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Abstract
This thesis is devoted to the descriptional complexity of
finite state automata. We focus mainly on the transition
complexity of one-way nondeterministic automata produced originally from regular expressions and on the state
complexity of two-way finite automata equipped with an
additional “pebble” movable along the input tape.
We consider conversions of regular expressions into realtime finite state automata, in which the length of each
ε-path is bounded by a fixed constant k. For k = 2,
i.e., for automata in which no ε-path is longer than 2,
we show that the conversion of a regular expression into
such automaton produces only O(n) states, O(n) ε-free
edges, and O(n log n) ε-edges. We also show how to transform these 2-realtime machines into 1-realtime automata,
where each ε-path degenerates into a single ε-edge, still
with only O(n log n) edges. These results break the known
lower bound Ω(n log2 n/ log log n), holding for 0-realtime
automata, i.e., for automata with no ε-transitions.
We also study the relation between the standard two-way
automata and more powerful devices, namely, one-pebble
two-way finite automata. Similarly as in the case of the
classical two-way machines, it is not known whether there
exists a polynomial trade-off, in the number of states, between the nondeterministic and deterministic pebble twoway automata. However, we show that these two machine
models are not independent: if there exists a polynomial
trade-off for the classical two-way automata, then there
must also exist a polynomial trade-off for the pebble twoway automata. Thus, we have an upward collapse (or
a downward separation) from the classical two-way automata to more powerful pebble automata, still staying
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c Copyright 2010. All rights reserved. Permission to make digital
or hard copies of part or all of this work for personal or classroom use
is granted without fee provided that copies are not made or distributed
for profit or commercial advantage and that copies show this notice on
the first page or initial screen of a display along with the full citation.
Copyrights for components of this work owned by others than ACM
must be honored. Abstracting with credit is permitted. To copy otherwise, to republish, to post on servers, to redistribute to lists, or to use
any component of this work in other works requires prior specific permission and/or a fee. Permissions may be requested from STU Press,
Vazovova 5, 811 07 Bratislava, Slovakia.
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within the class of regular languages. The same upward
collapse holds for complementation of nondeterministic
two-way machines. These results are obtained by showing that each pebble machine can be, by using suitable
inputs, simulated by a classical two-way automaton (and
vice versa), with only a linear number of states, despite
the existing exponential blow-up between the classical and
pebble two-way machines.

Categories and Subject Descriptors
F.4.3 [Theory of Computation]: Mathematical Logic
and Formal Languages—Formal languages; F.1.1 [Theory of Computation]: Computation by abstract devices—Models of computation

Keywords
descriptional complexity, finite state automata, regular
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1.

Introduction

This thesis concerns the descriptional complexity of finite
state automata. More precisely, we examine two rather
independent problems in the field of descriptional complexity of one-way and two-way finite automata.
The analysis of different tools describing formal languages
not only with respect to their expressive power, but taking also into account descriptional complexity of these
tools, is a classical topic of the formal language theory.
Descriptional complexity studies the efficiency while describing objects. Its measure is the description length,
represented by the number of states (state complexity),
transitions (transition complexity), alphabet size. It also
investigates the “inherent” complexity of tools, e.g., upper
and lower bounds on the number of states or transitions.
The main topics on which the descriptional complexity is
concentrating its attention, could be summarized in the
following questions:
• What is the economics of a model (tool) representing a formal language, that is how efficiently can
a model describe a formal language besides other
models?
• What is the price of a conversion from one tool to
another? What are the corresponding lower and upper bounds and can they be attained?
The same questions can be posed when applying operations on models. We shall focus mainly on the second
question.
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The notion of an algorithmic “machine” has appeared for
the first time in the 1930’s, when Turing defined an abstract model, later called Turing machine. During the
next twenty years, several scientists studied simple versions of present finite automata. For example, in the early
1940’s, McMulloch and Pitts [49] used finite state machines to model neuron nets. Over the same period, Huffman, Mealy and Moore, independently from each other,
introduced the “today’s” one-way deterministic finite automata (1dfas) in [37], [51] and [53], respectively. Intensive study of 1dfas at that time (sometimes under
the name of sequential machines) established many basic
properties, including, for example, the Kleene’s definition
of regular languages [44]:
Definition 1.1. A language L ⊆ Σ∗ is regular if and
only if it can be described by a regular expression α, i.e.,
L = L(α).
Thereupon, in 1959, Rabin and Scott [55] suggested the
concept of the one-way nondeterministic finite automaton
(1nfa) and also proved its equivalence to the one-way deterministic machine, defining the well-known subset construction. They also gave another equivalent definition of
regular languages:

