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Abstract

1.

This work describes a modelling method for a non-linear
system which is based on a multi-point linear approximation for a model predictive control (MPC) purpose.
The method is derived from artificial neural network techniques and exploits good properties of a Orthogonal Activation Function based Neural Network (OAF-NN). In
this work, we describe a technique of a Explicit-MPC
(EMPC) which performance, ease of implementation and
extension for the hybrid system gives promising direction
of a algorithm design for the embedded systems (ES).
Proposed modelling procedure is characterized by fast
training property and wide applicability in medical systems, automotive, power-electronics industry etc.. Linearity of the model allows to transform into Piecewise
Affine (PWA) system structure and to exploit existing algorithms for a explicit model predictive control design.
The applicability of the technique was evaluated on a hybrid system by means of existing software tools for MPC
design.

An embedded system is, in recent time, inherent component of many tech gadgets and appliances which serve
people in everyday life, i.e. washing machine, digital camera, cell phone, mp3 player, vehicle, thermostat etc.. The
embedded system is a computer system designed to perform one or a few dedicated functions [11] often with
real-time computing constraints. In the washing machine,
the embedded system controls washing routines with constraints of water volume and washing temperature. In
a vehicle, the embedded systems control a engine performance, a air-conditioning, a stabilization and many other
functions. Such an electronic system is embedded as part
of a complete device often including hardware and mechanical parts.
The program for embedded system is usually developed
with low level programming language (assembler) but some
commercial systems offer special programming languages
or even higher programming languages. The speed of program execution depends on the programming language
and a computational performance of the embedded system. The computational ”power” of the embedded system
is the main limitation for using of advanced control algorithms.
Model predictive control (MPC) is one of the widespread
modern control principle in area of applied informatics. In
recent years, the range of applications of MPC has been
extended from constrained linear time-invariant system
(LTI) to non-linear, so-called hybrid systems. A hybrid
system is a dynamic system that exhibits both continuous
and discrete dynamic behavior - a system that can both
flow and jump. When this extension is made, binary variables are introduced in the problem. As a consequence,
the Quadratic programming (QP) problem has to be replaced by a far more challenging Mixed Integer Quadratic
Programming (MIQP) problem. Generally, for this type
of optimization problems, the computational complexity
is exponential in the number of binary optimization variables. There are many problems related to algorithm design for a hardware platform with limited resources, i.e
low frequency (tenths of Mhz) and limited program memory (kilobytes). Such limitations disqualify the platform
from use of a sophisticated and a complex MPC based algorithms. In literature, many advance control algorithms
were developed that accept the limitations. In this work,
we describe a technique of a Explicit-MPC (EMPC) which
performance, ease of implementation and extension for
the hybrid system gives promising direction of a algorithm
design for the embedded systems (ES).
A linear model can be obtained by linearizing the original
non-linear system around operating point, Fig. (1a). The
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Figure 1: The figure illustrates increasing accuracy of a linearization with number of linearization points
linear model has been widely used for prediction of the
system evolution in MPC concept. The main drawback
of the linear model is its decreasing accuracy when system
operates in distant from linearization point. To overcome
this handicap, the concept of a Piecewise Affine (PWA)
system was introduced [25], Fig. (1b). A next-state and
a output of the PWA system are both described by piecewise linear maps, i.e., by maps which are affine on each
of the components of a finite polyhedral partition.
Unfortunately, to the best of our knowledge, there are few
results on system identification and explicit controller design for neural network based models. Modeling frameworks mentioned above belong to deterministic modeling
techniques based on differential or difference equations,
typically derived from physical laws. Most important aspect of created model is its linearity. On the other hand,
neural network belongs to black box modeling techniques
which exploit non-linear relations in neural network structure to model non-linear characteristics of real processes.
To overcome this problem we propose original method for
linearizing special case neural network, well known as the
Orthogonal Activation Function based Neural Network
(OAF-NN). The linearized neural network is equivalent
to PWA system and all derived theoretical properties and
existing tools for analysis and control design can be bring
to bear.

straints are naturally respected by including them into
the optimal control problem. At run time, the EMPC
algorithm iterates through a binary search-tree (BST) to
find a active region in the state space and selects the associated feedback control law to apply in order to obtain
the optimal control action. In order to reduce control
computation time, the trend is today to move controller
implementation from micro-controllers or DSP to FPGA
or dedicated silicon devices.

