Not
Acceptable Here reply to SSS AS of CO.

Subsequently after accepting the subscription, SSP’s SSS
AS sends NOTIFY message destined to CO’s SSS AS con-
taining information about shared services in XML format.
CO’s SSS AS receives the information, processes it into
its database and confirms its reception by sending 200
OK message to SSP’s SSS AS. Subsequently CO’s SSS in-
forms its customers about new available services by send-
ing NOTIFY messages to them. Detailed flow of SSS SIP
messages between two IMS domains and inside of them is
shown at Figure 7.

As mentioned earlier, when any change in a service pro-
visioning occurs, SSP must inform all partner COs about
the change as it is crucial for customers’ satisfaction to
have current information only about available services.
Such update of service information is bundled into NO-
TIFY message containing XML document with unique
service identifier and new service parameters. The mes-
sage is sent to all partner COs.

As seen at Figures 6 and 7, we propose SSS for IMS stan-
dardized in Release 6 where I-CSCF is used for intercon-

nection of IMS domains. The reason for using intercon-
nection with I-CSCF instead of IBCF is that the OpenIM-
SCore [13] which we use in laboratory environment does
not have any IBCF implemented yet. However, our focus
is not the matter of lower layers interconnection of IMS
domains but Application layer oriented interconnection
where SSS is deployed. That means, that IBCF can also
be used for inter-domain messages transfer while is does
not impact SSS mechanism.

XML document describing offered services enclosed in
a SIP NOTIFY message contains following information
about each introduced service:

• service ID

• service name

• service provider ID

• service category ID

• service description

• service state

• address of server - IP address, port and SIP identi-
fier if applicable

• device capabilities - including mandatory and op-
tional capabilities required by the service

• device ports requirements

• application installation information- necessary in
case when external application is needed to access
the service

• service delivery parameters - including time of avail-
ability, number of allowed accesses, allowed amount
of traffic, maximal speed of data transfer and other
QoS parameters

• agreement parameters and charging model informa-
tion

• other information

• last update - timestamp of the service information
update

Services list delivery to user
Authorization of CO’s user to usage of foreign service is
done while his SUBSCRIBE request travels through IMS
core. S-CSCF checks whether particular user has appro-
priate service profile set. This way differentiation of cus-
tomers can be easily done.

Initial subscription of user’s equipment (UE) to SSS is
done at UE’s startup procedure. It sends SUBSCRIBE
message to SSS application server of his home operator
which is identified by SIP address as sip:sss.<ims domain
name>. As mentioned before the predefined name of

AS is used so no additional SSS AS discovery mechanism
needs to be deployed.

SSS application server of CO processes the subscription
and checks whether the user has permission for such sub-
scription. If so, SSS AS replies to UE with 200 OK mes-
sage. Subsequently SSS AS sends NOTIFY message to
UE containing information about available services which
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Figure 8: Block diagram of SSS AS in role of CO.

is placed into the body of the message. Similarly, if any
service change occurs, CO’s SSS AS sends NOTIFY mes-
sage to UE in order to inform the user about the change.

Information placed in the body of NOTIFY message is
formatted in XML which in combination with SIP pro-
tocol has already been used e.g. in [6] for sending event
notifications.

After browsing available services put into categories, the
user reads information about chosen one and agrees to
payment for the service. Afterwards, the service listing
application on user’s device checks whether there is a ne-
cessity to install new application or there already exist
an application which can be used to access the service.
If some application meets requirements for accessing the
service, its invocation is offered to a user (e.g. TV stream
player). Application installation mechanism is different
for each device’s platform and its description is out of
scope of this work. However, if the UE does not meet
service requirements, user is informed about this fact and
access to the service invocation is not allowed.

7. Application servers architecture
The second important benefit of presented work is ar-
chitectural definition of application servers which provide
functionality of CO and SSP logical roles. The application
servers are defined using top-down method which divides
necessary functionalities into blocks and subblocks down
to primitive functions.

Architecture of Consuming Operator application server
contains blocks shown in Figure 8:

• I/O operations

• SIP message processing

• Service information processing

I/O operations block contains following subblocks:

• SIP message receiver

• SIP message sender

• Database access module 1

Figure 9: Block diagram of SSS AS in role of SSP.

SIP message processing block contains following subblocks
which are responsible for SIP messages related operations:

• SIP message processor

• Subscriber to SSPs

• Subscription processor

• SIP message composer

Service information processing block contains following
subblocks:

• Service information processor

• Service information filter

• Service update module

Architecture of Shared Service Provider application server
contains the same blocks as CO AS (see Figure 9). How-
ever, their subblocks are slightly different.

I/O operations block contains following subblocks:

• SIP message receiver

• SIP message sender

• Database access module 2

SIP message processing block contains following subblocks:

• Subscription processor

• SIP message composer

Service information processing block contains following
subblocks:

• Service information composer

• Service update module
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Figure 10: Sequence diagram of CO SSS AS.

Detail description of functions related to each block of CO
as well as SSP can be found in dissertation thesis.

Interconnection and cooperation of described blocks and
subblocks of CO and SSP application servers can be found
in Figures 10 and 11 where sequence diagrams are shown.
These describe operation of CO and SSP AS and their re-
action on SIP message arrival, its processing and reaction
of the server to it. It also reflects reaction of the server
to triggered service update and server shutdown. They
display cooperation of servers’ building blocks and their
communication.

Detail description of all interconnections and communica-
tion of servers’ blocks can be found in dissertation thesis.

The dissertation thesis also contains detail definition and
description of states in which partners, agreements, cus-
tomers and services can occur in CO as well as in SSP.
Detail description of data structures stored in databases
of CO and SSP, information about partners, services, cus-
tomers and SIP messages descriptions are also given in the
work.

8. Proof of concept and SSS verification
SSS has been deployed in NGN testbed of Slovak Univer-
sity of Technology in Bratislava. The testbed consists of
two via VPN interconnected IMS cores based on Open-
IMSCore project. The cores are separated by DNS server
which is configured as follows:

• requests destined to a node located in the same IMS
core as originator are delivered directly to destina-
tion

• a request from node in one IMS core destined to
a node in the second IMS core/domain are routed

Figure 11: Sequence diagram of SSP SSS AS.

through I-CSCF of the destination core (I-CSCF is
an entry point for communication entering IMS do-
main)

Such configuration separates the two IMS domains and
enables that all traffic from one core destined into the
second one is routed through I-CSCF where security rules
can be applied.

Deployment of SSS is based on an application server (AS)
connected to each IMS core through S-CSCF, I-CSCF and
HSS functions. As mentioned earlier routing of messages
is based on SIP and DNS routing mechanisms. In case
of the SSS AS its address is predefined to sss.<domain
name> so no additional SSS AS discovery mechanism is
necessary (however, future development can include also
such mechanism).

The logic of SSP and CO has been implemented into one
application server which is able to handle all related func-
tionalities.

The services information is between both SSS application
servers transferred inside of body of NOTIFY messages.
The information is formatted in XML document contain-
ing all information mentioned in Section 6. The XML
has been chosen as it is widely used, it was already used
for similar purpose and it can be easily extended when
necessary.

The current deployment fulfils following SSS features (see
Figure 6):

• CO SSS AS subscribes to the SSP SSS AS through
two IMS cores infrastructure

• subscription receiving SSP SSS AS reads services
information from database and formats it into XML
document

• XML is inserted into body of NOTIFY message and
sent to subscribing CO SSS AS (1 in Figure 6)

• CO SSS AS handles subscription from user equip-
ment (UE)
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• CO SSS AS receives XML formatted information
from SSP SSS AS and updates its database of ser-
vices

• subsequently CO SSS AS informs its subscribed users
about received services information (2 in Figure 6)

• UE shows available services to user and enables him
to connect to a TV channel provided by SSP IMS
core (3 in Figure 6)

Presented new service delivery method was tested in dif-
ferent scenarios:

• successful subscription and information transfer from
provider to operator

• successful information transfer from operator to cus-
tomer and service invocation

• shutdown of CO AS

• shutdown of SSP AS

• unexpected shutdown of CO AS

• unexpected connection interruption between CO and
SSP

• service update in SSP

• unknown CO partner

Detail description of testing scenarios can be found in
dissertation thesis.

9. Conclusion
Presented work proposes new service delivery method ba-
sed on innovative idea of sharing services among operators
and service providers. The proposal is aimed to extend
architecture of IP Multimedia Subsystem in order to en-
able service sharing - Service sharing System is defined.

IMS architecture supplement is defined as application ser-
ver, its structure, blocks, relationships and communica-
tion among involved entities is described in the work.

At first, author gives motivations for such IMS exten-
sion proposal. Liberalization as main motivation bringing
competitiveness into environment of nowadays operators’
”walled gardens” not allowing other providers to offer ser-
vices to customers. Thus small amount of services is used
by customers and operators become Internet connection
providers. The other motivation for the extension lays
in inspiration in smartphones applications markets. Ser-
vice indexing, categorization and listing is present there
and author wants to bring communication services closer
to their users so he wants to offer available services to
customers directly through their devices.

Different communication networks and their attitude to
services is described consequently. IMS networks as result
of convergence of IP and traditional telecommunication
networks is identified as ideal adept for deployment of
proposed SSS extension. Brief description of IMS is given
followed by detail description of SSS, its principles, ar-
chitecture and its building blocks and relationships. The

architecture is designed using top-down method. Result-
ing SSS extension is tested on a testbed in different sce-
narios. Deployed SSS enables real sharing of information
about available services between two IMS operators and
giving customers an opportunity to e.g. connect to a TV
channel streamed by other operator.

SSS is a win-win solution for all involved parties as it
gives more services to more customers, enables operators
to increase their profit and service providers to reach new
customers.
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Abstract
Creation of plans and schedules for systems with random
phenomena is a research area that is gaining consider-
able attention. Standard techniques of scheduling and
exact methods cannot be utilised for stochastic systems.
The measure of robustness is an important indicator of
the schedule, representing the resistance of the schedule
to random phenomena that occur during the execution
of the schedule. This thesis describes the procedure for
evaluating the robustness of the schedules. A complete
methodology for creating of robust schedules, based on
the use of computer simulation, is presented. Three dis-
tinct procedures for increasing the robustness (by chang-
ing a plan, increasing of time reserves and by changing
the order of allocation of resources) are explained in de-
tail. A new method for changing the order of resource
allocation to the activities has been developed. Proposed
method provides the possibility to identify the order of
allocation that will lead to a system deadlock. The pro-
cedures were tested using simulation model of an existing
container terminal.

Categories and Subject Descriptors
I.6.4 [SIMULATION AND MODELING]: Model Val-
idation and Analysis

Keywords
Simulation, robustness, schedules

1. Introduction
Planning and scheduling, with the development of infor-
mation technology has become the subject of research by
many scientists, but also the companies that are trying
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to ensure their costs. There are many approaches try-
ing to solve the problem of finding the optimal plan and
the subsequent localization of resources for its provision.
Standard approaches mainly focus on the mathematical
description of the problem and its solution using the var-
ious numerical approaches. However, thus obtained plan
has large limitations because of stochastic character of
many phenomena of the real world and its execution car-
ries the risk of failure.

In addition to the various specific requirements for plans
and schedules, the requirement on the robustness of the
plan or schedule is important. Today, a large attention
is given to the problem of determination of robustness of
plan and its increasing. These schedules are needed espe-
cially for rail and air transport, but also in manufacturing
processes with the aim to reduce downtime of machines
in disorders.

1.1 The Planning
Planning is generally understood as the process of cre-
ating a plan. The plan is a sequence of actions. These
actions must be applied so that the planning system is
getting from the initial (default) state to the terminal
state (destination). It is a decision about what actions to
which conditions should be applied to achieve the desired
objectives of the situation.

Plan for practical use is only an approximate picture of
how the system should work. In the real conditions, there
are the mostly required resources for the fulfilment of ac-
tivities, without which it is impossible to carry out. Just
allocation of resources plays a key role in the practical ap-
plication of the plan. This issue is solved by scheduling.

The requirements on its schedule may be a part of the
plan. In these requirements can be described the maxi-
mum duration of the plan, maximum duration for conclu-
sion, or the opening times of the individual activities, and
the order of allocation of resources for some activities.

1.2 The Scheduling
In the case that there is already a plan, such as a sequence
of actions, it is appropriate to specify in what time will
be different actions performed. Scheduling means the as-
signing of resources to activities in time.

Activity is the basic technological operation, which is not
divided on partial technological operations. Activity in
some scheduling issues is also called the operation.
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The resource is a device which is able to perform one or
several operations. In General, it is available a set of types
of resources, while the number of resources of that type
is defined for each type. Then, for each activity is defined
a set of desired types of resources and their count. For
example, for the fulfilment of the task it is necessary 5
staff workers of type 1, 3 staff workers of type 2 and one
crane.

2. Measurement and evaluation of robustness
An important part is the determination of the degree of
robustness of a plan or a schedule. Robust plan (sched-
ule) is such a plan (schedule), whose quality is not reduced
during execution (keeping in advance of known uncertain-
ties). This property is expressed as the probability of
which the plan, or schedule will work without distortions
(shift of activities, it is necessary the operational solu-
tion of the situation.). It is needed to define a measure
of robustness as a property of the plan, which is used to
compare two plans from the point of view of their resis-
tance to the ever changing realistic conditions. Below we
will use even short term ”robustness” instead of measure
of robustness.

Robust schedule is the schedule, which has the required
measure of robustness. The number in the range will
express the robustness of the schedule (0, 1>, and the
smaller value will mean smaller robustness of the sched-
ule. Extreme value of 0 is not used, because the sched-
ule with zero robustness would have to be unenforceable.
The probability of failure of the schedule increases with
the decreasing robustness of the schedule. It does not
mean, that the probability of failure of the schedule with
the robustness of 0, 4 is 0.6. If we allow using zero as
a minimum value of robustness, the probability of failure
pattern would have to be equal to 1 and thus the schedule
would be in 100 % unenforceable. Perfectly robust sched-
ule might not exist, but it may be. Whether the schedule
may have the robustness of equal to one depends on the
character of uncertainties of real environment. In the case
that all the parameters of the model are deterministic, the
measure of robustness is always equal to one.

2.1 Methods to obtain the data necessary for the cal-
culation of the quality and robustness of schedule

Evaluation of robustness is not possible to do only on the
basis of a single practical execution of the schedule. Up
on the basis of a large quantity of its realization in the
random conditions it is possible to determine the robust-
ness of the schedule. If possible it is useful to draw from
existing actual execution of the schedule. In this way it
is possible to measure just the robustness of schedules,
which are already deployed and operate long enough. In
the face of the process of creating a schedule it is not
possible. Also, this is one of the reasons for which, the
computer stimulation is used in the conditions with uncer-
tainties. If we can create a sufficiently precise computer
model to simulate the work schedule, we can acquire the
necessary data using experimental simulation run.

Here it is possible to use the simulation technique of ”Monte
Carlo”. Sometimes it is also referred to as static simula-
tion. The idea is quite simple. On the basis of a large
number of replications of the simulation run we can eval-
uate in detail the simulated system. Replication will be
introduced by an execution of a schedule through the com-
puter simulation.

2.2 Calculation of robustness in stochastic environ-
ment

Occurrence of random phenomena can cause, that the ac-
tivity will not be able to start or to end in time. Let we
know for each task the time of the latest necessary start
and the end of working. In the case that one of these
times is not hold on, the task failed. In practical condi-
tions, it is not necessary to use both. The choice depends
on the practices as applied in the system. The failure of
the task or activity can be defined as a violation of its
planned start of working in time or its planned comple-
tion about a value that causes the shift (disturbance) of
execution of other tasks.

On the basis of data obtained by the procedure described
in Chapter 2.1 we can determine for each activity a proba-
bility of its failure. It is not only important that a critical
time has been exceeded, but especially how long it has
been delayed. The weight of failure must therefore be an
extension of the execution. First, it is necessary to define
the variables that will be used to calculate the robustness.

ERj - end time of replication j, time of completion of the
last job,

SRj - start time of replication j,

LSi - the time of the latest necessary start of execution
of task Ji,

wsi - the importance of compliance with the LSi for the
task of Ji,

RSij - the time of the real start of the execution of the
task Ji in replication j, if in a given replication the task
has started to carry out, otherwise it is equal to ERj ,

LEi - the time of the latest necessary end of the task Ji,

wei - the importance of compliance with the LEi for the
task of Ji,

REij - the time of the real end of the execution of the
task Ji in replication j, if in a given replication the task
has completed, otherwise it is equal to ERj ,

WSij - the delay of the latest necessary start of task Ji

in the replication j,

WEij - the delay of the latest necessary end of task Ji in
the replication j,

WSi - the average delay of the latest necessary start of
task Ji,

WEi - the average delay of the latest necessary end of
task Ji,

R - robustness.

Now we can calculate what would be the average delay of
the task in the replication. As far as the time of the actual
start (end) is outpacing the time of the latest necessary
start (end) will be naturally the delay equal to zero.

WSij = max{0, RSij − LSi} (1)
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WEij = max{0, REij − LEi} (2)

On the basis of the average values of delay for a particular
replication we will determine the average delay of the task.

WSi =
1

m

m∑

j=1

WSij , (3)

where m is the number of replications.

WEi =
1

m

m∑

j=1

WEij , (4)

where m is the number of replications.

Sometimes it may happen that it will not be possible to
continue under the applicable schedule. There is, for ex-
ample, the deadlock. It is necessary to go to the op-
erational management, possibly some tasks will not be
practicable. To some extent this is already treated in the
face of delays of the task in replication status, when the
time of its termination is set on the completion of the
entire schedule. Sometimes, however, such a situation is
extremely undesirable and robustness must take it into
account. Let us say the status of completion of replica-
tion j in the form of DRj , which is equal to one if the
replication completed whole and equal to 0, if replication
failed. Let TW expresses the proportional weight to de-
lay activities and DW for the weight of the no execution
of the plan. The value TW must be of the range (0, 1⟩,
the value DW of the range ⟨0, 1⟩. It must naturally apply
DW + TW = 1.