1nfa 

6QQ
O(n)

But automata theory was not only a theoretical branch
of the computer science. Besides, it has had quite many
applications in practice, for example lexical analysis [1,
2], text editing and pattern matching [45].
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Figure 1: Relations between different models
representing regular languages.
1NFA - oneway nondeterministic finite automata including εtransitions, ε-free 1NFA - one-way nondeterministic finite automata without any ε-transitions, RE
- regular expressions, 1DFA - one-way deterministic finite automata.
that the theory of automata and languages experiences a
revival these days.

2.

Thesis objectives

The objective of the presented dissertation is to investigate the descriptional complexity of finite state automata,
primary focusing on:
• the transition complexity of one-way nondeterministic automata working in the “real” time

Definition 1.2. [55] A language L ⊆ Σ∗ is regular if
and only if it can be accepted by a deterministic or nondeterministic finite automaton M . i.e. L = L(M ).
A rapid development of formal language and automata
theory continued also during the 1960’s and 1970’s. There
were many papers published in this area. On behalf of all
let us mention at least: examination of relations between
different formalisms describing regular languages [50], issue of the determinism versus nondeterminism question
in finite automata [62], exploring nondeterminism in twoway finite automata [58], and the birth of other models, while investigating regular languages, augmented by
some new and special properties, such are e.g., sweeping
automata [64], or pebble automata [6, 56]. We cannot
omit one of the first books on finite automata, written by
Marcus in 1964 [48].

trivial

• the relation between the state complexities of classical two-way automata and two-way automata equipped with a “pebble” as a marker movable along the
input tape.

3.

Conversion of regular expressions to realtime
automata

Still, not all relations among descriptional complexity of
different kinds of formalisms are known, even when restricting to devices describing regular languages only. Despite the simplicity of regular languages, some important
problems concerning them are still open. Regular expressions and finite automata without ε-transitions are two of
the most popular formalisms for regular languages. The
size of an automaton is measured by the number of its
transitions, while the size of a regular expression is the
number of occurrences of alphabet symbols in it.

Later, at the turn of 1970’s and 1980’s, it was supposed
that all interesting facts about finite automata are known
except for a few isolated and very hard problems. It
seemed that not much further work could be done on regular languages [68]. However, the contrary is the case.
Mainly in the last twenty years, many new and fascinating results were published, for example on state complexity of operations on regular languages [40, 41, 59, 69, 30],
minimalization of nondeterministic finite automata [39],
trade-offs between diferent formalisms (1dfa, 1nfa, regular expression, two-way automata, pebble automata...),
see for example [21, 22, 35, 36, 34, 42, 13], nondeterminism versus determinism problem [42, 43, 34], etc.

It is known that a conversion of a nondeterministic εfree finite automaton into an equivalent regular expression
may cause an exponential blow-up [16]. For the converse
direction, it was conjectured that the best conversion is an
O(n2 ) conversion [63]. Only quite recently [35, 36], it was
proved that, for each regular expression of size n, there exists an equivalent ε-free automaton with only O(n log2 n)
transitions. After that, it has been shown that if we consider regular languages over a binary input alphabet, the
above upper bound can be reduced to O(n log n) transitions [21]. This result was also generalized to the case of
regular languages over a fixed alphabet with at most s
input symbols: O(s n log n) edges are sufficient here. We
have summarized the mentioned results in a demonstrative picture, showing the relations between different formalisms representing regular languages (Figure 1).

Even nowadays there is an important progress in research
areas of formal language and automata theory. It seems