From the hardware synthesis viewpoint, [14] showed that
explicit MPC solutions can be implemented in an application specific integrated circuit (ASIC) with about 20,000
gates, leading to computation times in order of 1µs.
Table 1 shows the progress of the MPC in high-sampling
time applications. The fastest EMPC application is operating with nanoseconds sampling time. In the application the temperature regulation of a multi-core processor is performed by minimizing power usage subject to
temperature limitations. The storage of the control law
required 71kB and the online computation using BST required 10731 FLOPS.

2.1

Implementation of the control law

The explicit control law is given by

2.

Explicit Model Predictive Control

In [4] was shown that solution of a multi-parametric problem can be expressed as a piecewise affine function over
convex polyhedral region set. This result allows to express solution of the MPC problem as a explicit statefeedback regulator. This state-feedback regulator is a linear piecewise affine function of the state variables with
defined polyhedral partitioning of the state space . The
explicit-MPC brings new possibilities for MPC implementation. All computations are moved off-line and solution
is formulated as a lookup table, Fig. (2). The necessary
on-line implementation effort thus reduces to a identification of a active polyhedral set based on the current state
and evaluation a associated affine feedback law. The controller inherits all the stability and performance properties of the classic MPC but can be implemented without
any involved on-line computations. Therefore it is possible to use hardware platform with lower computation
power and with lower amount of a available storage space,
and decrease a price of control system hardware.
The explicit model predictive control (EMPC) was presented as suitable control scheme for high-sampling frequency operation [18, 19, 32, 10]. The problem con-

u(k) = Kr x(k) + Gr

(1)

where the index r denotes the active region, i.e. the region which contains the given state x(k). The evaluation
of explicit MPC controller turns into simple procedure
where simple membership-test returns active control law
for given state x(k) and control action is calculated according (1) and applied to the system [16].

Table 1: The table shows the progress of the MPC
in high-frequency applications
Sample time Application
Institute
18 ns
Multi-core thermal manageEPFL
ment [32]
10 µs
Voltage source inverters [20]
ETHZ
25 µs
Direct torque control [10]
ABB
50 µs
AC / DC converters [22]
ETHZ
20 ms
Traction control [5]
FORD
30 ms
Ball and plate [16]
ETHZ
500 ms
Building climate control us- Siemens
ing weather forecast [21]
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Števek, J.: Intelligent Embedded Systems

Each dynamic i is active in a polyhedral partition bounded
by the so-called guard-lines:
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Figure 2: A example of the control law of explicitMPC

3.

A hybrid system

The label Hybrid system , in recent time, represents nonlinear dynamical system of heterogenous continuous and
discrete character. The Hybrid system switches among
many operating modes, where each mode is governed by
its own characteristic dynamical laws.Mode transitions
are triggered by variables crossing specific thresholds (state
events), by the elapse of certain time periods (time events),
or by external inputs (input events)[2]. We consider dynamical systems whose process model is defined in the
discrete-time domain by a state-update equation
x(t + 1) = f (x(t), u(t)).

(2)

n

Here, x(t) ∈ R is the state vector at time instance t ∈
N+ , x(t + 1) denotes the successor state, u(t) ∈ Rm is
the vector of control inputs, and f (·) is the state-update
function. It is assumed that states and inputs are subject
to constraints
x(t) ∈ X ⊆ Rn ,

(3a)

m

(3b)

u(t) ∈ U ⊆ R ,

where these constraints should hold ∀t ≥ 0.
In the most general setup the state-update function
f (x(t), u(t)) can be arbitrary, e.g. linear, piecewise linear, nonlinear, discontinuous, non-differentiable, etc.