For the determination of robustness it has been after a
careful consideration defined by the following formula:

R = TW ×


1 −

∑n
i=1 WSi × wsi

n
+

∑n
i=1 WEi × wei

n

2 ×
∑m

j=1 ERj − SRj

m




+ DW ×
∑m

j=1 DRj

m
,

(5)

where n is the number of tasks, m is the number of repli-
cations and wsi, wei are the weight (importance) of the
task Ji expressed by the real number of range ⟨0, 1⟩.

Experiments have confirmed that the formulas for calcu-
lating the robustness allow creating its fair and useful ex-
pression. Using settings of importance for each individual
tasks and the constants of TW, DW it is possible to cre-
ate parameters for calculating of robustness of schedule
of the task.

3. The methodology for the establishment of a
robust schedule

It can be assumed that by increasing the measure of ro-
bustness of a schedule the resources are used in fewer
amounts (increasing their number) and operating costs
increase. But this is balanced by the robustness, which

becomes the dominant feature of the schedule in certain
problems. Therefore, our task is to find such a plan or a
schedule, which will have the required degree of robust-
ness, but other qualitative parameters will be the best.
About which they are, it is necessary to decide for the
case and there is not possible any generalization. Robust-
ness of the initial schedule may be too low, or in contrast
too high unnecessarily (using of resources is too low).

In existing approaches is most frequently used in the cre-
ation of the schedule in the stochastic environment the
computer simulation, but which performs mostly the func-
tion of the tool to verify the solutions only. The results
of the simulations it is possible to use but also to increase
the robustness of schedule and, where appropriate, the
other required quality criteria. The simulation run pro-
vides a large amount of information that can be effectively
used. Another reason for using the simulation equipment
is just the presence of random phenomena. If it is neces-
sary to assess the robustness of the schedule yet before its
commitment to service, the simulation is an ideal way for
its calculation. In this chapter a created procedure will
be presented that combines mathematical and heuristic
procedures with computer simulation.

3.1 A reactive and predictive approach
In the reactive approach is planning progressive in small
increments, the individual decisions are made on the ba-
sis of the current state. A reactive approach to planning
generates, if it is properly used, flexible schedules and
plans because all decisions are made without the antici-
pated consequences. In practice, it is actually about the
operational management, where every decision is made on
the basis of the current situation. This procedure is also
used in practice for the management of the simpler sys-
tems, where the high occurrence of random phenomena
makes it impossible to use the management according to
the plan.

In an environment with the uncertainties, it is good to use
techniques based on obtaining predictive solutions (here
it is possible to use methods for planning in the static
environment described below) and in the course of veri-
fication of correctness (most often using simulation tech-
niques) to a finding that the actual state is different from
the planned, it is possible to obtain new solution by a
reactive way. A prediction approach is based on the fact
that uncertainties are taken into account already in the
planning of activities and deciding on the routing. This
procedure is suitable for cases where the parameters of
delays (failure) of individual activities are known.

3.2 Create a robust schedule by using simulation
Let us entitle the ”initial schedule” a schedule that does
not need to be enforceable, but it includes (planned and
staged at the time) all activities of the system. The pre-
sumption in the initial schedule is that it will be further
improved. As the ”initial plan” we will call the plan for
the initial schedule.

To obtain the initial schedule, or the plan it is possible to
use much methods for planning, which do not calculate
with the possibility of random extension of the duration of
activities. Duration of the activities, however, it is neces-
sary to appropriately set. If the initial schedule should be
as a result, not just a plan, the method is selected, which
allows to optimize the order of allocation of resources.
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Partial plan (schedule)

Creating an initial plan (schedule)
using knowledge about

stochastic system

Planning with using advanced
algorithms and heuristic methods

Control execution of many simulations
with stochastic parameters

and their analysis

Executable, particularly flexible plan

Update of the plan (schedule)

Analysis of critical paths
and possibilities how to make

the plan (schedule) of higher quality

Update of the schedule

New partial plan

Adaptation and modification
of partial plan

Modified partial plan

Partial plans and their schedules
are optimized

Final optimized plan and schedule

Control execution of the schedule
in real conditions

Detection of non-executable
schedule or schedule without
quality parameters

Passing to the next activity

Coming back to the latest activity - actualization

Replanning - change of the plan

Control execution of many
simulations with stochastic parameters

Figure 1: The procedure of making a plan and schedule in the stochastic environment using computer
simulation
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It is necessary, however, for each activity to determine its
deterministic duration. If we have the available statistical
information about the probability of extension the activ-
ities, we can determine the fixed anticipated durations
using the predictive method. They may be used as an es-
timate of the duration of activities. These fixed durations
can be the sum of the duration of the activity, or the time
of the assignment of the resource and the average delay.

The obtained initial plan, it is necessary to expose the
investigation of its robustness and its further increasing.
It is not necessary that the initial schedule fulfils the re-
quirement for robustness, or other criteria. Below we as-
sume that we have a schedule with the lack of robustness,
which we will gradually increase. By analogy, but it is
possible to do the opposite and from an enforceable plan
with high robustness to gradually get a plan with a better
use of resources.

Another possibility, how to obtain the initial schedule re-
sistant of random changes in the course of execution, is to
obtain the predictive robust solution. It’s all decisions are
in the process of planning calculated for the worst possible
scenario that may arise during execution. It is clear that
such a solution would be for the duration of the sched-
ule time-consuming and use of resources would be quite
low enough. On the other hand, it is possible to edit the
initial robust solution subsequently, what will be shown
below. Such a plan is certainly enforceable and maximum
robust. If the distribution and the parameters of proba-
bility are not known for each random phenomenon, it is
not possible to use this technique.

Now it is necessary to realize how it is possible to vary
the robustness of the plan or schedule.

The robustness of the schedule may be modified:

• by changing the plan (the order of execution of ac-
tivities),

• by changing the time reserves of activities,

• by changing the order of allocation of resources to
activities.

On the change of the plan itself (order of activities) it is
possible to use the standard planning methods. In prac-
tical use, however, it is not always possible. For example,
the order in which the activities have to be carried out is
exactly given.

The first activity to be carried out on the existing initial
plan is finding its robustness. The procedure of chap-
ter 2 will be used. From the quantity of replications of
simulation run will be but also the amount of informa-
tion obtained, about the utilization of resources and the
behaviour of the entire system. This introductory ac-
tivity in the initial schedule is on the figure 1 captured
in the upper part. After carrying out sufficient quanti-
ties of replications or realizations, the current plan will
exposure to thorough analysis again. This procedure is
repeated until the required criteria are not completed. It
should be noted that in this phase of the plan the sched-
ule meeting all the criteria don’t have to be found. This
may be caused by a lack of resources (computing power,
lack of time) and not very suitable initial plan for the ex-
amination of a sufficient number of variations of the plan

and schedule. From realized options the enforceable plan
that best meets the criteria will be chosen (in particu-
lar, robustness), or it can be assumed that after the other
modifications it will meet. In the next process will this
plan and the best schedule to it yet further analysed and
altered.

After the end of the first phase of the creation of ro-
bust schedule we’re getting probably enforceable and with
proper application procedures (described in other chap-
ters) the schedule based on the flexible plan. Such a
schedule, however, is based on the initial schedule, what
can be the reason for its considerable inefficiency. It is
possible that the optimal schedule (from the point of view
of the robustness, use of resources and other criteria) are
dramatically different in the order of the individual ac-
tivities and the resources that are allocated to individual
tasks. Whereas the use of classical optimization methods
for the entire schedule is from the design point of view,
impossible, it is appropriate to optimize the schedule af-
ter the small parts. Now we will accede to the stage of
the progressive optimization partial plans.

Whole planning (scheduling) problem is divided into a
large number of smaller partial goals, which are always
planned first and then solved separately. For each of the
obtained schedules are then deployed the procedures to
change its robustness. After changes and optimization
of a goal schedule is the entire schedule using the exe-
cution (simulation) authenticated and a new goal is set.
The solution obtained using this technique is suboptimal,
because it is derived by connecting goals with restricted
status. This technique can be used also without the exe-
cution of partial goals. The main advantage of using this
technique is to save memory and speed up the calculation.
There is a compromise between the reactive and predic-
tive methods. This procedure is very suitable for the high
number of uncertainties, when it is a big problem to ob-
tain the overall plan, which would be subsequently also
enforceable. In this phase of the creation of robust sched-
ule it is important to set suitably the time horizon, to
which will be the schedule created. After its creating its
correctness by using the execution will be verified and the
new goal status will be determined, which is necessary to
achieve. Thus, for example, it is appropriate to plan the
layout of the execution of the activities for a period of
time (for example, two days, a week). In this phase, it is
also advantageous to rotate the two activities, as shown
in figure 1. Always it will be on the basis of the results
of replications, thus robustness, using resources, etc. de-
cided whether will be created a completely new compo-
nent plan (schedule), or will the current plan modified.

Partial plans and schedules, it is necessary to vote with
respect to the critical points identified on the basis of the
analysis already realized simulations. There are especially
places with a little use of resources or vice versa too small
time reserves. Here it is possible to use revision tech-
niques, mathematical programming, programming with
restrictive conditions, and the like. In the case of spe-
cific requirements, it is appropriate to draw up an ad hoc
algorithm, and then subsequently apply to the area.

The result of all the activities is an optimized schedule
that meets the demanding requirements that are imposed
on it. The last phase is to verify in real practice. For
this verification can be used even microscopic simulation
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model. In the event that the schedule proves unworkable,
it is required an in-depth analysis of the causes. Such
situations occur most frequently in case of incorrect re-
view of random phenomena. Also it can be a result of
changes that have occurred in the system, after obtaining
the necessary input data. The creation of the schedule
may continue absolutely from the beginning or just by
changing any of its parts.

4. Changing the robustness of schedule by chang-
ing time reserves

It is obvious that by increasing the time reserves of activ-
ities will increase the robustness of the schedule, whereas
one can assume a smaller delay of activities and vice versa.
If the latest necessary beginning of execution of activities
is missed (LSi) it is possible to move this start to a later
time. This will cause the displacement of the latest neces-
sary end of the execution of this activity, but also a move
of some subsequent times in the schedule. If the latest
necessary end of activity is missed (LEi ), it is possible
to move the end on a later time. This will cause the dis-
placement of some subsequent times in the schedule. It
should be mentioned that some times may be fixed and
their move is not possible. They are a part of require-
ments on the schedule (arrival of the train in the station,
the duration and the latest termination of activities...).
Naturally the situation may occur, that only by increas-
ing the time reserves will not be the schedule with the
required degree of robustness obtained.

After a sufficient number of simulations, while each repli-
cation is the analysis of the plan (mainly its enforceabil-
ity) in one accidental execution, although there is a wealth
of information on delays of the activities, the schedule
analyser will be set on, with which we will be able to in-
crease the time reserves. As a result of simulations, we
obtain the measure of robustness of the schedule and also
we can get much useful information about the real use of
the reserves and the like.

With the shift of times (increasing time reserves) it is
possible to apply the four basic procedures:

• prolonging the times of activities is going gradually
since the beginning of the schedule,

• prolonging the times of the activities is going mass
on the selected activities at the same time,

• prolonging the times of the activities going in coop-
eration with users,

• prolonging the times of activities selected randomly.

In the event that we decide to expand the time reserves
gradually from the beginning, it is appropriate to do so by
moving one or only a few of the activities. Each move shall
be followed by the creation of a new schedule, whereas it
is probably that further activities have to be moved. If
this change is shown as acceptable (does not cause distor-
tion of the requirements on schedule, the unenforceable
of the schedule...) the reserves of another activity can be
increased. Always the activity whose execution time is
kept to a minimum is selected. Increasing in reserves is
not necessary for each delaying activity. It is important
to quantify the total robustness of the schedule. There-
fore it is appropriate to fix a measure for average delay

of action (values WSi and WEi) from the beginning and
gradually increase the time reserves. If, despite the fact
that the average delay of all activities is below the current
rate, the schedule does not reach the required measure of
robustness, the average delay of activity moves and the
whole process is repeated from the beginning of the plan.
Where the measure of activities after changing is higher
than the required robustness of the plan we can turn the
time reserve to be reduced. This shortening is suitable to
do always on the only one activity and only after verify-
ing that the overall rate has not increased significantly,
we can leave new values of the time reserve.

To speed up the procedure, it is possible to change time re-
serves for multiple activities at the same time. First, it is
necessary to determine which activities they will be. The
procedure is essentially identical to what was described in
the previous paragraph. The critical period for average
delay of action will be determined (value WSi and WEi)
and in a single step, all the activities lay down such a time
reserve that was expected that delays reach below the re-
quired level (the proportion of the value of the WSi and
WEi for each task Ji). Subsequently, the new schedule
will be tested. If it does not meet the required measure
of robustness, the entire process is repeated with smaller
allowed average delay. The value of that the average de-
lay reduces, must be substantially less than in progressive
change in reserves since the beginning of the plan. From
the size of its changes, the quality of both approaches de-
pends on. On the other hand, this procedure is faster as
the reserves change for many actions at the same time.
In both procedures, the automatically execution is sup-
posed, thus the program analyses and modifies the time
reserves itself. Let us say, so as in the previous ways, the
maximum average delay of activities. From all of the ac-
tivities, that this delay exceed, we take out at random,
just one activity. The probability of selection of an activ-
ity may be the same for all activities, or may be taken into
account the varying duration of the average delay. Then
the probability Pi that any activity Ji will be chosen, can
be determined according to the formula:

Pi =
WSi + WEi∑n

i=1 WSi + WEi

, (6)

where n is the number of tasks, of which the average delay
exceeds the set limit.

For the selected activity is subsequently increased the
time reserve. Adding the element of randomness is in
some cases proved to be an appropriate aid to change the
time reserves. With the increasing amount of experiments
grows also the probability of finding the optimal robust
schedule. However, the determination of criteria for the
optimal plan in such systems is very difficult and therefore
mostly the achievement of criteria is sufficient.

5. Change of the robustness of the schedule by
changing the order of allocation of resources

If you change the order in which the resource is assigned
to activities and the schedule is changed, so will be also
probably changed its robustness. Inappropriate change
will immediately translate into a significant deterioration
of all the evaluation criteria of the schedule. Therefore, it
is necessary to change the order of allocation in the small-
est increments. In this way, we create a new schedule.
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Figure 2: The procedure of creation of a one continuous acyclic digraph

Newly developed schedule will be tested as it has already
been mentioned many times. To change the order of al-
location of resources, as well as on other activities could
also be used the general approaches used in scheduling in
the deterministic environment.

In this chapter a new method will be described, which
allows you to create a schedule for the plan and to anal-
yse it partially. For the presentation and registration of a
plan is sometimes used the net graph. A lot of simulation
software use for registration of the plan of activities of
individual simulation elements also the net graph. It is
well-organized and for the user easy editable form of regis-
tration of the plan. The idea to use the net graph describ-
ing plans to optimize their schedules came out just from
the frequent use of this form of registration in simulation
programs. In the existing plans and software, therefore
there is no problem to use the existing plans and using
this procedure, to improve their properties.

5.1 The procedure for obtaining a single plan written
by digraph

The procedure will be clearly explained on the formation
of the schedule for the container terminal, on which was
also tested, it is, however, fully universal and available
to other service and transport systems, or wherever it is
possible to use the net graph for writing the plan. Let
record the plan in the net graph for each train that comes
into the container terminal. This net graph defines in
detail the individual activities (landing to the terminal,
the train unloading, the train uploading, departure from
the terminal ...), which must be carried out on a given
train. In order to create a schedule of their work from
plans of individual elements of the system, it is needed to
create one continuous acyclic digraph. For this it will be
subsequently possible to apply the known method for cal-
culation of beginning and supposed end of the activities.

We create the acyclic digraph (figure 2) by defining the
one fictional start node (SN) and the one end node (EN).
We add the first node of the plan of the concrete train to
the start node and the last node of the net graph we add to
the end node. Thus, two new edges have been added. Lets
have the start time of the work of terminal defined (time of
the beginning of the simulation), therefore the time, which
will be the beginning of our schedule. The duration of the
edge that connects the start node with the first node of
the plan will have duration equal to the difference between

the arrival time of the train to the terminal (the time of
the finding of the train in the simulation model) and time
of the start of the schedule. The edge joining the last
node of the plan of the train with the end node will have
the standard duration of 0.

In this way there was created one coherent acyclic di-
graph, what allows using multiple methods on its process-
ing. For example, it is convenient to use the method of
CPM (Critical path method). This method is commonly
known and therefore we do not show the procedure here.
Using the method of critical path we can find important
information on the chart that has been created in this way,
which are available later. The duration of activities can
be estimated on the basis of probability of distribution.
If they are not available, we can also add the flat rate of
constant values. The primary quality of the schedule will
suffer, but in the next process will be partly increased.

Using the CPM on the graph, where are the activities on
individual edges, we obtain:

• the time of the first possible start of activities emerg-
ing from the node,

• the time of the last needed end of activities entering
the node.

Thus, we obtained a global plan and the supposed begin-
nings of individual activities.

5.2 Adding the required resources to the plan
Now it is necessary to add the assign resources to the
activities to the plan. Especially the order of allocation
is important. Simple idea, that other edges will be added
to the plan, which will represent the links between shifts
of resources, has proved to be quite complicated.

Lets have a simple net graph shown in figure 3. Let the
edges A11 and A22 require just one resource R1. In this
trivial case, there are two ways to assign a resource, thus
two associations of sequence. Either the resource R1 as-
signs the first edge A11 and then the edge A22, or vice
versa. For the registration of the order of the source as-
signment to edges we will use the following convention.
R1 = [A11, A22] - the resource is first assigned to the
edge (activity) A11 and after its termination will be as-
signed to the edge A22. To the net graph it is necessary
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Figure 3: The net graph describing the behavior of the two entities

to add the edge, ensuring that the activity A22 will not
be executed until the activity A11 is not completed and
the resource will not move to the place where it may be
used for the execution of activity A22.

Figure 4 shows the situation after adding the edges which
supplies the movement of the resource. We can see that it
was necessary to add to the graph two other edges, which
represent waiting for the resource.

It is possible to describe the procedure algorithmically:

1. For each specific resource create the order of alloca-
tion of the resource to edges (front Or) that require
it. Put all the resources into a set of unprocessed
resources Rn.

2. Select one resource from the set Rn and mark it for
the currently processed - Ra.

3. From the front, which determines the allocation of
the resource to edges (front Or) select the first edge
and mark it for the currently processed - Ac.