3.1

A Piecewise Affine System

The accuracy of the approximation of f (·) can be significantly increased if the function is linearized around multiple distinct linearization points. This methodic leads to
a Piecewise Affine (PWA) linear system, Fig. (1b). The
PWA system offers framework for modelling hybrid or
common non-linear systems. Dynamical behavior of such
systems is captured by relations of the following form:
x(k + 1) = Ai x(k) + Bi u(k) + fi

(4a)

y(k) = Ci x(k) + Di u(k) + gi
subjet to: ymin ≤ y(k) ≤ ymax

(4b)
(4c)

umin ≤ u(k) ≤ umax
∆umin ≤ u(k) − u(k − 1) ≤ ∆umax

(4d)
(4e)

(5)

Several other model structures were developed for the
hybrid system or non-linear system at all. Much attention is given to system modelling in a MLD (Mixed Integer Dynamical) form [3]. In [12], the formal equivalence
between MLD system and PWA systems is established
and also effective algorithms were developed for transformation from one model structure to another [1, 28].
In [13, 12], the equivalence between the following five
classes of hybrid systems is, under certain conditions, established: MLD systems, Linear Complementarity (LC)
systems, Extended Linear Complementarity (ELC) systems, PWA systems and Max-Min-Plus-Scaling (MMPS)
systems. The important result of these equivalences is
that derived theoretical properties and tools can be easily
transferred from one class to another.

3.2

Identification of a hybrid system

Linearization in multiple points can be done using Taylor
series technique


∂f (x, u)
(x − xi )+
fLin (x, u) = f (xi , ui ) +
∂x
xi ,ui
(6)


∂f (x, u)
+
(u − ui ).
∂x
xi ,ui
where fLin (x, u) is tengent hyperplane to original nonlinear function f (x, u) in linearization point (xi , ui ), Fig.
(1b).
Another way to approximate non-linear function by hyperplanes is based on solving set of optimization problems in least square fashion. Consider nonlinear function
of one variable y = f (x). To find linearization parameters
we solve optimization problem:
J(ai , bi ) =

P X
N
X

(yji − ai xij − bi )2

(7a)

i=1 j=1

subject to:

ai xiN + bi = ai+1 xi+1
+ bi+1
1

(7b)

i
)} denotes points of i−
where {(xi1 , y1i ), (xi2 , y2i ), . . . , (xiN , yN
th interval of linearization and P is total number of regions.
To solve the problem (7) is quite easy unless we introduce
a breaking points into the optimization problem. To find
a optimal breaking points of the PWA model means to
find optimal partitioning of the state space.
There were introduced several techniques to find a PWA
mapping in the literature. A clustering-based algorithm
was employed in traditional identification of the PWA
map. The driving idea of clustering-based procedure resides in local linearity of the PWA map. Then, if the local
models around two data points are similar, it is likely that
the data points belong to the same mode [9]. Another
techniques are based on solution of a mixed-integer programming problem or bounded error problem [23]. A triangular nested partitioning was exploited in [15]. A algebraic geometric approach was presented in [27]. The PWA
mapping techniques exhibits various properties. However,
a computational demand of these methods significantly
grows with a state space dimension and a number of linearization regions.
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ŵ1..1..1

π

(

2 4 x3 − 3x
π

Input block 1
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Figure 3: A Orthogonal Activation Function
Based Neural Network structure

5.

4.

In [26] was developed an approach of PWA linearization of
multi-variable function. The authors showed that multivariable function f (z1 , ..., zn ) could be transformed to additive separable form [31] using a simple algebraic transformation under a certain assumption.

Problem formulation

The non-linear explicit-MPC concept is based on the hybrid model [4]. We can say that the hybrid model is a
fundamental part of the whole concept. A tradeoff between a accuracy and a simplicity of the hybrid model
is crucial aspect of the MPC design. If we use too complex model (too many linearization regions) we could fail
to compute a explicit control law [4, 16]. On the other
hand, the model of low accuracy can lead to poor control
performance.
Our goal is to get a multi-point piecewise linear model
of a static or a dynamic system with accuracy limiting
a non-linear model. The key idea in the approximation
process is a transformation a multi-variable non-linear algebraic formula into a equivalent series of a single-variable
functions.
f (z1 , z2 , · · · , zn ) ≈ f1 (z1 ) + f2 (z2 ) + · · · + fn (zn )

(8)

This approach simplifies the complex multi-variable approximation into series of single-variable identification.
The optimization problem for a single term of (8) is defined as follows
!
Z i
N
X
2
min
(f (z) − (ai z + ci )) dz
(9a)
ai ,ci ,ri

i=1

Orthogonal activation function based neural
network

Assumption5.1. The function
f (z1 , ..., zn ) can be writ
Pn
Qqi
α
f
(z
)
.
i
j
j
i=1
j=pi

ten as

The assumption says that the algebraic formula has to be
linearly separable function.
To overcome the problem of linear separability and a requirement of existing algebraic formula we propose the
novel approach based on a neural network technique. In
[17], a orthogonal polynomial is used as a activation function for special case of neural network with one hidden
layer - a Orthogonal Activation Function based Neural
Network (OAF NN). For this type of neural network a online and a off-line training algorithm has been defined with
fast convergence properties. Actually, the Orthogonal Activation Function based neural network is a type of feedforward neural networks which have the ability to transform the nonlinear input space into higher dimensionalspace where linear separability is possible [8].
The most important quality of the neural network technique lies in the universal approximation theorem [7].

ri−1

s.t.: zmin ≤ r1 ≤ . . . ≤ rN −1 ≤ zmax ,
ai ri + ci = ai+1 ri + ci+1 , i = 1, . . . , N − 1.

(9b)
(9c)

Subsequently, several simplified optimization problems are
resolved by means of existing tools.

Definition 1. A standard multi-layer feed-forward neural network with a single hidden layer that contains finite
number of hidden neurons, and with arbitrary activation
function is a universal approximator on a compact subset
of Rn .

24
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Table 2: Setup configuration, results and
PWA GFS model
HL CPWL model [15]
Case Reg.
MSE
T(s) Reg.
MSE
T(s)
1.
4
1.012e-7 2.159
4
9.31e-4
2.
6
1.659e-8 2.48
3.
8
5.4e-9
4.23
16
2.23e-4
4.
12
2.457e-9 4.72
36
5.6e-5
-

The OAF neural network is a three-layer neural structure
with an input layer, an output layer and a hidden layer as
shown in Fig. 3 for a multi-input-single-output (MISO)
system.
The hidden layer consists of neurons with orthogonal
(preferably orthonormal) activation functions. The activation functions for these neurons belong to the same
class of orthogonal functions and no two neurons have the
same order of activation function. The input and output
layers consist of linear neurons. The weights between the
input and the hidden layer are fixed, and depend on the
orthogonal activation functions. The nodes on the right of
the orthogonal neurons implement the product (Π). Each
node has m input signals from different input blocks. The
nodes are considered as part of the hidden layer because
there is no weighting operation between orthogonal neurons and nodes (Fig. 3).
The network output is defined by a linear combination of
weights

comparison
HIT-PWA model [9]
Reg.
MSE
T(s)
4
1.103e-7 19.96
9
6.022e-8 39.93
16
5.22e-8 70.29
-

In this case study an application of the modeling technique for semiconductor device is shown. The currentvoltage characteristics Ids (Vgd , Vgs ) of a GLASMOST nchannel MOSFET transistor [24, 15] are modeled.
In literature, the non-linear Current-Voltage characteristics of a semiconductor transistor are mostly obtained by
analytical and empirical analysis. The electrical properties of the semiconductor devices depend on the production technology. The extracted models are validated by
measurements from a experiment.
In our example we consider the nonlinear Current-Voltage
characteristics of a GLASMONT transistor derived in [24].
We use just derived model, not the Current-Voltage measurements of a real device. Please note that this example
only illustrates capabilities of the modelling technique.

Nonlinear model
The following are the equations that represents the static
behavior of the device

N1 −1 Nm −1

ˆ) =
ŷ(x̄, w̄

X X

ˆ,
ŵn1 ...nm φnr ...nm (x̄) = Φ̄T (x̄)w̄

(a) If Vgs ≥ V0 and Vgd ≥ V0 (linear region)

n1 =0 nm =0

(10)
where x̄ = [x1 , x2 , . . . , xm ] is m-dimensional input vector,
ˆ between
Ni is the neuron number of i-th input and w̄
the hidden and output layers. Functions φn1 ...nm (x̄) are
orthogonal functions in m-dimensional space given by
φn1 ...nm (¯(x)) =

m
Y

Ids =

W µCox
(Vgs − Vgd )(Vgs + Vgd + 2Vth − 2V0 )
L
(12)

(b) If Vgs ≥ V0 and Vgd < V0 (drain saturation)
W µCox
((Vgs − V0 )(Vgs − V0 + 2Vth )
L
2
− Vth
(e(Vgd −V0 /Vth ) − 1))

Ids =
φn1 (xi ),

(11)

i−1

where φi (x̄) are one-dimensional orthogonal functions implemented by each hidden layer neuron.