4. If the edge was not yet divided, so divide it by
adding two nodes into three parts, the first part
presents waiting for the resource Ra and its du-
ration, give equal to 0. The second part presents
the very edge Ac and its duration will remain un-
changed. The third part presents a fictional edge
with duration of 0. If the edge has already been
in the previous work of the algorithm split, so just
note that the first part presents waiting also for the
resource Rn.

5. Add the edge of the last occurrence of the resource
to the start of the edge Ac. Duration of this edge
is equal to the duration of the transfer of resource
from its original placement to a place, where it is
required to execute the activity Ac.

6. If the front Or is not empty, so continue by step 3.

7. If the set Rn is not empty, so continue by step 2.

If we let count CPM in the following created graph we
obtain quite important information about the length of
waiting of the activity for the resource. If the activities in
the graph are modelled by individual edges, so the length
of waiting for resource is equal to the difference between
the first possible start of activities arising from the node,
where the waiting ends (node 12) by the first possible
beginning of the activities arising from the node, where

begins the waiting (node 11). Also, using the method
of the CPM we can simply set the schedule. After it is
counted we can determine for each activity when it may
start and even when it is necessary to terminate it, so as
to avoid delays of subsequent activities.

Figure 5 presents the situation with two resources R1 and
R2. The order of allocation of resources for the figure 5
is: R1 = [A11, A22], R2 = [A21, A12].

The table 1 shows a simple plan for a situation of Figure
5 and in the table 2, we can see the schedule that was
created by using the method of the CPM. Planned start
of execution of the plan is 9:00. Time to move each of
the resources in the place of its use has been set for 3
minutes. Assignment of the resource to the first activity
does not have the time duration. The obtained schedule
fully respects the needs of individual edges on resources
and also the time required for the transfer of resources.
In real use, it is of course possible to replace the con-
stant time for transfer of resources by the values depend-
ing on the concrete place of execution of activities (e.g.
the times needed to move locomotives from one terminal
to another).

5.3 Methods for optimizing the order of allocation of
resources

To obtain the schedule, which use of the resources will
be the greatest possible, or will be in as far as possible
meet the specified quality parameters it is necessary to
determine well the order in which the resource will be
assigned to edges.

Inappropriate order for allocation of resources will cause
a significant inefficiency of the plan, or the time extension
of its execution. The ideal would be to find a way how
easily and quickly to find out how to arrange the edges
for the resource as so as the schedule as much as possible
match the required criteria. Even if there was an exact al-
gorithm, the resulting plan could have the lack of measure
of robustness. Here, it is preferable to use experimenta-
tion with the order of allocation of resources to the edges.
Using the procedure described in chapter 3, it is possible
to gradually test the individual variants and to find one
that will be the most suitable.

In the definition of the schedule, it was established that
every edge may require a specific resource, or a certain
amount of resources of that type. But for the work of the
algorithm for adding resources to the net graph it is neces-
sary to have defined the order of allocation for a concrete
resource. If we assume that it is not very appropriate
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Table 1: The plan of the situation from the figure 5 written in the form of the table
Num. Activity Next activity Required resources

1. A11 A12 Resource 1
2. A12 - Resource 2
3. A21 A22 Resource 2
4. A22 - Resource 1

Table 2: The schedule of the situation from figure 5 written in the form of the table
Num. Activity Supposed Time of the first Time of Time of the latest

duration possible start supposed ending necessary end
1. A11 0:10 9:00 9:10 9:12
2. A12 0:05 9:18 9:23 9:24
3. A21 0:15 9:00 9:15 9:15
4. A22 0:10 9:15 9:25 9:25
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to allocate activities to one of the two required resources
of identical type and to let it wait for the allocation of
further, we can deal with the situation by a simple proce-
dure. If the edge requires the resource type, the order of
allocation of types of resources will be optimized to edges,
not the specific types of resources. On the basis of this
order are then allocated the specific resources to the edge.

It is possible to describe the procedure algorithmically:

1. For each specific resource prepare the order of as-
signment of types of resources to edges (front Ogr)
which require it. Put all the resources into a set of
unprocessed types of resources Rgn.

2. Select from the Rgn set one type of resource, and
mark it for the actually processed - Rga. Let the
Rga represent the front of specific resources.

3. From the front, which determines the allocation of
the type of the resource to edges (front Ogr) select
the first edge and mark it for the actually processed
- Ac.

4. To the order for the allocation of resources in the
edge Ac gradually add the required amount of re-
sources from the Rga front. If the first Ogr edge has
a start node identical to end node of the Ac edge,
so select each added particular resource to the edge
and allocate it back to the end of the Rga front.
This will ensure a balanced use of all resources of
the type. If two edges with one common node re-
quire the same resource, the same will be assigned
to them.

5. If the Ogr front is not empty, so continue by step 3.

6. If the Rgn set is not empty, so continue by step 2.

A selection of resources from the set of resources of the
same type is appropriate to do by cyclic way. The aim
is to verify the definitive amount of orders of allocation
of the types of resources to the edge and to determine
such, that they will meet the required criteria. If it is a
small project, it is possible to test all the possible combi-
nations. In the case of large plans, it may not be possible
for reasons of time. Here it is necessary to establish an
appropriate procedure, which allows changing the order
of the types of resources to the edge. For each order,
a new schedule will be drawn up and it will be subse-
quently tested. Very important is that for the order of
allocation, it is possible on the net graph immediately
to verify whether the solution is realizable at all. If it
turns out that some of the requirements of the schedule
are not met (beginning or the end of some activities, du-
ration of the schedule etc.), it is clear that the schedule is
inappropriate (does not meet the requirements, or is un-
enforceable) and there is no need to further review using
simulation.

Testing the schedule on the net graph is not far from such
precision (does not contain some of the detailed character-
istics of the system) as its testing using simulation, but it
is incomparably faster. On the basis of information about
the probability distribution of delays of individual activi-
ties (this could be obtained from the real system), for each
activity will be created a generator of its delay. Using the
”Monte Carlo”method of experiments is always generated

the duration of activities with delays. On the basis of
such duration of activities, will be on the net graph using
CPM calculated the expected behaviour of the schedule.
The procedure is the same as for testing of schedule using
computer simulation; it is only incomparably faster and
less accurate. Using procedures of chapter 2 is set the
robustness of the schedule and its other properties. If the
schedule meets the required criteria, it is moved to the
next review and testing using the simulation.

To change the order in which the types of resources will be
allocated to the activities, several algorithms were created
and tested. Two methods are presented.

5.3.1 Method using genetic algorithm
This approach is based on the genetic algorithm. Let’s
title gene, the sequence in which a particular type of re-
source will be assigned to the edge of the gene. On the
gene, only the operation of mutation is allowed. Of the
gene are randomly selected two consecutive edges. These
will exchange their positions in the gene and the new gene
will be created. This new gene will be the subject of test-
ing. The procedure is constantly repeated. It is more than
good, when a list of already investigated genes is created
and every newly developed gene is reviewed at first that
it has not been already tested. This technique is quite
sensitive to the existing schedule and in small increments
it is trying to experiment with the order of allocation of
the resource types to edges.

5.3.2 Method using randomness
As well as in other processes, using of the element of ran-
domness may noticeable change the schedule. However,
this may bring its significant improvement. Let it be
randomly selected from the sequence of allocation of the
edges two edges. These edges can exchange the position
in the sequence. A new sequence and the new schedule
is created, which is necessary to test. As in the previ-
ous method, well here it is convenient to create a list of
already tested variants. The new sequence will be inves-
tigated only if it has never been investigated.

5.4 Detection of the order of allocation of resources
causing the deadlock

The procedure, using which are also the requirements for
resources incorporated into the net graph, has further ad-
vantage. It allows very easily detecting such allocation of
resources, which would have caused the deadlock in real
terms. This is a condition where two or more activities
are waiting for the allocation of a resource. At least one
activity is waiting for the allocation of a resource, but
which is bound in another waiting activity. The deadlock
is permanent, and if no one from activities will voluntarily
release the resource, this state will continue.

To determine, if deadlocks can occur in operating systems,
the resource allocation graph is used. If in the graph
appears the cycle, it is possible that the deadlock will
occur. If the cycle does not appear, it is clear that the
deadlock will not occur. The procedure created by myself
is significantly better in this respect.

If the cycle appears in the graph while the resources are
incorporated into the net graph, it is clear, that the or-
der of allocation of resources will cause the deadlock of
the system. This is a very important knowledge that can
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Figure 6: Preview of the order of allocation of resources causing the deadlock

Table 3: The plan of the situation of figure 6 written in the form of a table
Num. Activity Next activity Required resources

1. A11 A12 Resource 1
2. A12 - Resource 1 and 2
3. A21 A22 Resource 2
4. A22 - Resource 1 and 2

significantly speed up the whole process of optimizing the
allocation of resources. So are the inappropriate variants
of the schedule immediately identified. Unlike the graph
of allocation of resources used in operating systems, so we
can clearly determine whether the procedure for alloca-
tion of resources causes the cycle. This procedure should
in principle be used also for the allocation of resources in
operating systems, but as the solution of this problem is
not the aim of the thesis, we don’t give it closer.

The order of allocation of resources: R1 = [A11, A12, A22],
R2 = [A21, A22, A12].

The figure 6 shows the status after processing allocated
resources. As we can see, we discovered a cycle in the
digraph. We can confidently state that such allocation of
resources is not applicable in practice. The procedure has
been shown in the trivial example, where it is possible
even without the use of any means to state, that the sys-
tem will not work. In the net graphs containing a large
amount of edges and resources is the detection of unre-
alisable order of significant benefits. In the realization
of the schedule in the simulation model, the deadlock of
course can still occur. There are several reasons for this
phenomenon (there are not included all the resources in
the net graph, some details of a real environment it is
possible to capture only in the simulation model...).

6. Conclusions
The article discussed about the way in which it is possi-
ble to quantify the robustness of the schedule. This eval-
uation criterion is applicable when comparing schedules
with the occurrence of random phenomena. The prepared
method of calculation is sufficiently parametrisable to be
usable for a wide scale of problems. The method is bene-

ficial for the whole area of making schedules presented in
such environment.

The methodology for the gradual creation of a robust
schedule is widely described in chapter 3. By successive
steps, it is possible to improve the features and robust-
ness of initial schedule. The procedure uses the ways to
increase robustness and to change of the plan described
in the following chapters. The methodology provides a
new way how to create schedules using computer simula-
tion. Computer simulation in this process does not fulfil
only the function to verify the existing schedule, as was
hitherto, but its results are actively used in the process of
making the robust schedule.

One of the major benefits is the introduction of a com-
pletely new way of incorporating the required resources
for the activities in the plan written by the net digraph.
In this way is a schedule of the work of the resources ob-
tained. This technique of presentation allows extremely
fast verification of many combinations and variants of
the schedule. The procedure can automatically determine
the sequence of the assignment of resources, which would
cause the deadlock in the practical execution. It makes
easy to work with the plan and using the graphical in-
terface gives the user an overview of the procedure of the
optimization of the schedule.

Published procedures were tested on the detailed com-
puter model of the container terminal of the company
Hupac near Italian Milan.
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Abstract
Generalized multilinear model for dimensionality reduc-
tion of binary tensors (GMM-DR-BT) is a technique for
computing low-rank approximations of multi-dimensional
data objects, tensors. The model exposes a latent struc-
ture that represents dominant trends in the binary tenso-
rial data while retaining as much information as possible.
Recently, there exist several models for computing the
low-rank approximations of tensors but to the best of our
knowledge at present there is no principled framework
for binary tensors. Although the binary tensors occur
in many real world applications such as gait recognition,
document analysis or graph mining.

In the GMM-DR-BT model formulation, to account for
binary nature of the data, each tensor element is modeled
by a Bernoulli noise distribution. To extract the dom-
inant trends in the data, the natural parameters of the
Bernoulli distributions are constrained by employing the
Tucker model to lie in a sub-space spanned by a reduced
set of basis (principal) tensors. Bernoulli distribution is
a member of exponential family with helpful analytical
properties that allow us to derive an iterative scheme for
estimation of the basis tensors and other model parame-
ters via maximum likelihood.

Furthermore, we extended the fully unsupervised GMM-
DR-BT model to the semi-supervised setting by forcing
the model to search for a natural parameter subspace that
represents a user specified compromise between modelling
the quality and the degree of class separation.
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We evaluated and compared the proposed GMM-DR-BT
technique with existing real-valued and nonnegative ten-
sor decomposition methods in several experiments involv-
ing variety of high-dimensional datasets. The results sug-
gest that the GMM-DR-BT model is better suited for
modeling binary tensors than its real-valued and nonneg-
ative counterparts.

Categories and Subject Descriptors
H.2.8 [Database Management]: Database Applications
—Data mining ; I.5.1 [Pattern Recognition]: Models;
I.5.2 [Pattern Recognition]: Design Methodology
—Pattern analysis

Keywords
unsupervised tensor decomposition, Tucker model, binary
data, semi-supervised decomposition

1. Introduction
At present an increasing number of data processing tasks
involve manipulation of multi-dimensional objects, known
also as tensors, where the elements are to be addressed
by more than two indices. In other words, the tensors
can intuitively be imagined as multidimensional arrays
of numbers in programming languages. In many practi-
cal problems such as gait [16], hand postures [18] or face
recognition [12], hyperspectral image processing [21] and
text documents analysis [4], the data tensors are spec-
ified in a high-dimensional space where the number of
dimensions greatly exceeds the number of samples. Fur-
thermore, these data have usually a large number of re-
dundancy and lie in a subspace of the input space [10].
Applying pattern recognition or machine learning meth-
ods directly to such data spaces can result in high compu-
tational and memory requirements, as well as poor gener-
alization. To address this “curse of dimensionality” a wide
range of decomposition methods have been introduced to
compress the data while capturing the ‘dominant’ trends.
Making the learning machines operate on this compressed
data space may not only boost their generalization per-
formance but can also increase their interpretability cru-
cially.

Traditional dimensionality reduction and feature extrac-
tion methods such as principal component analysis (PCA)
[19] were designed to handle data objects in the form of
vectors. For a tensorial data decomposition, the data
items need to be first vectorized before these methods
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can be applied. Besides the higher computational and
memory requirements, the vectorization of data tensors
breaks the higher order dependencies presented in the
natural data structure that can potentially lead to more
compact and useful representations [16]. New methods
capable of processing multi-dimensional tensors in their
natural structure have been introduced in [4, 16, 17] (for
real-valued tensors), [29] (for nonnegative tensors) and [2]
(for symmetric tensors). Such techniques, however, are
not suitable for processing binary tensors. To the best of
our knowledge at present there is no principled system-
atic framework for decomposition of binary tensors. Yet,
binary tensors arise in many real world applications such
as gait recognition [16], document analysis [4] or graph
objects represented by adjacency tensors. Thus, in the
tensor decomposition domain there is still a need for a
method that explicitly takes into account the binary na-
ture of such tensorial data.

In this work, we present a novel decomposition method,
generalized multilinear model for dimensionality reduc-
tion of binary tensors (GMM-DR-BT), which is able to
handle binary tensorial data in their natural multidimen-
sional form and which extracts hidden underlying struc-
ture of analyzed data in an unsupervised manner. Fur-
thermore, we extended the model to semi-supervised set-
ting by forcing the model to search for a natural parame-
ter subspace which represents a user specified compromise
between the modelling quality and the degree of class sep-
aration.

2. Notation and Basic Tensor Algebra
Before we present the basic concepts of the domain, let us
introduce our notation and necessary basic tensor algebra.
The vectors are denoted by lowercase boldface letters (e.g.
u), matrices by italic uppercase (e.g. U), and tensors by
calligraphic letters (e.g. A). Elements of an N -th order
tensor A ∈ RI1×I2×...×IN are addressed by N indices in
ranging from 1 to In, n = 1, 2, ..., N . For convenience, we
will often write a particular index setting (i1, i2, ..., iN ) ∈
Υ = {1, 2, ..., I1} × {1, 2, ..., I2} × ... × {1, 2, ..., IN} for a
tensor element using vector notation i = (i1, i2, ..., iN ), so
that instead of writing Ai1,i2,...,iN we write Ai.

A scalar product of two tensors A,B ∈ RI1×I2×...×IN is
defined as 〈A,B〉 =

∑
i∈Υ
Ai · Bi and a Frobenius norm

of tensor A is defined as

||A||F = 〈A,A〉 =

√∑

i∈Υ

Ai · Ai. (1)

An arbitrary tensor can be multiplied by a matrix (2nd-
order tensor) using n-mode products. The n-mode prod-
uct of a tensor A ∈ RI1×I2×...×IN by a matrix U ∈ RJ×In
is a tensor (A×n U) given by

(A×n U)i1,...,in−1,j,in+1,...,iN =

In∑

in=1

Ai1,...,in−1,in,in+1,...,iN · Uj,in , (2)

for some j ∈ {1, 2, ..., J}.

Another important and widely used procedure is an un-
folding of the tensor. Unfolding, also known as the ma-
tricization, is a process of reordering the elements of an
Nth-order tensor into a matrix along one of the tensor

modes. Unfolding of tensor A along the n-mode is de-
noted by A(n). For detailed information with illustra-
tions of various third-order tensor unfolding can be found
in [28].

3. Tensor Decomposition Methods
As we mentioned before, the number of data processing
tasks that involve manipulation of massive tensorial data
has increased enormously over the last few years. This
leads to a strong demand for dimensionality reduction or
feature extraction techniques that are able to process the
tensorial data in their natural multi-dimensional struc-
ture. In this work we will focus on tensor decomposition
methods based on a reduced-rank representation. Such
methods extract the dominant information from the large-
scale data by finding a lower dimensional (more compact)
representation of the original data with no or little loss
of information. Such techniques and representations are
used for several purposes from noise removal, data com-
pression, model reduction, and blind source separation to
visualization.

The main idea behind the tensor decomposition methods
is analogous to the matrix decomposition methods where
the given matrix is decomposed as a liner combination of
rank-1 matrices. In the tensor domain, the given tensor is
decomposed (factorized) as a linear combination of rank-1
tensors. An N -th rank-1 tensor A ∈ RI1×I2×...×IN can
be obtained as an outer product of N non-zero vectors
u(n) ∈ RIn , n = 1, 2, ..., N :

A = u(1) ◦ u(2) ◦ ... ◦ u(N).