(c) If Vgs < V0 and Vgd ≥ V0 (source saturation)
Ids =

6.

PWA-GFS approximation

Actually, the network output (10) is not the sum of one
dimensional functions yet. The straightforward approach
to get sum of single-variable functions can be done by
removing the product neurons which mix the inputs of the
network. The mixed term indicates the product neurons
which multiply orthogonal functions from different inputs.
This approach leads to a Generalized Fourier Series (GFS)
model structure, Fig. (4).
Next we illustrate the PWA-GFS modelling on a twodimensional static example.

6.1

A approximation example

Thanks to the fact that EMPC can operate in nanoseconds times it may be used in semiconductor technology
[32]. A modern transistors are characterized by highelectron transport properties that designate them for high
voltage, high power and high temperature microwave applications [6]. However, these devices often experiences
limitation due to trapping effects and self-heating. The
challenge is to control working point of such devices respecting the limitation.

(13)

W µCox 2 (Vgs −V0 /Vth )
(Vth (e
− 1)
L
− (Vgd − V0 )(Vgd − V0 + 2Vth ))
(14)

(d) If Vgs < V0 and Vgd < V0 (subthreshold region)

W µCox 2  (Vgs −V0 /Vth )
Ids =
Vth e
− e(Vgd −V0 /Vth )
L
(15)
The indices gs and gd denote the gate-source and gatedrain, respectively. The following parameters values were
used:
Vth = 30mV
µ = 0.0675m2 · V −1 · s−1
Cox
V0

= 1.38e−3 F · m−2
= 1V

W =
L =

20µm
2µm

From a physical point of view the model is quite simple.
However, despite its simplicity the model is rather unique

0.01
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0.005
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Ids (mA)

Ids (mA)
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Figure 5: The Current-Voltage characteristics approximation results
in its unifying view on the relation between the different
modes of operation. Each of these modes of operation follows naturally from the chosen expression for the channel
charge density [24].
The behavior of the model is illustrated in the Figure 5a,
which shows Ids as a function of Vgs and Vgd .
The four different approximations were designed, corresponding to four different subdivisions of the domain. For
the approximation a chebyshev polynomials up to fourth
order were used. The final algebraic formula of the identified OAF network has following form

the computation time (T). The PWA GFS model results
are compared with existing approaches [15, 9]. Thanks to
the fact that breaking points are defined for each dimension independently for PWA GFS technique, the results
in each row of the Table 2 are comparable. The results
of HL CPWL technique is cited from [15] without computational time. The results of K-mean cluster technique
were obtained from simulation using HIT toolbox. The
clustering technique failed to complete in case of many
linear regions. In Fig. 5, the nonlinear function Ids and
its GFS and PWA GFS approximation are shown (each
case corresponding to a given subdivision).

Ioaf (Vgd , Vgs ) = 0.07 Vgd 4 − 0.07 Vgd 3 − 0.46 Vgd 2
− 0.43 Vgd − 0.07 Vgs 4 + 0.06 Vgs 3
2

+ 0.46 Vgs + 0.43 Vgs − 0.49e

(16)

−15

The OAF model has no mixed product terms, therefore,
it is in a Generalized Fourier Series form. Detail results
with comparison are presented in Table 2. Table summarize the following data: the final number of linear regions
of the PWA model (Reg), the mean square error (MSE),

7.

PWA-OAF approximation

However, the GFS model can be used just in narrow
range of applications. For a system with a ”strong” nonlinearities the GFS model would not satisfies the accuracy
requirement. Therefore we define following algorithm for
identifying a PWA model from input-output data.
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Figure 6: The figure shows OAF approximation for example (7) and its PWA approximation
Algorithm 7.1.
1. Normalize the I/O data into the range of orthogonality.
2. Train the OAF neural network with necessary number of hidden neurons.
3. Prune the network. Remove the neurons with low
valued weights (weak parameters).
4. Get the shortest algebraic formula of the pruned network.
5. Linearize all the terms of the algebraic formula using
procedure [26].
The final number of linearization points will increase in
comparison with the GFS approach. In return we can
achieve arbitrary accuracy limiting accuracy of the OAF
neural network.
We will demonstrate the procedure on next example.

Example
Consider the two-variable non-linear static function depicted in Figure 6a. We assume that function formula
is unknown and we have got just input-output data measurement. Plotted data are already normalized into range
[-1;1]. The training of the OAF network was performed
with 21 neurons in hidden layer. We pruned 7 neurons
which contribution were negligible. The final formula of
the OAF network remained as follows

FOAF = z1 −2.34z2 4 + 2.79z2 2 + 0.46z2 − 0.52

+ z1 2 −3.42z2 3 + 0.42z2 2 + 2.57z2 − 1.03

(17)
− z1 3 1.32z2 2 + 0.62z2 − 0.66
− 2.64z2 + 0.65z2 2 + 4.34z2 3 − 0.54z2 4 − 1.65z2 5
− 0.05 + 0.37z1 4
The formula (17) consist of 5 terms where each term will
be linearized independently. Last two terms are easy linearizable. The first three terms are linearly separable and
they are processed by procedure [26]. The final PWA
surface is depicted in Figure 6. The linearization was
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No. of segments
42
36
32
30
29
26
20

Table 3: Example 7 benchmark results
term 1. term 2. term 3. term 4. term 5.
10
12
12
3
4
8
10
10
3
4
7
9
9
3
4
7
9
9
2
3
6
9
9
2
3
6
8
8
2
2
3
7
3
7
-

performed with 42, 36, and 26 linearization segments.
The approximation benchmark for various number of linearization points is presented in Tab. 3. First row contains total number of linearization segments. The next
five rows contain number of linearization segments for
each term of (17). The MSE is mean square error and
the Time indicates the computation time. The table 3
shows that we can achieve optional accuracy by increasing or decreasing of linearization segments.

7.1

Concluding remarks - PWA OAF modelling

The PWA OAF technique exhibits many good properties in regard to the explicit-MPC design and competes
with existing approximation methods in a accuracy, in a
number of linearization segments and in a speed of identification. The technique has two key steps. First the
OAF neural network is trained by same procedure as any
other feed-forward network. Then the segmentation for
the algebraic output is chosen. The main advantages of
the technique are as follows:
• identification from input-output measurements,
• training of the OAF network is a convex problem
[33],
• training is fast with guaranteed convergence [33],
• the multi-variable approximation is transformed into
a series of a single-variable approximations,
• the technique leads to the fewer number of the binary selectors in the MPC problem compared to the
standard PWA state space model,
• it is possible to achieve a arbitrary accuracy depending on the number of linearization segments.
The accuracy of the final hybrid model is optimal in regard to the chosen segmentation.
So far, the disadvantage of the technique is a heuristic segmentation of the algebraic formula. The notion heuristic
refers to simple decision rule: If a single-variable function
is n-th order use the n linearization segments. Yet, the
mixed terms of the final algebraic formula are linearized
independently.

8.

Conclusion

The benefit of methods based on the optimal control lies
in inclusion of system constraints in objectives of the control problem. The keynote of the optimal control approach can be summarized as follows: The more accurate
the model of system the better control performance we
are able to achieve. The requirement of accurate model is
a fundamental restriction of the optimal control methods
for a complex system (non-linear, hybrid).

MSE
5.845e−3
1.185e−2
1.602e−2
1.365e−2
1.368e−2
6.4995e−2
1.7948e−2

27

Time
12.679 s
10.527 s
10.22 s
8.4836 s
8.0717 s
7.9196 s
6.4995 s

The main result of this work is the original modelling
method for a non-linear system from input-output data
by linear Piecewise Affine model structure. The method
is inspired by neural network modelling techniques. The
technique is based on modified one-hidden-layer neural
network with orthogonal activation functions.
In terms of clearness there were considered just two dimensional static non-linear systems in the paper. However, the modelling technique can be used for a dynamic
system as well, see [29, 30]. It is worth to mention fast
learning ability of used network during the on-line and offline training. Thanks to the fact that the algebraic output
of the OAF network is linearly separable function, it is always possible to transform multi-variable approximation
problem to problem of a series of a single variable approximations. During the research, new Matlab toolbox
for PWA approximation has been developed. The toolbox
simplifies and accelerates identification of so-called PWAOAF model using Graphical User Interface.
The modelling technique has a wide applicability in automotive, power electronics, computer graphics, etc..
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