In the tensor decomposition literature, there are two main
concepts how to decompose the given tensor. The con-
cepts are represented by two different models, namely
Tucker [26] and PARAFAC [11]. Both models have their
origins and have been firstly investigated in the areas
of psychometics (e.g. [26]) and chemometrics (e.g. [3]).
Nowadays, the models are employed and extended for nu-
merous disciplines from neurosience, social network anal-
ysis and web-mining, computer vision and etc.. More de-
tails about the actual survey of state-of-the-art applica-
tions and extensions can be found in [1].

3.1 PARAFAC Model
The parallel factor analysis model or simply the PARA-
FAC model (e.g. [1]), was proposed by Harshman in the
seventies [11]. At the same time, Carroll and Chang pro-
posed in [5] independently from Harshman a canonical de-
composition (CANDECOMP) model that was considered
equivalent to the PARAFAC model. The basic principle
of the model is to decompose any given tensor as a sum of
a finite number of rank-1 tensors. The rank-1 tensors are
called components in the PARAFAC decomposition. In
the context of different rank definitions [14], the PARA-
FAC model tries to find the best rank-R representation.

If the number of components R is equal to the true rank
of the analyzed Nth-order tensor A, the decomposition is
called rank decomposition and is defined as

A =
R∑

r=1

u(1)
r ◦ u(2)

r ◦ · · · ◦ u(N)
r , (3)

where R = rank(A) and the r-th rank-1 tensor is equal

to an outer product of N vectors (u
(1)
r ◦ u

(2)
r ◦ ... ◦ u

(N)
r ).

Besides the exact rank decomposition, PARAFAC model
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can also be used to find a lower rank approximation of
the given tensor A. If the R < rank(A) then we get an
approximation

A =
R∑

r=1

u(1)
r ◦ u(2)

r ◦ · · · ◦ u(N)
r + E , (4)

where E denotes a residue between the real tensor and its
approximation.

3.2 Tucker Model
The Tucker decomposition model, also called the three-
mode factor analysis, was first introduced by Tucker in
1964 [26]. Tucker proposed only a model for third-order
tensors and later in 2000 a group around De Lathauwer
[7] proposed a generalization of the model to arbitrary
Nth-order tensors. Besides that, the authors showed that
the Tucker decomposition is a convincing generalization
of the matrix singular value decomposition.

Consider now an orthonormal basis {u(n)
1 ,u

(n)
2 , ...,u

(n)
In
}

for the n-mode space RIn . The (column) vectors u
(n)
k

can be stored as columns of the basis matrix U (n) =
(u

(n)
1 ,u

(n)
2 , ...,u

(n)
In

). Any tensor A can be decomposed
into the product

A = Q ×1 U (1) ×2 U (2) ×3 ...×N U (N),

with expansion coefficients stored in the Nth-order ten-
sor Q ∈ RI1×I2×...×IN . The expansion of A can also be
written as

A =
∑

i∈Υ

Qi · (u
(1)
i1
◦ u

(2)
i2
◦ ... ◦ u

(N)
iN

). (5)

In other words, tensor A is expressed as a linear combina-

tion of
∏N
n=1 In rank-1 basis tensors (u

(1)
i1
◦u(2)

i2
◦...◦u(N)

iN
).

In addition, from orthonormality of the basis sets, the ten-
sor Q of expansion coefficients can be obtained as

Q = A×1 (U (1))T ×2 (U (2))T ×3 ...×N (U (N))T .

Note that the orthonormality of basis {u(n)
1 ,u

(n)
2 , ...,u

(n)
In
}

for the n-mode space RIn can be relaxed. It can be easily
shown that as long as for each mode n = 1, 2, ..., N , the

vectors u
(n)
1 ,u

(n)
2 , ...,u

(n)
In

are linearly independent, the

basis tensors (u
(1)
i1
◦ u

(2)
i2
◦ ... ◦ u

(N)
iN

), i ∈ Υ will be lin-
early independent as well.

In many practical problems, one can assume that only a
reduced set of basis tensors in the expansion (5) is enough
to sufficiently approximate the original tensor:

A =
∑

i∈K

Qi · (u
(1)
i1
◦ u

(2)
i2
◦ ... ◦ u

(N)
iN

) + E (6)

= Q×1 U
(1) ×2 U

(2) ×3 ...×N U (N) + E , (7)

where K ⊂ Υ, and E denotes a residue between the real
tensor and its model approximation. Basis matrices U (n)

are called in context of the Tucker decomposition litera-
ture also as factors or loadings [20] and the tensor with
expansion coefficients as a core tensor of the reduced di-
mension.

3.3 PARAFAC versus Tucker Model
The main difference between the Tucker and the PARA-
FAC model is that the Tucker model allows interactions

between different components while the PARAFAC does
not. The levels of interactions are defined by values of
the expansion tensor Q. In fact, the PARAFAC model
can be considered a special case of the Tucker model with
nonzero elements only on a super-diagonal of the expan-
sion tensor.

Another difference between the models is the uniqueness
of decomposition. The PARAFAC model has a unique
solution up to permutation and scale. On the other side,
the Tucker based decompositions are not unique [14]. We
can rotate the expansion coefficient tensor Q without af-
fecting the fit so long as we apply the inverse rotation to
the basis matrices. In order to achieve uniqueness, several
constrains such as orthogonality, sparsity, and nonnega-
tivity are imposed on the factor matrices and the expan-
sion coefficient tensor. Detailed information and a brief
survey can be found in [14].

There exist many extensions and applications of both the
models in various domains. So it is not an easy matter to
choose the right one for the desired analysis. In our work,
we focus on compact representations (decompositions) of
the original data that preserve as much information as
possible. According to the results of experiments pub-
lished in [27], the Tucker decompositions clearly preserve
more information than the PARAFAC decompositions.
The authors used both the models to decompose, com-
press and consequently reconstruct data tensors. Then,
the reconstructed tensors were compared with the origi-
nals using mean square error criterion. While preserving
the same compression ratio, the Tucker model had clearly
outperformed the PARAFAC model. These results can be
explained by higher flexibility of the Tucker model while
it allows interactions between the factors. A detailed sur-
vey of Tucker based models, their computational methods
and applications can be found in (e.g. [1, 14]).

3.4 Extensions of the Tucker Model
The existing Tucker decomposition techniques can be di-
vided into two main groups, namely real-valued and non-
negative tensor decomposition models. There exist sev-
eral models in each group but in this section we focus only
on two essential models to point out the main trends in
both groups. An extensive survey of existing models can
be found in (e.g. [1, 14, 6]).

3.4.1 Multilinear Principal Component Analysis
The basic PARAFAC and Tucker models were designed to
process one data tensor. However, many actual pattern
recognition tasks require simultaneously processing of a
set of tensors in order to perform reduction to extract the
dominant features across all the data samples (tensors).
Let’s assume that we have a set of N -mode tensors Am,
where m = 1, . . . ,M and that only a reduced number
of basis tensors in the expansion (5) is sufficient to ap-
proximate all tensors in a given dataset. Then, each data
tensor Am can be expressed as their linear combination

Am ≈
∑

i∈K

Q
m,i · (u

(1)
i1
◦ u

(2)
i2
◦ ... ◦ u

(N)
iN

), (8)

whereK ⊂ Υ. In other words, tensors in the given dataset
can be found ‘close’ to the |K|-dimensional hyperplane
in the tensor space spanned by the basis rank-1 tensors

(u
(1)
i1
◦ u

(2)
i2
◦ ... ◦ u

(N)
iN

), i ∈ K. So then each tensor Am
can be represented through expansion coefficients Q

m,i,
i ∈ K.
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Based on the principle of simultaneous decomposition of a
set of tensors, Lu et al. proposed in [16] a tensor decompo-
sition technique, multilinear principal component analy-
sis (MPCA) for real-valued tensor. The MPCA technique
can be considered a generalization of the classical PCA
method to arbitrary N -th order tensors. The main objec-
tive of MPCA is to find a basis (projection) matrix U (n)

for each n-mode space RIn , where n = 1, ..., N , which
maximizes the total variance of expansion coefficient ten-
sors (projected data tensors):

ΨQ =
M∑

m=1

||Qm − Q̄||F , (9)

where Q̄ denotes a mean of the expansion coefficient ten-
sors Qm. This is an analogy with the objective of PCA.
The PCA model finds projection that maximizes the vari-
ance of the projected data vectors instead of tensors.

According to the authors of [16], there is no known opti-
mal solution which allows for the simultaneous optimiza-
tion of the N projection matrices U (n). They used a local
optimization procedure to compute one projection matrix
at time while the others are kept fixed. Briefly, the pro-
jection matrix U (n) consists of the Rn eigenvectors with
the largest eigenvalues of a matrix

Φ(n) =
M∑

m=1

(Am(n)−Ā(n)) ·UΦ(n) ·UTΦ(n) ·(Am(n)−Ā(n))
T ,

where UΦ(n) =
(
U (n+1) ⊗ U (n+2) ⊗ ... ⊗ U (N) ⊗ U (1) ⊗

U (2)...⊗U (n−1)
)
, ⊗ denotes a Kronecker product [8] and

Am(n) represents unfolding of tensor Am along the n-

mode, so that Am(n) ∈ RIn×(I1×...×In−1×In+1×IN ) [7].
The projection matrices are updated sequentially and the
whole process is repeated until the cost function (9) con-
verges or the maximum number of iteration is reached.
According to [16], altering the ordering of the projection
matrix computation did not lead to any significant im-
provements in practical situations.

3.4.2 Nonnegative Tucker Decomposition
The main motivation behind the development of nonnega-
tive decomposition methods was the problem of perform-
ing dimensionality reductions for inherently nonnegative
data, e.g. environmental data, chemical concentrations or
color intensities [24]. The proposed solution was to rep-
resent such data as a linear combination of basis vectors
and mixing coefficients, both with nonnegative elements.
These nonnegativity constrains which allow only additive
not subtractive combinations respect the inherent non-
negativity of analyzed data and avoid physically absurd
and uninterpretable factors [25].

The first nonnegative Tucker decomposition algorithms,
introduced in [13], use an alternative least square tech-
nique to optimize a various global cost functions. The
cost functions measure discrepancies between the origi-
nal data tensor A and the reduced rank approximation
of the data tensor Â. According to the Tucker decompo-
sition scheme, defined by equation (6), the reduced rank
approximation is given by

A ≈ Â = Q×1 U
(1) ×2 U

(2) · · · ×N U (N), (10)

where for the nonnegative decomposition, the tensor with
expansion coefficients Q ∈ RR1×R2×···×RN and the n-
mode basis matrices U (n) are constrained to have only

nonnegative elements. Note that, the initial restriction of
the Tucker model about orthonormality of column vectors
of the basis matrices is relaxed. It can be easily shown
that as long as for each mode the vectors are linearly in-
dependent, the basis tensors will be linearly independent
as well.

The first listed model for the nonnegative Tucker decom-
position is based on a minimalization of the widely used
Frobenius norm (1), between the data tensor A and its

approximation by the model Â:

DF (A||Â) = ||A − Â||F . (11)

The model was proposed by Kim et al. in [13] and while
it incorporates optimization of the Froberius norm, it per-
forms a nonnegative Tucker decomposition under an as-
sumption of independent and identically distributed Gaus-
sian noise. Other existing models incorporate different
cost functions (e.g. KL-divergence, α-divergence) that
are suitable for different types of noise.

The authors of [13] derived a multiplicative algorithm for
updating the model parameters. The n-mode basis ma-
trices U (n) of the Tucker model are sequentially updated
by

U (n) ← U (n) ~ A(n)(Q
(n)
U )T

U (n)Q
(n)
U (Q

(n)
U )T

(12)

where

Q
(n)
U = [Q×1 U

(1) ×2 · · ·
×n−1U

(n−1) ×n+1 U
(n+1) · · · ×N U (N)](n). (13)

Binary operator / represents element-wise division and
operator ~ represents a Hadamard product (element-wise

multiplication). While updating the matrices U (n), the
rest of parameters are fixed to their current values.

Besides the basis matrices, the core tensor Q also needs to
be updated in each cycle of the iteration while the basis
matrices are fixed to their current values. The updating
algorithm for the core tensor has a form

Q ← Q~ A×1 U
(1)...×N (U (N))T

Q×1 (U (1))TU (1)...×N U (N))TU (N)
. (14)

According to the authors, the algorithm was directly de-
rived from a previously nonnegative matrix factorization
updating algorithm, so the monotonic convergence anal-
ysis which was done for NMF method in [15] can be di-
rectly applied also to this extended version of the model
for tensors.

4. GMM-DR-BT Model
In the previous sections we summarized the two main
groups of tensor decomposition methods, models for real-
valued decomposition and models for non-negative de-
composition. Such techniques, however, are not suitable
for processing binary tensors. Thus, in the tensor de-
composition domain there is still need for a method that
explicitly takes into account the binary nature of such
tensorial data.

To close this gap we propose the generalized multilin-
ear model for dimensionality reduction of binary tensors
(GMM-DR-BT). The model is based on an extension of
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the multilinear Tucker concept (6) for real-valued tenso-
rial data. The extension is analogous to the generalization
of linear models for the exponential family of distribu-
tions. We use the Tucker model as a multilinear ’predic-
tor’ and a logistic function as the link function to link the
real-valued multilinear ’predictions’ with response vari-
ables, in our case binary elements of the data tensors.
A probabilistic framework is used to formally define the
model and to derive rules for the parameter estimation in
analogous manner as did Schein et al. for binary vectorial
data in [23].

4.1 The Model
Consider binary Nth-order tensor A ∈ {0, 1}I1×I2×...×IN .
Assume we are given a set ofM such tensorsD = {A1,A2,
...,AM}. Each element A

m,i of the tensor Am, m =

1, 2, ...,M , is independently generated from a Bernoulli
distribution with the mean P

m,i (all mean parameters for

the data are collected in tensor P ∈ [0, 1]M×I1×I2×...×IN

of order N + 1). Assuming independence among the data
tensors, the model likelihood reads

L(P) =
M∏

m=1

∏

i∈Υ

P (A
m,i|Pm,i)

=
M∏

m=1

∏

i∈Υ

P
A

m,i
m,i

· (1− P
m,i)

1−A
m,i . (15)

A more detailed model description can be found in the
thesis.

Our goal is to find a lower dimensional representation of
the binary tensors in D while still capturing the data dis-
tribution well. The mean Bernoulli parameters are con-
fined to the interval [0, 1]. To solve our problem in an
unbounded domain, we rewrite the Bernoulli distribution
using the log-odds parameters θ

m,i = log[P
m,i/(1−Pm,i)]

and the logistic link function σ(θ
m,i) = (1 + e

−θ
m,i)−1 =

P
m,i. We thus obtain for each data tensor Am, m =

1, 2, ...,M :

P (Am|θm) =
∏

i∈Υ

σ(θ
m,i)

A
m,i · σ(−θ

m,i)
1−A

m,i , (16)

so the model log-likelihood take the form

L(Θ) = log
M∏

m=1

P (Am|θm)

=
M∑

m=1

∑

i∈Υ

A
m,i log σ(θ

m,i) + (1−A
m,i) log σ(−θ

m,i),

(17)

where we collect all the natural parameters θ
m,i in a ten-

sor Θ ∈ RM×I1×I2×...×IN . Now, θ
m,i ∈ R, which al-

lows us to incorporate the real-valued multilinear Tucker
model. By using the Tucker model we constrain all the
Nth-order parameter tensors θm to lie in a subspace span-

ned by a reduced set of rank-1 basis tensors (u
(1)
r1 ◦ u

(2)
r2 ◦

... ◦ u
(N)
rN ), where rn ∈ {1, 2, ..., Rn}, and Rn ≤ In, i =

1, 2..., N The indices r = (r1, r2, ..., rN ) take values from
the set ρ = {1, 2, ..., R1}×{1, 2, ..., R2}×...×{1, 2, ..., RN}.

Furthermore, we allow for an Nth-order bias tensor ∆ ∈
RI1×I2×...×IN , so that the parameter tensors θm are con-

strained onto an affine space. Using (6) we get

θ
m,i =

∑

r∈ρ
Qm,r ·

N∏

n=1

u
(n)
rn,in

+ ∆i, (18)

and the log-likelihood is evaluated as

L =
M∑

m=1

∑

i∈Υ

A
m,i log σ

(∑

r∈ρ
Qm,r ·

N∏

n=1

u
(n)
rn,in

+ ∆i

)
+

(1−A
m,i) log σ

(
−
∑

r∈ρ
Qm,r ·

N∏

n=1

u
(n)
rn,in

−∆i

)
.(19)

4.2 Parameter Estimation
To get analytical parameter updates in the maximum like-
lihood framework, we use the trick of [23] and take advan-
tage of the fact that while the log-likelihood (19) of the
constrained model is not convex in the parameters, it is
convex in any of these parameters, if the others are fixed.
The trick is to derive the analytical updates from a lower
bound on the log-likehood using

log σ(θ̂) ≥ − log 2 +
θ̂

2
− log cosh

(
θ

2

)
− (θ̂2− θ2)

tanh θ
2

4θ
,

(20)
where θ stands for the current value of individual natural
parameters θ

m,i of Bernoulli noise models P (A
m,i|θm,i)

and θ̂ stands for the future estimate of the parameters,
given the current parameter values. This leads to an
iterative scheme where the model parameters are fitted
alternating between the least square updates for basis

tensors u
(n)
rn , expansion coefficients Qm,r and bias ten-

sor ∆. While one set of parameters is updated, the oth-
ers are held fixed. This procedure is repeated until the
log-likelihood converges to a desired degree of precision.
The updates rules lead to monotonic increase in the log-
likelihood.

Derivation of the parameter updates is rather involved
and (due to space limitations) we refer the interested
reader to the thesis, where details of the derivations as
well as the complete update formulas can be found. In
the following text, we present just the final updating for-
mulas.

4.2.1 Updates for n-mode Space Basis
Holding the bias tensor ∆ and the expansion coefficients
Qm,r, m = 1, 2, ...,M , r ∈ ρ fixed, we obtain a update

rule for the n-mode space basis {u(n)
1 ,u

(n)
2 , ...,u

(n)
Rn
}. For

each n-mode and its coordinate j ∈ {1, 2, . . . , In}, the
basis vectors are updated by solving linear system:

Rn∑

t=1

u
(n)
t,j K

(n)
q,t,j = S(n)

q,j , (21)

where

S(n)
q,j =

M∑

m=1

∑

i∈Υ−n

(
2A

m,[i,j|n]
− 1

− T
m,[i,j|n]

∆
[i,j|n]

)
B(n)

m,i,q
, (22)
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K(n)
q,t,j =

M∑

m=1

∑

r∈ρ−n

Qm,[r,t|n]

×
∑

i∈Υ−n

T
m,[i,j|n]

B(n)

m,i,q

N∏

s=1,s6=n
u

(s)
rs,is

, (23)

B(n)

m,i,q
=

∑

r∈ρ−n

Qm,[r,q|n] ·
N∏

s=1,s6=n
u

(s)
rs,is

, (24)

T denotes (tanh
θ
m,i
2

)/θ
m,i, and q = 1, 2, . . . , Rn. Note

that the updates for coefficients of basis vectors for dif-
ferent mode n and its coordinates j ∈ {1, 2, . . . , In} are
conveniently decoupled.

4.2.2 Updates for Expansion Coefficients
When updating the expansion coefficients Qm,r, the bias

tensor ∆ and the basis sets {u(n)
1 ,u

(n)
2 , ...,u

(n)
Rn
} for all

n modes n = 1, 2, ..., N are kept fixed to their current
values. The update rule for expansion coefficients Qm,r
of the m-th input tensor Am can be obtained by solving
a set of linear equations

Tv,m =
∑

r∈ρ
Pv,r,m Qm,r, (25)

where

Tv,m =
∑

i∈Υ

(2A
m,i − 1− T

m,i ∆i) Cv,i, (26)

Pv,r,m =
∑

i∈Υ

T
m,i Cv,i Cr,i, (27)

Cr,i denotes
∏N
n=1 u

(n)
rn,in

and v ∈ ρ is a basis index. In

terms of these equations, the expansion coefficients up-
dates for different input tensors are conveniently decou-
pled.

4.2.3 Updates for the Bias Tensor
As before, holding the expansion coefficients Qm,r, m =

1, 2, ...,M , r ∈ ρ, and the basis sets {u(n)
1 ,u

(n)
2 , ...,u

(n)
Rn
}

for all n modes n = 1, 2, ..., N fixed, we obtain a simple
update rule for the bias tensor:

∆j =

∑M
m=1 2A

m,j − 1− T
m,j ·

∑
r∈ρQm,r Cr,j∑M

m=1 Tm,j
. (28)

4.2.4 Decomposing Unseen Binary Tensors
Note that our model is not generative, however, it is
straightforward to find expansion coefficients for an Nth-
order tensor A′ ∈ {0, 1}I1×I2×...×IN not included in the
training set D. One simply needs to solve for expansion
coefficients in the natural parameter space, given that the
parameters are confined onto the affine subspace of the
tensor parameter space found in the training phase. Re-
call that the affine subspace is determined by the bias

tensor ∆ and the basis sets {u(n)
1 ,u

(n)
2 , ...,u

(n)
Rn
}, one for

each n mode, n = 1, 2, ..., N . These are kept fixed.

The likelihood (19) to be maximized with respect to the

expansion coefficients stored in tensor Q reads

L(Q;A′) =
∑

i, s.t. A′
i
=1

log σ

(∑

r∈ρ
Qr Cr,i + ∆i

)

+
∑

i, s.t. A′
i
=0

log σ

(
−
∑

r∈ρ
Qr Cr,i −∆i

)
. (29)

Any optimization technique can be used. The quantities
Cr,i and ∆i are constants given by the trained model.

The tensor Q can be initialized by first finding the clos-
est data tensor from the training dataset D to A′ in the
Hamming distance sense,

m(A′) = arg min
m=1,2,...,M

∑

i∈Υ

|A′i −Am,i|,

and then setting the initial value of Q to the expansion
coefficient tensor of Am(A′).

When using gradient ascent,

Qv ← Qv + η
∂ L(Q;A′)
∂ Qv

,

the updates take the form

Qv ← Qv + η
∑

i∈Υ

Cv,i

[
A′i − σ

(∑

r∈ρ
Qr Cr,i + ∆i

)]
,

(30)
where η > 0.

5. Experiments
In this section, we compare our proposed generalized mul-
tilinear model for dimensionality reduction of binary ten-
sors (GMM-DR-BT) with several existing tensor decom-
position methods. We evaluated how well their compact
representations preserve the information. The examined
models are used to compress and subsequently reconstruct
the data to measure a discrepancy between original and
reconstructed data. To achieve a fair comparison, we em-
ploy two real-valued and two nonnegative tensor decom-
position models, namely tensor latent semantic indexing
model 1 (TensorLSI) [4], multilinear principal component
analysis model (MPCA) [16], nonnegative tucker decom-
position model employing least square error function and
similar model employing KL-divergence [13].

5.1 Outline of the Experiments
To get a proper comparison of our proposed model with
other existing models, we tested the ability of compression
on three different datasets which have data tensors with
different orders, complexity of underlying structure and
sparsity. On each dataset, all the models were used to
find principal subspaces spanned by different number of
basis tensors or vectors using a portion of data samples
assigned for training.

After training the models, tensors that were not included
in the training (hold-out set) were “compressed” by pro-
jecting them onto the principal subspace thus obtain-
ing their low dimensional representations (projections).

1TensorLSI model is only capable to process 2nd-order
tensors (matrices).
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In order to evaluate the amount of preserved information,
the compressed representations were reconstructed back
into the original binary tensor space. Note that since the
models we consider represent binary tensors through con-
tinuous values in RI1×I2×···×IN , a straightforward deter-
ministic reconstruction in the binary space is not appro-
priate. Therefore we used the area under the ROC curve
(AUC) designed to compare different real-valued predic-
tions of binary data to evaluate the amount of preserved
information in compressed representations of the original
data.

For a fair comparison, the decomposition methods are
compared based on the AUC with respect to the num-
ber of free parameters. In general, the free parameters
correspond to the basis vectors and the offset (bias ten-
sor). For TensorLSI and MPCA the offset represents the
mean tensor (used to center the data); for GMM-DR-BT
it represents the bias tensor; the NTD models do not have
bias vector/tensor and centering of the data is not appro-
priate considering the nonnegativity constraint. For this
reason we exclude centering of the data and the bias ten-
sor from the models in this type of an experiment. If
we exclude the offset from the models, for GMM-DR-BT,
MPCA and NTD models, the number of free parameters
is equal to

∑N
n=1 Rn · In. TensorLSI with R basis tensors

has R ·∑N
n=1 min{R, In} free parameters.

5.2 Synthetic Data
In order to evaluate the ability of the models to find com-
pact data representations, we generated 5 datasets of 3rd-
order binary tensors of size (I1, I2, I3) = (15, 15, 15). Each
dataset has 4,500 tensors and was sampled from under-
lying subspaces of the natural parameter space spanned
by 30 randomly generated linearly independent basis ten-
sors. The detailed description of the generating process
can be found in the thesis.

From each dataset we hold out one-third (1, 500) binary
tensors as a test set and let the models find the latent
subspace on the remaining (3, 000) tensors (training set).
The performance of the examined models to compress and
subsequently reconstruct the sets of synthetic tensors by
calculating the mean and standard deviation of AUC val-
ues across all the 5 test sets of binary tensors is summa-
rized in figure 1. As could be easily seen from the figure,
GMM-DR-BT model outperforms all the real-valued and
nonnegative counterpart models.

5.3 DNA Sequences
The DNA sequence dataset includes almost 62,000 DNA
subsequences. In brief, each sequence is represented by
a 2nd-order binary tensor (matrix) with 31 rows and 250
columns. Rows represent short subsequences, terms, that
are widespread sequences of nucleotides that have or may
have a biological significance. Columns represent posi-
tions in the DNA sequence and binary elements indicate
the presence/absence of a term in the sequence at a given
position. Detailed information about the dataset and the
DNA sequence representation by a binary tensor can be
found in the thesis.

From the dataset of 62,000 sequences we randomly sam-
pled out 5 groups, each of 4,500 sequences. On each
group, all examined decomposition models were used to
find a latent subspace spanned by different number of ba-
sis tensors using 3,000 of the sequences (binary matrices).

The hold-out sets of sequences were projected onto the
latent space and then reconstructed back into the origi-
nal tensor space to measure the discrepancy between pro-
jected and original data by the AUC. The procedure is
similar ty the one used in the previous experiment with
synthetic data.

Reconstruction results in terms of AUC for the different
dimensionality of the latent spaces are shown in figure 2.
Our proposed GMM-DR-BT model clearly outperforms
other decomposition models except the case of the small-
est latent subspace where TensorLSI model achieved the
best accuracy in term of AUC.

Furthermore, the subsequences from the dataset origi-
nate from two different functional regions of genomic se-
quences. In the thesis we illustrate how well can our
GMM-DR-BT method reveal biologically meaningful dom-
inant trends and we closely analyzed the topographic or-
ganization of DNA sequences in the latent space. Several
well known biological characteristics were pointed out by
our GMM-DR-BT analysis.

5.4 USF Gait Challenge Dataset
The dataset of gait silhouette video sequences, USF Hu-
manID “Gait Challenge”, was created by Sarkar et al. [22]
and is considered as a benchmark set for gait recognition
systems. Each data sample represents a person walking
in elliptical paths in front of a camera. In our experiment
we used the dataset version 1.7 which was binarized by
[16] to get the binary silhouettes. The dataset consists of
731 binary gait samples of size (32x22x10).

For our experiment we randomly divided the samples into
5 disjoin groups and performed a 5-fold cross validation
to get the amount of preserved information in the recon-
structed tensors. As in the previous experiments, we used
the AUC for the evaluation. Results are summarized in
figure 3 and once again our GMM-DR-BT model clearly
outperforms the other tensor models.

6. Semi-Supervised Extension of GMM-DR-BT
So far we considered the GMM-DR-BT model to be only
an unsupervised dimensionality reduction method for bi-
nary tensors. However, many problems in the machine
learning domain involve decompositions which to certain
degree preserve the label information provided for some
data items. Such decomposition methods that aim to
benefit from both labeled and unlabeled data and make
a compromise between the quality of data representa-
tion and the degree of class separation are called semi-
supervised decomposition methods.

In this section we propose an extension of our GMM-DR-
BT model to the semi-supervised setting by forcing the
model to search for a natural parameter subspace that
represents a user specified compromise between the mod-
elling quality and the degree of class separation. We do so
by extending the model likelihood function with a sepa-
rability measure of projected data samples from different
classes.

6.1 The Model
To enforce class separability of data items living in a met-
ric space, Globerson and Roweis introduce a distribution
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Figure 1: AUC analysis of hold-out 3rd-order synthetic binary tensor reconstructions obtained by the
models using different number of free parameters among 5 different sets of binary tensors. Table under
the plot describes model settings for particular number of free parameters.
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Figure 2: AUC analysis of DNA sequence hold-out 2nd-order binary tensor reconstructions obtained by
the models using different number of free parameters among 5 different sets of binary tensors. Table
under the plot describes model settings for particular number of free parameters.
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Figure 3: AUC analysis of hold-out 3rd-order binary gait tensor reconstructions obtained by the models
using different number of free parameters among 5 different sets of binary tensors. Table under the plot
describes model settings for particular number of free parameters.
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over data items l, given a single data point m [9]:

p(l|m) =
e−d(m,l)∑

k 6=m e
−d(m,k)

m 6= l, (31)

where d(m, l) is the distance between the points m and l.
Loosely speaking, given a particular data item m, under
p(l|m) we are more likely to pick data points closer to
m than the more distant ones. In the ideal situation,
where all points in the same class are collapsed to a single
point and infinitely far from points of different classes,
the conditional distributions (31) would become “bi-level”
distributions [9]:

p0(l|m) ∝
{

1 ym = yl
0 ym 6= yl,

(32)

where ym denotes a class label of data point m. In [9],
maximal class separation under a given data model is
achieved by tuning the model parameters so that the class
divergence,

∑
m KL[p0(·|m)||p(·|m)], is minimized. Mini-

mizing
∑
m KL[p0(·|m)||p(·|m)] is equivalent to maximiz-

ing

∑

m

1

c(ym)− 1

∑

l:yl=ym
l 6=m

log p(l|m) = (33)

∑

m

1

c(ym)− 1




∑

l:yl=ym
l6=m

−d(m, l)− log
∑

k
k 6=m

e−d(m,k)




(34)

where c(ym) denotes a number of points in class ym.

Any two natural parameter tensors θm and θl living in
the tensor subspace represent tensors of Bernoulli distri-
butions P (Am|θm) and P (Al|θl) given by (16). The dis-
tance between those Bernoulli tensors is quantified by the
symmetric KL divergence D(m, l)

D(m, l) =
∑

i∈Υ

(
KL[P

m,i || Pl,i] + KL[P
l,i || Pm,i]

2

)
,

(35)
where KL divergence between two Bernoulli distributions
defined by their means is equal to

KL[P
m,i || Pl,i] =

∑

x∈{0,1}
P (x|P

m,i) log
P (x|P

m,i)

P (x|P
l,i)

(36)

and P
m,i = σ(θ

m,i) =
(

1 + e
−θ

m,i
)−1

.

Using D(m, l) as a metric on the tensor subspace of the
Bernoulli natural parameters, (31) becomes

p(l|m) =
e−D(m,l)

∑
k 6=m e

−D(m,k)
m 6= l. (37)

Given a subset of data tensors D` ⊂ D with class labels,
the degree of projected class separation is quantified by
(see (34))

F(D`,y) =

∑

m∈D`

1

c(ym)− 1




∑

l:yl=ym
l 6=m

−D(m, l)− log
∑

k∈D`
k 6=m

e−D(m,k)


 ,

(38)

where y is an |D`|-dimensional vector that contains labels
for each data tensor in D`.

We aim to find tensor basis that simultaneously maxi-
mizes log-likelihood (17) of all training tensors and the
degree of projected class separation (38),

L(D) + β F(D`,y), (39)

where β > 0 is a regularization constant controlling the
trade-off between data representation and separation.

To fit tensor basis, any optimalization technique can be
used to maximize (39). We derived the update rules by
using a basic gradient ascent method:

u
(n)
q,j ← u

(n)
q,j + η

(
∂L(D)

∂u
(n)
q,j

+ β
∂F(D`,y)

∂u
(n)
q,j

)
, (40)

∆j ← ∆j + η

(
∂L(D)

∂∆j
+ β

∂F(D`,y)

∂∆j

)
. (41)

After each update cycle through the training set (updates
of the projection space), the expansion coefficients (pro-
jections) of the data tensors were calculated as described
in section 4.2. A detailed derivation of the final updating
formulas can be found in the thesis.

6.2 Experiments
To illustrate the workings of the semi-supervised tensor
basis selection, we employed the proposed model to ana-
lyze the previously mentioned USF gait challenge dataset
[22]. For this experiment, we selected 4 persons (classes)
from the dataset that had the highest number of samples
(14). This gave us dataset of 4 classes with total of 56
binary tensors of size (32x22x10). We split the 56 tensors
into two equal sized disjoin sets, training and hold-out
set. Each set contains 7 samples from each class.

The training set of tensors was used to train the mod-
els by finding the tensor basis and projecting the train-
ing tensors into that basis. After training the models,
tensors that were not included in training (hold-out set)
were ”compressed” by projecting them onto the principal
subspace by (30). The hold-out set was used to verify
whether the subspace found using the training set repre-
sents any global trends in the data.

The model setting (number of basis vectors for each mode)
was set to find 4 principal tensors obtained as outer prod-
uct of 2 1st-order, 2 2nd-order and 1 4rd-order vectors.
So each training or hold-out tensor is represented by a 4-
dimensional vector of expansion coefficients. To visualize
the distribution of such representations, we used principal
component analysis (PCA) and projected the real-valued
4-dimensional expansion vectors onto a two-dimensional
space defined by the two leading principal vectors.

The results are presented in figure 4. Plots in the first
and second columns correspond to the training and hold-
out sets, respectively. The first row represents a model
with randomly chosen basis vectors for each mode. The
second row corresponds to the completely unsupervised
setting (β = 0). The third and fourth rows represent two
different settings of class separation enforcement, β = 5
and β = 20, respectively. There is a certain degree of nat-
ural class separation visible in the tensor subspace found
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Figure 4: Two-dimensional PCA projections from 4 different tensor spaces of training and hold-out sets
of binary gait tensors. The first row represents a tensor model with randomly chosen basis vectors for
each mode. The second row corresponds to the completely unsupervised setting (β = 0). The third and
forth rows represents two different settings of class separation enforcement, β = 5 and β = 20, respectively.
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in the unsupervised manner, without using any class label
information. Random subspace position completely fails
to discriminate between the four classes. Further impo-
sition of pressure for more class separation yields tensor
basis giving strong improvement in the class distribution
over the completely unsupervised case as could be seen in
the plots of the third and forth rows. More experiments
with different datasets can be found in the thesis.

7. Conclusions and Contributions
Current data processing tasks often involve manipula-
tion of binary tensors. However, a principled system-
atic framework for decomposition of binary tensors was
missing. We closed this gap by introducing a generalized
multilinear model for dimensionality reduction of binary
tensors - GMM-DR-BT. The model is based on the Tucker
model concept and could be considered a generalization of
the existing logistic principal component analysis model
(LPCA) for binary vectorial data decomposition. A prob-
abilistic framework is used to derive the update rules for
model parameters. To account for binary nature of the
data, each tensor element is modeled by a Bernoulli noise
distribution. To extract the dominant trends in the data,
we constrain the natural parameters of the Bernoulli dis-
tributions to lie in a sub-space spanned by a reduced set
of basis (principal) tensors. We derived a simple closed
form iterative scheme for parameter estimation.

In the experiments involving synthetic and real-world data
sets, we have shown that our GMM-DR-BT model is bet-
ter suited for modeling binary tensors than the existing
real-valued and non-negative tensor decomposition coun-
terparts. Examined models were used to compress and
subsequently reconstruct data to measure the discrepancy
between original and reconstructed data. Our proposed
model clearly outperformed the other models.

We have also investigated the ability of the tensor based
models for unsupervised analysis of DNA sub-sequences
(represented as binary tensors) from different functional
regions. The detailed description and results from this
experiment can be found in the thesis and had confirmed
the conclusion from the previous experiments that our
GMM-DR-BT model is better suited for modeling binary
tensors than the existing counterparts.

Furthermore, we extended our GMM-DR-BT model to
the semi-supervised setting by forcing the model to search
for a natural parameter subspace that represents a user
specified compromise between the modeling quality and
the degree of class separation. The results from analyzing
the binary gait samples showed that implying a combined
pressure for modeling quality and class separation yields
an improvement in the class distribution over the com-
pletely unsupervised case.
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Abstract
Domain-specific languages allow to raise the level of ab-
straction by using concepts and operations of the domain.
Limited applicability of these languages requires lower de-
velopment costs compared to general-purpose languages.
This means that different development techniques need to
be used.

This work is a contribution to the field of development of
domain-specific languages. It analyses the current state of
the field. Special attention is given to the analysis of lan-
guage composition methods and identifying widespread
composition techniques. Composition is analyzed not only
on the level of grammars, but also on the level of language
concepts.

The work presents proposed approach for language de-
velopment based on the standardized generic syntax that
serves the role of common substrate for developed lan-
guages. The structure of language elements is defined
based on principles of functional composition extended
with metaprogramming capabilities. The behavior of such
language is defined using a general-purpose language that
provides a connection with the outer environment. Pro-
posed techniques allow modular language development us-
ing libraries of language elements.

A prototype of the system for definition and processing of
new languages was developed for experimental verification
of proposed techniques. This was used for development
of several languages.
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1. Introduction
The usage of computers is increasing and expanding to
a lot of different domains. This leads to the increased
complexity of tasks that are solved using computers.

Software development is one of the most complex areas of
human activity. Difficulties come from different sources,
such as complexity of solved problems, the need to com-
ply with existing interfaces and specifications, and con-
stant changes in requirements [4]. One of the important
sources of the complexity is programming on a low level
of abstraction. Abstraction allows to hide implementa-
tion details and focus on the essence of solved problem.
This is a source of advantages provided by high-level lan-
guages. They provide abstractions that hide details of
a computer (for example memory management) and also
allow programmer to define new abstractions in the form
of functions, modules, or classes.

Abstractions integrated in general-purpose languages al-
low to solve a lot of typical programming problems. But
for some problems, even language built-in mechanisms for
defining new abstraction are not flexible enough to express
concepts and operations from problem domain naturally.
In such cases it may be suitable to use a metalinguistic ab-
straction [1]. This means that a new high-level language
is created that includes needed abstractions [17, 5].

Some of such abstractions are general-purpose and it is
possible to include them in a general-purpose language
(existing or a new one). However, most of them are
specific to some domain and so it is suitable to develop
domain-specific programming languages for these domains.

2. Domain-Specific Languages
Domain-specific language (DSL) is a programming lan-
guage or an executable specification language that pro-
vides suitable notations and abstractions for achieving
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expressive power specialized, and usually restricted, to
a domain of problems [14, 12, 7, 13]. Specialization to
certain domain allows the language to include constructs
specially suited for the domain and therefore to provide
higher expressiveness.

Domain-specific languages can be divided into three cat-
egories according to their implementation [7]:

External DSLs are using a different programming lan-
guage comparing to the language used to implement
the rest of the application. It can be a completely
new language or it can use existing concrete syntax.

Internal DSLs (also called embedded DSLs [8]) use the
same general-purpose language that is used to im-
plement the application. However it uses it in some
special way to make code readable and closer to the
domain.

Language Workbenches are integrated environments
for development and the use of domain-specific lan-
guages. They use projectional editing, so textual or
graphical form of the code is just a projection of the
internal graph based representation that becomes a
primary form of the code [6].

While external DSLs provide flexibility to define suitable
language syntax, they have greater development costs.
On the other side, internal DSLs are restricted by the host
language and programs written using language workbench
do not have convenient textual form suitable for further
processing using existing tools.

3. Composition of Languages and Concepts
Domain-specific language is specialized to a certain do-
main, so it is not possible to develop the whole applica-
tion using only one DSL. For this reason it is necessary
to provide a way to integrate DSL with a general-purpose
language or other DSLs. This means that we need to solve
a problem of language composition.

Composition is used in different contexts and on differ-
ent levels in programming. We analyzed these levels of
composition:

1. Concept composition, that allows to express com-
plex structures and operations using a composition
of concepts in a language.

2. Language composition — definition of a new pro-
gramming language by combining elements form ex-
isting languages.

Language composition allows to modularize language de-
velopment. A new language can be developed using exist-
ing language components — language libraries that pro-
vide reusable language elements [15]. However, language
composition is a complex task. It requires combination
of grammars and other parts of the language implemen-
tation [16, 9, 11].

Concept composition is a simpler task, that is used per-
manently in programming. We propose the following clas-
sification of concept composition:

1. Structural composition — composition of concepts
based on their position in the code.

2. Functional composition expressing a data flow be-
tween concepts — functions.

3. Object composition expressing relations between data
structures and abstract data types.

4. Aspect composition expressing interleaving of differ-
ent aspects with main program logic [10].

One of the ways to avoid the complexity of language com-
position is to move from the level of grammars to the level
of concepts. This requires to decrease the role of gram-
mar in language definition. It can be achieved using these
approaches:

1. Using the same concrete syntax for composed lan-
guages.

2. Using projectional editing, where concrete syntax
is just a projection of abstract code representation
(this approach is used by language workbenches [16]).

In both cases elements of languages become concepts of a
host language or an internal representation. This makes
it possible to move from language composition to concept
composition and use its proved methods.

4. DSL Development Based on Generic Syntax
Domain-specific languages did not gain widespread usage
even despite of the intensive research in this area. One of
the reasons is the cost of language development.

The goal of our work is to contribute to the research of
DSL development techniques and language integration.
Concrete goals was the following:

1. Increase of the productivity of DSL development
(language development should be similar to the de-
velopment of libraries).

2. Possibility to compose languages and language li-
braries.

3. Design and experimental verification of tools for DSL
development.

A new method for domain-specific languages development
is proposed to achieve the goals. It is based on the fol-
lowing principles:

1. Concept composition instead of language composi-
tion. To allow this, all languages are based on the
common generic language that defines their concrete
syntax.

2. The use of functional composition to interconnect
elements of created languages (supplemented with
structural composition).

3. Definition of language semantics using a general-
purpose language that provides integration of the
language into a larger software system.
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Concept composition allows to avoid most of the questions
of concrete syntax. At the same time, the use of common
syntax allows to preserve the role of concrete syntax as a
primary representation of programs. This makes possible
to use existing tools that expect textual representation of
programs.

The generic language is a basis or a substrate, that is
used to build new DSLs. It does not have its own seman-
tics. Languages based on it do not define concrete syntax,
they define only new concepts that use syntactic shapes
provided by the generic language. These concepts are
combined in a program using functional composition and
structural composition. This allows to express program
structure and flow of data.

Language semantics is defined using the implementation
general-purpose language. This language is a metalan-
guage for developed DSLs. This means that programs
written in the implementation language can manipulate
values and a code of DSL programs. This allows to con-
nect developed language with the rest of a software sys-
tem. Furthermore, the use of functional composition prin-
ciples makes definition of language element semantics sim-
ilar to definition of a function.

The use of concept composition as a basic language con-
struction mechanism simplifies composition of languages.
This makes it possible to modularize the language defini-
tion. Language can be divided into several parts that can
be used alone or as a part of another language.

4.1 Architecture
It is possible to develop a tool for development and usage
of DSLs based on the presented approach. The basis of
the tool is a generic language that defines common syntax
for a whole family of domain-specific languages. A set of
tools, that cover different aspects of language definition
and usage, can be build around of it (see Fig. 1).

The basic tool is a parser of the generic language that
analyses a program text and produces its syntax tree. The
tree contains generic language elements that correspond
to basic syntactic shapes.

These shapes are used to define elements of the concrete
DSL. A DSL is actually a subset of the generic language.
Its elements are declared in a language schema. The
schema contains names and properties of language ele-
ments. This information is used by other tools to prop-
erly process programs in the language. The most notable
of these tools is a validator, that performs static checking
of programs based on the language schema. This makes
possible to detect some errors before the program evalu-
ation.

The next part of the architecture is an interpreter. Its
task is to evaluate a program after parsing and validat-
ing. The interpreter is actually a framework, that al-
lows language author to define subprograms that would
be used for evaluation of DSL elements. The interpreter
then traverses a DSL program and executes semantic ac-
tions corresponding to language elements. The interpreter
can process a program in different ways depending on lan-
guage needs. It can directly execute the actions, that are
described in a program, or it can translate it into other
language.

Lists

[1, 2, 3]

Booleans

true

Figure 2: Proposed generic language elements

Semantic actions itself are defined using functions in the
implementation language. Every language element has a
corresponding evaluation function that processes element
parameters and calculates of the result of element applica-
tion. The evaluation function can also communicate with
other parts of the evaluation environment.

To simplify language composition, language definition is
divided into modules. A module is a language definition
unit, that contains several language elements with their
declaration and implementation. Every language based
on the generic syntax is indeed a set of modules.

5. Generic Syntax
In the proposed method of DSL development, new lan-
guages are build based on a generic language. A generic
language itself does not have own semantics. It defines
only generic syntactic shapes, that can be used to express
different elements of other languages. A typical example
of a generic language is XML [3].

Parser of a generic language produces a skeleton syn-
tax tree (SST) [2]. In contrast to abstract syntax tree,
SST does not reflect concrete language elements, but only
generic shapes. Skeleton syntax tree is consequently pro-
cessed according a language definition.

A new generic language is proposed in the work. The
goal of its design is to allow convenient expression of data
structures and operations. It should also provide clear
and concise concrete syntax. Based on these requirements
the proposed language includes several simple elements
and shapes for structures as shown on Fig. 2.

Symbols can be used to represent names in programs
(both names of language elements and user defined names).
Other atoms are used to represent simple data values.
The language also provides notation for two types of data
structures: lists and maps (associative arrays).

There are also two shapes for expressing control structures
and operations:

1. Combinations for expressing horizontal structures.

2. Blocks for vertical structures.
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Generic Language Parser

Validator Language Schema
Language

Definition

Figure 1: Architecture and supporting tools

computer:
processor {type: x86_64, cores: 2}
disk {size: 320, speed: 7200, interface: SATA2}
interfaces [4 * USB2, 2 * IEEE1394]

Figure 3: Example of generic syntax

Combination is basically a sequence of language elements.
By default it is interpreted as an application of function
identified by the first item of the combination.

Concrete syntax for the generic language was chosen to
allow clear and concise expression of program code using
notations that are familiar to a programmer. Therefore
proposed syntax is based on notations used in common
programming languages (the most influence comes from
Haskell, Python and JavaScript). Indentation is used to
express blocks of code and combinations are written sim-
ply as a sequence of elements separated by spaces. There
is also special syntax for infix operators, which are inter-
preted as combinations with operator as the first item.

An example of code in proposed generic language is shown
on Fig. 3. The example contains a combination. Its first
item is the symbol computer and second item is a block.
The block contains another three combinations that con-
tain examples of data structures and infix operators.

6. Definition of Language Semantics
Proposed evaluation model is based on the evaluation of
expressions composed from function applications. Every
element of a language has an associated function that en-
sures its evaluation. If a language element is the first ele-
ment in a combination, the rest of the combination items
are considered as its parameters and evaluation function
receives the results of their evaluation.

Processing of a program is divided into several phases:

1. The program is parsed and the skeleton syntax tree
is produced.

2. Program is statically checked based on the types of
language elements specified by the language schema.

3. Checked code is evaluated using evaluation func-
tions. This can be the final phase. However, in
most cases the result of the evaluation is a semantic
model or a code in a target language.

4. The last phase is the execution of semantic model
or generated code produced in the previous phase.
This operation is performed outside of the language
development system.

6.1 Values and Evaluation Modes
Arguments can be passed to an evaluation function using
one of these modes:

1. by value,

2. symbolically.

The passing mode defines if an argument should be eval-
uated before the function call or not. If an argument is
passed by value, the code that represents it is evaluated
and the result is passed as a parameter to the evaluation
function.

On the other hand if an argument is passed symbolically,
the evaluation function receives a part of a skeleton syntax
tree that corresponds to the argument code. Then it can
manipulate it freely and even evaluate it or its part when
needed.

An evaluation function specifies the passing mode for each
parameter. Argument passing mode also affects other
parts of the evaluation, for example static program check-
ing.

6.2 Evaluation on Request
Evaluation function can produce different kinds of results,
like a computed value, a populated semantic model or
generated code in a target language. In case of reusable
elements in language libraries it is not known forefront
what kind of the result would be needed.

To resolve this problem, evaluation function can produce
special object that represents corresponding operation and
allows to evaluate it on request. This object also allows to
generate code corresponding to the operation in a target
language and can itself be stored as a part of a semantic
model representing the program. This allows to delay the
decision about the way how an operation should be eval-
uated. This decision is moved to the implementation of a
language that uses a language library.

If the evaluation on request is not needed, it is possible
to transparently move to simpler evaluation model. Eval-
uation system checks if a function expects an operation
object as a parameter. If it is not expected, the object is
evaluated and the function receives the result. And vice
versa, values are wrapped in a special object if it is ex-
pected. This allows to hide advanced functionality if it is
not needed.

6.3 Environment
Names in programs are represented using symbols. Sym-
bols have two roles in a language:



Information Sciences and Technologies Bulletin of the ACM Slovakia, Vol. 4, No. 3 (2012) 47-53 51

@Element
public void define(@Symbolic Symbol symbol,

Object value) throws EvaluationException {
if (evaluator.hasSymbol(symbol))

throw new EvaluationException(
symbol.getPosition(), "...");

evaluator.putSymbol(symbol, value);
}

Figure 4: Definition of language element define

1. They represent language elements.

2. They represent objects defined by a programmer
(they can be defined in the same file or externally).

The structure, that can be called symbols table or envi-
ronment, is used to bind names to their meaning. The
environment is an associative array with symbols used in
a program as keys. Values associated with symbols can be
actual values or references to evaluation functions. Envi-
ronment can be structured and can contain several layers
for different scopes and namespaces.

6.4 Implementation of Evaluation Functions
Java was used as an implementation language. This means
that evaluation functions are actually methods of some
class. Every language module is represented by a class
and language elements provided by the module are repre-
sented by its methods.

Evaluation functions are marked with the annotation @El-

ement to distinguish them from other methods. The name
of defined element is equivalent to the name of the method.
In a case when the name of the element needs to contain
characters that are not allowed in Java identifiers, it is
possible to specify it as an argument of the annotation.

Parameters of a language element are mapped to parame-
ters of its evaluation function. Symbolic argument passing
is marked in code of using the annotation @Symbolic.

An example of evaluation function is presented on Fig. 4.
It contains a definition of element define that allows to
define named constants.

6.5 Static Checking
Static checking is based on the declaration of types and
other properties of language elements provided in lan-
guage schema. Furthermore, it is possible to define check
functions in the implementation language, that will pro-
vide checking for cases where declarative description is
not sufficient.

Element properties are expressed using its type and types
of its parameters. The type system is quite simple be-
cause it have only a helper function. Types are identi-
fied by symbols and are used as tags, defining compati-
bility of different language elements and possibilities for
their composition. Besides of that, it is possible to define
type–subtype relations that help to express more complex
compatibility rules.

The schema language is used to declare properties of lan-
guage elements and types. This language is itself based on

element rgb:
doc "Create a color from RGB values"
params [val Number, val Number, val Number]
type Color

element state:
doc "Define a state"
params [sym Symbol, block(val StateProperty)]
defines_backward 1 State

Figure 5: Example of language elements schema

the generic syntax. Properties of language elements de-
fined in schema include: type of the element, number of
its parameters, their types and passing methods. Decla-
ration can also contain a documentation string describing
the meaning of the element. This string can be used in
an editor to provide interactive help for a programmer.

An element can also define new names. This must be
declared in the schema, so the new name and its type can
be added to the environment and this information can be
used during static checking. A name can be defined only
forward from the current position in the code, or for the
whole block of the code (backward definition). A name
can be also defined globally, or locally for the current
block.

An example of two declarations of elements is presented
in Fig 5. Elements are declared with types of their param-
eters and other properties. The state element also defines
a new name corresponding to the symbol from the first
parameter and with the State type.

7. Experimental Verification
A prototype of DSL development system based on de-
scribed principles was developed for the verification of
proposed solution. The system is implemented in the
Java programming language, that is also used for defi-
nition of semantics of developed DSLs. The system con-
tains a parser of the generic language, a static checking
system and an evaluation framework. Reflection is used
for dynamic methods invocation during the evaluation.

Besides of that, the prototype includes language modules
for arithmetic operations (addition, subtraction, multipli-
cation and division), relational operations (comparison of
numbers), logical operations (and, or, not), and defini-
tion of named constants. These modules can be used by
several languages and so provide reusable language com-
ponents.

The prototype was used to develop several experimental
languages:

1. State machine definition language.

2. Imperative language for geometric shapes drawing.

3. Data entities definition language.

4. Schema language.

An example program written in the state machine defini-
tion language is presented in Fig. 6. It demonstrates the
usage of blocks for definition of events, commands and
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events:
doorClosed: "D1CL"
drawOpened: "D2OP"
lightOn: "L1ON"
doorOpened: "D1OP"
panelClosed: "PNCL"

resetEvents [doorOpened]

commands:
unlockPanel: "PNUL"
lockPanel: "PNLK"
lockDoor: "D1LK"
unlockDoor: "D1UL"

state idle:
actions [unlockDoor, lockPanel]
doorClosed -> active

state active:
drawOpened -> waitingForLight
lightOn -> waitingForDraw

state waitingForLight:
lightOn -> unlockedPanel

state waitingForDraw:
drawOpened -> unlockedPanel

state unlockedPanel:
actions [unlockPanel, lockDoor]
panelClosed -> idle

Figure 6: Program defining a state machine based
on the example from [7]

states. Custom operator “->” is used to express transi-
tions and operator “:” is used to bind a name to an event
or command code.

Conducted experiments with the prototype demonstrated
that proposed techniques allow to create domain-specific
languages that highly decrease costs for development and
maintenance of programs in corresponding domain. At
the same time, development costs of the language itself
are not high and can be returned after the use of the
language in a small amount of programs.

8. Conclusions
The work describes several new solutions and approaches
for DSL development. Its main contributions include:

• Analysis and systematization of language composi-
tion approaches.

• Analysis and classification of concept composition.

• Analysis of the relation between language composi-
tion and concept composition.

• Design of the generic host language for DSLs.

• A new method for bonding syntax and semantics of
a language.

• Proposal of a static checking system for languages
based on the generic syntax.

• Experimental verification of the proposed approach
for DSL development.

Proposed techniques can be further enhanced in several
directions. For example:

• Enhancement of the possibilities of static and dy-
namic program checking. Language schema can con-
tain more information about language elements and
constraints of their usage. This information can by
used for static and dynamic checking and by other
tools.

• Development environment for DSLs with interactive
help for programmers based on a language defini-
tion.

• Design of tools for automation of other aspects of
language development.

• Introduction of the possibility to customize language
syntax. The generic syntax can be enhanced by
domain-specific notations that would be transformed
into standard shapes for further processing.
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Abstract
This paper deals with the possibility of digital circuits test
optimization using multifunctional logic gates. The most
important part of thesis is explanation of the optimiza-
tion principle. Based on this principle, the work presented
several options to use. The optimization of testability
analogous to inserting test points and simple methodol-
ogy based on SCOAP is shown. The focus of work is a
methodology created to optimize circuit test. It was im-
plemented in the form of software tools. In the work are
presented the results of using these tools to reduce test
vectors volume while maintaining fault coverage on vari-
ous circuits, including circuits from ISCAS 85 test set.

Part of the work is devoted to the various principles and
technology of creating of multifunctional logic gates. Some
selected gates of these technologies are subject to simu-
lations of electronic properties in SPICE. Based on the
principles of presented methodology and results of simu-
lations of multifunctional gates is also made an analysis
of various problems such as validity of the test of modi-
fied circuit and the suitability of each multifunctional gate
technology for the methodology.

Categories and Subject Descriptors
B.6.2 [Logic design]: Reliability and Testing; B.7.3 [Inte-
grated circuits]: Reliability and Testing; I.6.m [Simula-
tion and modeling]: Miscellaneous; G.1.6 [Numerical
analysis]: Optimization

Keywords
digital circuit, test vectors, test optimization, multifunc-
tional gates, polymorphic gates

∗Recommended by thesis supervisor: Assoc. Prof.
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1. Introduction
One characteristic of the twentieth century is rapid de-
velopment in various technologies. One of the biggest
booms reached the electronics. The begginig of electron-
ics is often considered to be in the year 1906, when Lee
De Forest developed a triode, which was patented in 1907
[3]. Since then a large number of electronics components
which complexity is continually increasing has been devel-
oped. The most complex integrated circuits today contain
billions of transistors (eg NVIDIA Fermi with about three
billion transistors [10]). The characteristics of exponen-
tially increasing complexity of electronics was first formu-
lated by Intel founder Gordon E. Moore in 1965 when he
said that the complexity of components is approximately
doubling every year while maintaining the same price [8].
This statement was later reformulated into a form called a
”Moore’s Law”[7] as ”number of transistors that can be in-
serted into the integrated circuit, approximately doubles
every two years”. Since the formulation of Moore’s Law
has many times been assumed that it’s validity will soon
be over, mostly because of technological limits. However,
these days technological complications were resolved, lim-
its have been broken and is now assumed that the validity
of this law will remain until at least 2015 [5]. Many sci-
entists believe that this validity will remain for at least
another two decades.

In order to maintain the growth rate of integration (and
thus validity of Moore’s Law) it is necessary to constantly
improve the creation of electronic components in all as-
pects from design to use. Different levels of abstractions
and models in combination with advanced design tools are
used in designing circuits and manufacturing is looking for
new technologies and procedures.

A large area is diagnostics. The complexity of the current
circuits is so large that it is not technologically possible
that every manufactured piece is functional. From an
economic point of view it is very important to be able to
detect defective pieces as soon as possible. The later a
defect is discovered, the redress is more expensive. And
even if the circuit is found to be fully functional and is
deployed in a real application, it can be in the future
damaged by a hidden error, external effect or by aging in
such a way that it is unable to fulfill its function. De-
pending on the importance of it’s function, early damage
detection may be very important. However the increas-
ing complexity of circuits complicates testing and test of
complex circuit becomes a complex problem. For the test
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of a circuit it is important that the test is effective enough
with reasonable expense. Therefore new techniques and
procedures to test circuits are developed and their qual-
ity is measured by metrics eg. fault coverage, test price,
test application time, the power required for the test etc.
The importance of each metric may vary depending on
the use of the tested circuit. It turns out that the test
application time is becoming a very important parame-
ter for more complex circuits produced in a larger series.
The time for circuit tests may take one third of the whole
production process. Shortening the test time can speed
up production and save expenses.

The main objective was to develop a new methodology
for reducing the time of circuit test application. The fo-
cus was on simplicity and universality of the methodology
and its applicability to complex circuits. Application of
new methodology should not have a negative impact on
other metrics of the test. A new generic methodology
for speeding up the production and reduce test costs are
expected.

2. Multifunctional electronics
The term ”multifunctional electronics” is used for such
electronics, which is able to change its function in a pre-
dictable, controllable and desirable way. Since the work
deals with the circuits described at gate level, multifunc-
tional logic gates further are discussed.

Multifunctional logic gates can change logic function de-
pending on the control condition. The control condition
can generally be anything that is able to change the gate
function. Notation of the function of the multifunctional
logic gate with n functions is X1/X2/ . . . /Xn, where each
Xi is a standart logic function and is called i-th logic func-
tion. Sometimes the i-th logic function is referred as func-
tion in i-th mode of multifunctional logic gate.The values
âĂŃâĂŃof the control variable can be noted similarly as
Y1/Y2/ . . . /Yn where each Yi is the value of control vari-
able (or control variables). For proper function of the gate
must be true that at one time only one Yi is valid and at
that time the gate performs function Xi. An example can
be gate AND/OR controlled by a supply voltage 1.5/3.3
V. It is a multifunctional logic gate with two functions.
With a power supply voltage of 1.5V the gate performs
logical AND and with 3.3V it performs logical OR.

Implementation of multifunctional logic gates may be dif-
ferent. Gates can be implemented like conventional gates
or may be implemented using new methods such as poly-
morphic electronics or electronics based on graphene.

2.1 Conventional gates
Implementation of conventional multifunctional logic
gates use standard technologies and procedures for logic
gate design. Gate function control is performed by con-
trol inputs that have the same behavior and properties as
gate function inputs. So they are controlled by standard
values of logic levels and cause a similar load to previ-
ous elements etc. In terms of function and control inputs
gates behave like conventional gates described by a truth
table, where one or more inputs are used as control inputs
and others as functional inputs. By changing the logic
level on the control inputs, the gate changes logic func-
tion between the functional inputs and outputs. Because
control inputs have no physical difference from functional
inputs, we can generally say that any conventional gate

with more then one input can be seen as multifunctional
gate. In such gate are some inputs considered as control
inputs and others as functional inputs. So conventional
multifunctional logic gates are obtained only by a way of
looking at classical gates and not by special properties of
such gates.

The simplest multifunctional gates can be two-input gates.
As an example, consider the XOR gate. If we look at this
gate as a multifunctional gate where input B is the con-
trol input, then in the case of B = 0 gate acts as function
BUF between input A and the output (transfers same
value from input A to output). In the case of B = 1
gate acts as function INV (inversion of value from input
A). From a multifunctional point of view the XOR gate
can act as a controlled inverter, which can be controlled
whether output value is inverted or not. Therefore XOR
gate can be seen as a multifunctional logic gate BUF/INV.

With the growing number of gate inputs increases the
number of options how to use the gate as multifunctional.
As an example, consider now a gate described by table 1.
If we select inputs A and B as the control inputs and the
rest as functional, then we get multifunctional logic gate
AND/OR/NAND/NOR. This gate act as function AND
in the case AB = 00, function OR in the case AB = 01,
function NAND in the case AB = 10 and function NOR
in the case AB = 11. Another option is to choose only
input A as control and the rest of the inputs as functional.
Then in the case A = 0 the gate serves as the majority
and in the case A = 1 the gate serves as negation of the
majority. Other posibilities control inputs selection can
be described similarly.

A B C D Y
0 0 0 0 0
0 0 0 1 0
0 0 1 0 0
0 0 1 1 1
0 1 0 0 0
0 1 0 1 1
0 1 1 0 1
0 1 1 1 1
1 0 0 0 1
1 0 0 1 1
1 0 1 0 1
1 0 1 1 0
1 1 0 0 1
1 1 0 1 0
1 1 1 0 0
1 1 1 1 0

Table 1: Truth table of multifunctional logic gate
AND/OR/NAND/NOR

2.2 Polymorphic gates
Polymorphic electronics (polytronics) is a type of elec-
tronics that is able to change their function according to
environmental conditions (eg heat, light, power supply,
control input, radiation, etc.) [16]. This principle was in-
troduced in [13], patented in 2000 and studied at NASA
Propulsion Laboratory in Pasadena. The basic idea of
polytronics is to create electronic circuits that would be
able to react to external stimuli by changing their func-
tions. The important feature is that this change is based
only on the physical properties of the technology which
is used to implement such electronics and not on special
sensors.
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Most of the published polymorphic gates are shown in
Table 2. Implementation of NAND/NOR gate controlled
by VDD is shown in Figure 1. Polymorphic gates intro-
duced by Adrian Stoica et al. presented in [15, 16, 17, 14]
was obtained by searching for solutions using evolution-
ary techniques. Gate presented in [11] was invented by
direct design by Roman Prokop from UMEL FIT VUT
Brno.

Figure 1: NAND/NOR controlled by power supply volt-
age (A. Stoica)

2.3 Graphene gates
Graphene is a great hope for electronics and digital cir-
cuits. It was shown that graphene can act as a FET
transistor and hence can be used as an underlying tech-
nology for electronic circuits as well as today’s technology,
largely based on silicon [9, 6, 1]. In 2006, IBM created a
complete integrated logic circuit consisting of transistors
implemented on carbon nanotubes [2]. Among scientists
there is a presumption that the graphene technology will
gradually replace today’s silicon [2, 4, 1]. But it is esti-
mated that this will not happen in less than 20 years.

One of the first implementation of multifunctional
graphene gate was introduced in [18] and is shown in fig-
ure 2. The gate is created on the semiconductor substrate.
In this substrate three areas U , A and U in the triangu-
lar shape at an angle of 45◦ are formed. On the smooth
top of the substrate is applied a graphene layer on which
electrodes B, F and C are placed. Contacts connected to
A, B and C are gate inputs, contact connected to F is
the gate output and contacts U and U are used for power
supply. In basic connection U is connected to a low poten-
tial (ground) and U to the high potential (power supply).
In this mode labeled U = 1 gate performs a logic func-
tion described by the equation Y = AC + AB. However,
the gate also allows the opposite connection, where U is
connected to a high potential (power supply) and U to a
low potential (ground). In this case, the mode is labeled
U = 0 and the gate function is described by the equation
Y = AC+AB. Functions for both modes are described in
the truth table 3a. If we use one input as a control input,
it is possible to implement multifunctional gates listed in
table 3b.

One of the advantages of this gate is that the base sub-
strate technology for its implementation is the same as

(a) 3D illustration

(b) Cut (c) Cross section
view

Figure 2: Structure of graphene logic gate
[18]

Inputs
Outputs
U1 U0

A B C Y Y
0 0 0 0 0
0 0 1 0 1
0 1 0 1 0
0 1 1 1 1
1 0 0 0 0
1 0 1 1 0
1 1 0 0 1
1 1 1 1 1

(a) Truth table

Control
function

U1 U0

A B/C C/B
B AND/−→ ↚−/OR
C ↚−/OR AND/−→

(b) Achievable multifunctional
gates

Table 3: Graphene gate function

for the CMOS technology. The main technological differ-
ence is only the graphene layer which is applied between
the substrate and gate electrodes. According to [18] simi-
lar technologies should ensure integration of conventional
CMOS technology with the graphene technology and it
would be possible to create new hybrid graphene-CMOS
circuits.

3. Thesis objectives
3.1 Motivation
In the last few years discussions started about the technol-
ogy and principles of creating multifunctional logic gates.
Similar technologies also bring the possibility to change
the function of internal circuit elements without modi-
fying circuit structure at the gate level. Changing the
gate function inside circuits causes a change in transpar-
ent paths, the equivalent faults and last but not least
changes in faults, which are tested by currently assembled
activation and detection path. These features lead to con-
siderations about the possibilities of using multifunctional
gates for various diagnostic characteristics modifications
of the circuit, which would lead to parameters optimiza-
tion of the resulting tests. Optimized parameters can be
a number of test vectors and fault coverage of the final
test.

3.2 Thesis objectives
The main objective was to verify the assumption that the
multifunctional elements can affect the diagnostic charac-
teristics of the circuit in such a way that it is possible to
achieve the desired changes in the parameters of the final
circuit test. Based on this assumption, the work aimes to
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Function Control levels Control value Tran. Source
AND/OR 27/125◦C temperature 6 [16]
AND/OR/XOR 3.3/0.0/1.5V input voltage 10 [16]
AND/OR 3.3/0.0V input voltage 6 [16]
NAND/NOR/XOR/AND 0.0/0.9/1.1/1.8V input voltage 11 [14]
AND/OR 1.2/3.3V supply voltage 8 [16]
NAND/NOR 3.3/1.8V supply voltage 6 [15]
NAND/NOR 5/3.3V supply voltage 8 [11]

Table 2: Published polymorphic gates

design and implement a methodology for optimizing the
parameters of the test. Using this methodology then ver-
ify the assumption on the task of minimizing the number
of test vectors needed to test the circuit while maintain-
ing other test quality parameters. The solution should
comply with the following specific objectives:

1. Propose and describe the principles of using multi-
functional gates in circuits for optimizing the tests.

2. Formaly describe these principles and using this for-
malism define methodology for test optimization.

3. Implement the proposed methodology.

4. With the implementation verify the methodology on
the task of minimizing the number of test vectors for
various circuits, including the ISCAS 85 test kit.

5. Analyze the known technologies for creating multi-
functional gates. Find out their properties and as-
sess their suitability for the proposed methodology.

The focus is put on simplicity and universality of the
methodology. Furthermore, the methodology should be
usable for complex circuits. At the same time proposed
methodology could not have a greater negative impact
on quality of other test parameters. Created methodol-
ogy and its implementation for its verification should also
be easily embeddable into todays standard manufacturing
process of circuits and their tests, and should be easy to
use with standard design systems.

4. Multifunctional logic gates
4.1 Conventional gates
Conventional multifunctional logic gates are in fact con-
ventional logic gates described by the standard truth table
and implemented using standard technologies. As part of
my work I invented a gate based on CMOS technology
shown in Figure 3, its function is described in truth ta-
ble 4. This gate has three inputs A, B and Vsel and an
output Out. In fact, it is a conventional three-input gate
with a function of inverted majority of the three. When
anyone is choosen out of its three inputs as control input,
the gate is always multifunctional logic gate NAND/NOR.
I consider the NAND/NOR function as one of the most
important because the NAND and NOR functions are log-
ically complete and it is possible with their help to create
any logical function or complex digital circuit.

Because it is in fact a classical CMOS logic gate, its elec-
trical properties are similar to other CMOS gates. Gate
has a good levels of output voltages for both logic lev-
els and greater current consumption (and hence power
consumption) only when switching states. Neither the
other parameters such as noise immunity, delay or gain in

Figure 3: Conventional multifunctional CMOS
NAND/NOR gate

Vsel B A Out
0 0 0 1
0 0 1 1
0 1 0 1
0 1 1 0
1 0 0 1
1 0 1 0
1 1 0 0
1 1 1 0

Table 4: Truth table of conventional multifunctional
CMOS NAND/NOR gate

simulations were different from other conventional CMOS
gates.

4.2 Polymorphic gates
Most of the published polymorphic gates are listed in Ta-
ble 2. For each gate except the AND/OR gate controlled
by temperature model in OrCAD PSpice was created and
the simulations of logical and electrical properties were
performed. It is important to note that Adrian Stoica et
al. invented and simulated gates using HP 0.35 µm tech-
nology. I used transistors from AMI 0.7 µm technology.

Simulations have shown a fundamental problem with all
gates controlled by the voltage on the control input. None
of them were functional. All my attempts to make them
working were unsuccessful. Simulations of the remaining
polymorphic gates found problematic features that sig-
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nificantly reduce the possibility of their extensive use in
complex circuits. Generally speaking the gates had a large
current consumption from the power supply, some of them
excessively overloaded the previous stage, most of them
had an incorrect voltage level at the output and with an
increasing load at the output some of the gates rapidly
decrease maximum operating frequency. In the case of
connection of other (even conventional) gates to the gate
output, the incorrect output voltage levels leads to an-
other increase of current consumption from the power
supply. Polymorphic gates also usually have a small noise
immunity and are very sensitive to the exact input volt-
age levels. This behavior together with the inaccuracy of
the output voltage levels often causes not to be possible
to connect more similar gates directly to other.

5. Digital circuits test optimization
When creating a test sequence for logic circuit, the test
vectors are gradually created to cover failures in the ana-
lyzed circuit. The resulting sequence of test vectors then
has certain quality parameters described by various prop-
erties such as the number of test vectors, fault coverage,
etc. Multifunctional gates offer the possibility to mod-
ify the function of the internal circuit elements and thus
affect behavior of the circuit also in test. The proposed
method is based on the assumption that changing some
functions of internal elements will alter the diagnostic
characteristics of the whole circuit. We can therefore talk
about a specific hypothesis, which is subject to verifica-
tion in my work. In my work is a formal model proposed
for this purpose. This formal model defines the concepts
used in the methodology, which is named as ”digital cir-
cuits test optimization”. Used procedures and algorithms
then operate on this formal model.

5.1 Principle of the method
The method is built on the possibility to change the func-
tion of some internal gates in such a way that the re-
quired parameters of the test are improved. Because it is
necessary for the operation of the circuit to maintain its
original function, it is required that modified gates can
perform the orginal logic function. So modified gates in
operation mode must fulfill the function as is required for
the function of the circuit and in test mode which is more
suitable for the test. This feature can be achieved using
multifunctional gates discussed in chapter 2 and 4.

On the basis of the problem, test requirements and limit-
ing conditions, this method allows the choice whether it
will be possible to switch gate functions during test appli-
cation. The simplest way is when the gate function does
not change during the test. All gate function control in-
puts are then connected together and accessible by one
circuit input. Prior to circuit test, the function of gates
switches to test mode, then the test is applicated and af-
ter its completion, gates switch back to operation mode.
Another option is to allow gate function switch during the
test.

The whole method thus consists of three basic sub-tasks.
Identification of the gates in the circuit where a function
change will improve the test, the selection of their test
function and the selection of how to control the test func-
tion of these gates.

5.2 Optimization of testability
Testability optimization using multifunctional elements is
based on the insertion of test points to improve the con-
trollability or observability of the selected point. The ba-
sic difference is that the proposed methodology does not
add a new gates to the circuit, but only replaces the ex-
isting ones by multifunctional gates. Selection gates, its
functions in test mode and control principle must be im-
plemented according to the requirements to improve the
controllability.

5.2.1 Direct control
Traditional implementation of direct control of a certain
point by inserting the test point is achieved by adding a
new logic gate before this specified point. Inserted gate
function depend on whether it is needed to manage only
one particular logical level or it is needed to have complete
control over the point. A new gate in the circuit results in
a change of dynamic properties around this gate, or even
change of the dynamic properties of the whole circuit.

The proposed methodology does not add any new gates
to the circuit. The requirement for direct control can
be solved by replacing the gate (whose output goes to
the specified point) by a multifunctional gate. Consider
the situation in figure 4a and the requirement for direct
control of the logical level at point x. If we replace gate
A by a multifunctional gate (figure 4b), we can directly
control the logical value at point x.

(a) Initial circuit (b) Modified circuit

Figure 4: A circuit with the requirement for direct control
of the logical level at point x

Test function of multifunctional gate depend on the re-
quirement which logical levels at the point x is needed to
control. If the full control of point x is required, then the
function in test mode must be a complement of function
in operation mode.When the logic level at the point x is
different then is requested, the requested logic level can
be achieved by the change of the gate function.

5.2.2 Improving testability by SCOAP
Another problem to be solved is a general improvement
of circuit testability based on SCOAP method. The solu-
tion is based on the reduction of controllability values of
selected points in a circuit.

As an example, let us look at a three-input AND gate
rated with SCOAP as shown in Figure 5a. If we allow the
gate function to change from AND to OR during the test,
then it is possible to change the function of the gate to
achieve good controllability value for the currently con-
trolled logical level. This principle is shown in Figure 5c.
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(a) AND (b) OR (c) AND/OR

Figure 5: Three-input AND, OR and AND/OR gate rated
with SCOAP method

5.3 Optimization of the test
The principle of test optimization by multifunctional ele-
ments is based on assumptions specified in chapter 3. If
these assumptions are valid, then it is possible to achieve
the desired test parameter optimization by appropriate
modifications of some internal circuit elements. The de-
sired optimization can be various test aspects such as the
number of test vectors, required power, fault coverage etc.
Although the proposed methodology is generally applica-
ble to more problems, it was used to reduce the number
of test vectors.

5.3.1 Principle of the method
As stated in chapter 5.1, it is necessary to solve three
main problems. Selection of gates, selection of their test
function and selection how to control them. The proposed
method selects a method of control when the function of
gates can not be changed during the test. So the method
consists only of identifying gates, that would be appropri-
ate to change, and selection of their functions.

The input of the method is circuit C described at the
gate level, which test should be optimized. The output
of the method is structurally same circuit C′, which has
changed the function of certain gates and has better op-
timized test parameters. In the final circuit are altered
gates represented as multifunctional, when in functional
mode have function as gates in original circuit and in test
mode have function as the gates in the optimized circuit.
To optimize circuit C and obtain the circuit C′ with bet-
ter optimized parameters, the method of combinatorial
optimization is used.

5.3.2 Objective function and constraints
For optimization of the number of test vectors were used
parameters:

• Number of test vectors.

• Fault coverage.

• Number of multifunctional gates.

• Number of CMOS transistors for implementation.

The solution is based on the search for C′ for circuit C as
defined in the thesis [12]. Because this definition ensures
consistency of the circuit, it is not necessary to address
this problem. Any solution found under this definition is
a valid circuit.

Objective function was implemented as a comparative
function of the two circuits. This function returns, whether
the tested circuit is better or not. Comparative function
considers the circuit as better, if the number of test vec-
tors was reduced and fault coverage was not reduced. If

the number of test vectors was same, then the circuit was
better when there was an fault coverage increased. If this
parameter was the same, then the circuit was better if
it had fewer multifunctional gates. If a number of gates
were identical, then the circuit was better when it needs
fewer CMOS transistors to implement

5.3.3 Optimization algorithms
The first algorithm successfully applied to the problem
was exhaustive search. The number of candidate solutions
to the problem can be simply approximated by exponen-
tial equation cg, where c is the average size of the set of
replaceable gates and g is the gate count of the circuit.
As the complexity of exhaustive search grows in propor-
tion to the complexity of the problem, the complexity of
finding a solution by this algorithm is exponential. The
algorithm was only applicable to relatively small circuits.

The second algorithm successfully applied to the problem
is described by algorighm 1. This algorithm is based on
depth-first search and was inspired by a hill climbing and
backtracking algorithm. The algorithm starts with the
circuit for optimization and looks in his 1-neighborhoods
(circuits with only one gate changed) for a better solu-
tion. If any better solution is found, then the algorihm
runs recursively on this solution. After returning from
the recursion, the algorithm continues to the next circuit
from the 1-neighborhood. Each recursive run keeps the
best solution and by comparing best solutions of each run
the overal best solution is found.

procedure dhc ( circuit C) {
be s t s o l u t i o n = C;
Cn = getNextSo lut ion (C) ;
while Cn != NULL do {
i f compare (C, Cn) {
s o l u t i o n = dhc (Cn ) ;
i f compare ( be s t s o l u t i on , s o l u t i o n ) {
be s t s o l u t i o n = so l u t i o n ;

}
}
Cn = getNextSo lut ion (C, Cn ) ;

}
return be s t s o l u t i o n ;

}
Algorithm 1: A recursive algorithm

Since the algorithm searches only 1-neighborhood, it may
get stuck in a local extreme. On the other hand, the
algorithm is able to quickly converge to better solutions
and is thus ideal for confirming assumptions.

6. Results
6.1 Exhaustive search
Exhaustive search was used for finding a solution in six
small circuits. Summary results are shown in table 5.
Since initial circuits fault coverage is 100 % and opti-
mization was restricted to not reduce it, the results are
interesting only in terms of reducing the number of test
vectors. For all circuits the number of test vectors were
reduced from 9,09 % to 50 %. The circuits ”prices” in-
creased from 13 % to 60 %. ”Price” was expressed by es-
timation of the number of CMOS transistors required for
circuit implementation. The most significant reduction of
test vectors was for the dec3to8 circuit. The reduction
was 50 % with an estimated ”price” increase by 42,85 %.
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Circuit
Gates Vectors Fault coverage CMOS transistors

C C′ % vc(C) vc(C′) % fc(C) fc(C′) % tc(C) tc(C′) P %
fulladd1 4 1 25,00 6 5 83,33 100,00 100,00 100,00 32 28 38 118,75
fulladd2 6 3 50,00 6 4 66,67 100,00 100,00 100,00 40 50 64 160,00
fulladd3 5 2 40,00 6 4 66,67 100,00 100,00 100,00 42 38 56 133,33
comp3bit 11 2 18,18 11 9 81,81 100,00 100,00 100,00 62 70 74 119,35
enc8to3 13 1 7,69 11 10 90,91 100,00 100,00 100,00 74 72 84 113,51
dec3to8 11 4 36,36 8 4 50,00 100,00 100,00 100,00 56 66 80 142,85

Gates C The number of gates in circuit
Gates C’ The number of modified gates in circuit
vc(C) The number of test vectors of original circuit
vc(C′) The number of test vectors of modified circuit
Vectors % vc(C′) in percent versus vc(C)
fc(C) Fault coverage of the original circuit
fc(C′) Fault coverage of the modified circuit
Fault coverate % fc(C′) in percent versus fc(C′)
tc(C) The number of CMOS transistors of original circuit
tc(C′) The number of CMOS transistors of modified circuit
P Estimated number of CMOS transistors of circuit with multifunctional gates
CMOS transistors % P in percent versus tc(C)

Table 5: Exhaustive search method results

6.2 A recursive algorithm
A recursive algorithm was used for optimization of more
complex circuits from the ISCAS 85 test set and other
similar circuits. Summary results are shown in table 6.

For circuits from the ISCAS 85, the algorithm finished
only on circuits c17 and c1355. Algorithm finished on
all other circuits except mul8 circuit. For the remaining
circuits the algorithm was terminated prematurely, be-
cause it did not finish within the desired time. Later it
was found that the implementation of optimization tool
was not optimal and the performance of that tool can be
significantly optimized.

Although the algorithm in some circuits did not finish
and therefore probably did not find the best achievable
solution, the number of test vectors was reduced for all
circuits except circuit c1355. Reduction of the number
of test vectors was between 12,67 % and 58,21 % with
the estimated ”price” increase between 0,73 % and 75 %.
For circuits from ISCAS 85, the average reduction of the
number of test vectors was 27,98 %. There were 2,79 %
of changed gates, fault coverage was increased by 0,51 %
and ”price” rose by 5,29 %.

The most significant reduction of test vectors was for the
c499 circuit. The reduction was 58,21 % from 67 to 28
with estimated ”price” increase by 13,86 % from 1764 to
2062. An interesting result was also achieved for example
with circuit c6288, which has decreased the number of
test vectors by 21,74 % from 46 to 36 at an estimated
transitors count increase only by 0,73 % from 10112 to
10186 with only ten changed gates.

Some circuits have improved fault coverage. Imporevemts
were between 0,16 % and 1,76 %. An interesting result is
for example on circuit comp8, where fault coverage have
been increased by 1,76 % from 98,27 % to 100 %.

7. Discussion
7.1 The validity of the test
For the entire methodology it is critical to answer the
question, what the test of the circuit (in test mode) realy

says about the function of the circuit in operation mode.
Can we trust to this test? The answer is not simple and
we should consider several factors.

The first is to consider that the methodology is built for
structural testing. So for the test is not necessary, that
the circuits under test have functions, for which they were
designed. Furthermore, the methodology is designed for
tests at gate level with t0/t1 fault model. In this type of
test it is generally assumed that any fault within the gates
appear as a fault of type t0 or t1 at one of the pins of the
gate. Gate implementation is not tested. The proposed
methodology did not change the circuit structure at gate
level, so the modified circuit can have the same faults
and modified circuit test have the same validity as test of
original circuit.

The most problematic is the assumption that any fault
inside the gate appear as t0 or t1 at least on one pin
of the gate. This is not always true and tests based on
this assumption may not cover these faults [12]. Now we
can ask how this will affect the proposed methodology.
If we simplify this, we can say that some faults are not
detected even inside of the conventional gates, so the in-
cidence of these faults inside multifunctional gates does
not significantly affect the test.

Looking at the problem in depth, an important measure
is how much and how likely the internal faults may be
undetected. Although I did not research a similar topic,
I believe that with the increasing complexity of the gates
also increases the number of faults, which can be unde-
tected by tests. So for the proposed methodology it will
also be important to have gates with an internal structure
as simple as possible.

The last important issue relating to the validity of the
test is the possibility of failure of gate function control.
In terms of the circuit test, the worst case situation is
when the gate is in test mode and can not be switched to
operation mode. The test will not find any fault, but the
circuit would probably not be functional.
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Circuit
Gates Vectors Fault coverage CMOS transistors

C C′ % vc(C) vc(C′) % fc(C) fc(C′) % tc(C) tc(C′) P %

c17 6 3 50,00 9 5 55,56 100,00 100,00 100,00 24 30 42 175,00
c432 160 34 21,25 102 54 52,94 99,24 99,83 100,59 824 1028 1168 141,75
c499 202 35 17,33 67 28 41,79 98,94 100,00 101,07 1764 1818 2062 116,89
c880a 383 34 8,88 104 63 60,58 100,00 100,00 100,00 1802 1902 2092 116,09
c1355 506 0 0,00 108 108 100,00 99,49 99,49 100,00 2244 2244 2244 100,00
c1908 880 34 3,86 163 112 68,71 99,52 99,79 100,27 3446 3568 3762 109,17
c2670 1269 59 4,65 189 109 57,67 95,74 96,73 101,03 5668 5872 6240 110,09
c3540 1669 64 3,83 252 190 75,40 96,00 97,29 101,34 7504 7702 8034 107,06
c5315 2307 62 2,69 190 124 65,26 98,88 99,04 100,16 11262 11404 11790 104,69
c6288 2416 10 0,41 46 36 78,26 99,56 99,56 100,00 10112 10126 10186 100,73
c7552 3513 36 1,02 371 324 87,33 98,26 99,41 101,17 15400 15392 15608 101,35
add8 32 5 15,63 17 10 58,82 100,00 100,00 100,00 250 248 290 116,00
addsub 43 3 6,98 20 17 85,00 100,00 100,00 100,00 274 272 296 108,03
comp8 39 6 15,38 26 19 73,08 98,27 100,00 101,76 244 250 280 114,75
mul8 356 14 3,93 47 31 65,96 100,00 100,00 100,00 2362 2360 2458 104,06
mux16 34 9 26,47 21 11 52,38 100,00 100,00 100,00 292 320 370 126,71
mux8 17 2 11,76 15 13 86,67 100,00 100,00 100,00 146 150 162 110,96
shifter 24 2 8,33 58 49 84,48 88,33 88,33 100,00 96 104 108 112,50
sub8 35 2 5,71 13 9 69,23 100,00 100,00 100,00 256 246 266 103,91

Table 6: A recursive algorithm results (legend is the same as in table 5)

There are several options to solve this problem. The first
and simplest can be based on a base structural test as-
sumption, that all faults will occur as t0 or t1 on any
input of the gate. We can slightly modify this assump-
tion that all faults will occur as t0 or t1 on any functional
input of the gate. Another option is the solution in the
form of simple supplementary test in the functional mode.
This test should aim to test the potential gate failure oc-
curring only in functional mode and whether gates are
switched correctly. The last option I will mention is the
possibility of switching the gates during the test. This
approach could solve all mentioned problems.

7.2 The use of multifunctional gates
An important part of test optimization is also a selection
of multifunctional gates that will be used. One possibility
is the use of polymorphic gates. An interesting alterna-
tive would be the polymorphic gates, where the function
is dependent on the power supply voltage. At some spe-
cific supply voltage this gates would be in test mode. In
this case a special pin and distribution inside the circuit
would not be needed. Unfortunately from the simulations
it is evident that the polymorphic gates suffer from var-
ious problems and, unlike classical CMOS gates can not
be understood as general building blocks of more complex
digital circuits. In this current state polymorphic gates
are not good candidates for similar applications. Improve-
ments could be achieved by new polymorphic gates, which
would not suffer from similar problems.

Graphene multifunctional gates seem to be very promis-
ing for the proposed method. For example, the multifunc-
tional gate presented in 2.3 have only three semiconductor
areas in the semiconductor substrate, one graphene layer
and three electrodes. Gate with similar function in con-
ventional CMOS technology have four times the number
of semiconductor areas and twice the number of electrodes
[12]. It can be assumed that graphene multifunctional
gates will have less potential defects and therefore less of
possible faults. Due to the factors mentioned in chapter
7.1 a similar gate seems to be suitable for the presented
methodology.

On the other hand, it should be noted that the graphene
technology is at the beginning and further research on its
properties and usability is necessary. In 2007 it was not
expected that over the next twenty years this technology
would appear in complex digital circuits [4]. Usability
of graphene gates in presented methodology can not be
determined until the technology is examined better.

As the previous technologies are not easily applicable, the
only technology of conventional gates remain. Conven-
tional gates are designed the same as other parts of the
circuit and therefore they does not negatively affect the
behavior of the circuit. Since the complexity of this gates
can be in some cases significant, it is necessary to have
caution with this complexity and influence on the prop-
erties of the test.

8. Conclusion
My thesis and this article show that it is possible with
multifunctional gates to optimize the diagnostic charac-
teristics of circuits in a desired way. As a first was shown
that it is possible with the proposed methodology to
achieve similar features as with DfT ad-hoc method of
inserting of test control points. Unlike conventional DfT
method, the proposed one does not necessarily change the
dynamic behavior of the circuit. As a second simple prin-
ciple based on SCOAP was shown. This principle can
reduce the value of controllability and partially observ-
ability, so in overall it can improve the testability of the
circuit.

However the main part of the work was the creation, im-
plementation and verification of the methodology for the
test optimization. On the basis of this methodology was
described and implemented new software tool that was
designed to reduce the number of test vectors while main-
taining fault coverage and keeping circuit complexity as
little as possible. This tool was then tested on various
circuits, including the ISCAS 85 test set. For all tested
circuits except c1355 from ISCAS 85 there was a notice-
able reduction in the number of test vectors (usually in
the tens of percent) while fault coverage was maintained
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or slightly increased. So the tool was able to find high
quality solutions and is able to significatnly reduce the
number of test vectors.

At the end of this article the problem of validity of mod-
ified circuit test in the scope of presented technologies of
multifunctional gates was discussed. At first sight
graphene technology seems to be very suitable for the
method. However this technology is in the research stage
and is not applicable today. Its suitability to proposed
methodology can be realy confirmed after some reseearch
and practical experience. Currently known polymorphic
gates are not very suitable with the proposed method-
ology because of their non-optimal electronic properties.
From this section we can then make a simplified conclu-
sion that today the only usable tehchnology for proposed
methodology is technology of conventional gates. How-
ever, care should be taken to the complexity of such gates.
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R. Růžička, L. Stareček. Development of Building Blocks for
Polymorphic Digital Circuits. In Proceedings of the Work in
Progress Session of 10th Euromicro DSD 2007, Linz, AT, JKUL,
2007, pages 33–34, ISBN 978-3-902457-16-5.
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