The upper bounds, which were presented above, are complemented in [46] by the lower bound Ω(n log2 n/ log log n).
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Comparing O(n log2 n) with Ω(n log2 n/ log log n), that is,
the upper and lower bounds, it seems at the first glance
that no significant improvement is possible.
However, if we allow ε-transitions, the standard conversion of a regular expression into an equivalent automaton
does not produce more than O(n) transitions. The crucial drawback of such automaton is that, due to cycles
consisting of ε-edges only, there may exist computation
paths of unbounded length.
Therefore, it is quite natural to ask what we have to
add to an ε-free automaton to break the lower bound
Ω(n log2 n/ log log n), and still have an automaton with a
linear computation time, in the length of the input. This
condition can be even more restrictive, by requiring the
automaton to execute only a constant number of steps in
between reading any two consecutive symbols from the
input.
We have named such machines, with the length of all εpaths bounded by a constant, as “realtime” automata. Realtime devices play an important role in practice. Here we
shall concentrate on the simplest realtime devices, without any auxiliary memory, which are one-way finite state
automata.
A k-realtime automaton M , where k ≥ 0 is an integer
constant, is a nondeterministic finite state automaton in
which the length of each ε-path is bounded by k. Therefore, a k-realtime automaton processes the input in “real
time,” with a constant number of executed steps in between reading any two consecutive symbols from the input. For this reasons, an automaton is called realtime, if
it is k-realtime for some constant k.
We investigate the properties of the first few levels. As a
special case, the automaton is 2-realtime, if each ε-path is
of length at most 2. In other words, the machine cannot
change its state, without reading an input symbol, more
than two times in a row, and hence an input of length `
must be processed in at most 3` + 2 steps. Similar, but
even more restrictive, properties are typical for 1-realtime
automata, where each ε-path degenerates into a single εedge.
It should be clear that for k = 0 we get exactly the class
of ε-free automata.
In this work, we shall show that already for k = 2, the conversion of a regular expression produces only O(n log n)
transitions. More precisely:
Theorem 3.1. For each regular expression of size n ≥
1, there exists an equivalent nondeterministic 2-realtime
automaton with at most 4n+2 states, n ε-free transitions,
2
·log n + 0.744) ε-transitions.
and n·( log(3/2)
The basic idea of the translation consists of several steps.
First, the given regular expression α is converted into the
normal form, also with unifying the unary nodes in the
tree representation of α with their sons. Thus, we get a
special form of a binary tree. Then, the regular expression α is translated into a 1nfa with at most 2n states
and n ε-free-transitions, according to the following theorem and using rewriting rules described in the dissertation
work:
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Theorem 3.2. [21] Each regular expression α of size
n ≥ 1 can be replaced by en equivalent nondeterministic
automaton M with at most 2n states and n ε-free transitions, such that:
(a) For each subexpression β in α, corresponding to a
subtree below some node in the tree representation
of α, there exists a subautomaton Mβ in M , which
is a subgraph in the graph representation of M .
(b) For each β 0 , a subexpression of β corresponding to
some subtree with the top node located in the subtree
for β, Mβ 0 is a subautomaton of Mβ , i.e., a subgraph
nested in the subgraph for Mβ .
(c) Mβ has a single entry point, a state enβ ∈ Q, and a
single exit point, a state exβ ∈ Q, with enβ 6= exβ ,
such that a string a1 . . . ak ∈ Σ∗ is in L(β) if and
only if there exists a path of edges connecting, within
the subgraph for Mβ , the state enβ with exβ and
labeled by a1 . . . ak .
(d) Any path going into the subgraph for Mβ from the
surrounding environment must pass through the state enβ . Further, Mβ has no edges ending in enβ .
(e) Any path leaving the subgraph Mβ to the surrounding environment must pass through the state exβ .
Further, there are no edges from the surrounding
environment ending in exβ .
The resulting automaton still contains some ε-transitions,
and is not 2-realtime. Finally, in order to eliminate the
lengths of the ε-path to at most 2, we use special sets of
incoming and outcoming boundary states.
We also show an easy transformation of these 2-realtime
machines into 1-realtime automata, where each ε-path degenerates into a single ε-edge. The basic idea is to replace a path consisting of an ε-free edge followed by an
ε-transition by a single ε-free transition. The original εedge is removed.
The number of transitions in the resulting automaton is
still below O(n log n).
Theorem 3.3. For each regular expression of size n ≥
2, there exists an equivalent nondeterministic 1-realtime
1
·log n −
automaton with at most 4n + 2 states, n·( log(3/2)
1
0.128) ε-free transitions, and n · ( log(3/2) · log n + 1.872)
ε-transitions.

4.

Translation from classical two-way automata
to pebble two-way automata

The relation between determinism and nondeterminism is
extensively studied. It is one of the key topics in theoret?
ical computer science. The most famous is the P = NP
question, but the oldest problem of this kind is
?

dspace(n) = nspace(n).
Similarly, we do not know whether
?

dspace(log n) = nspace(log n).
However, a positive answer for the O(log n) space would
imply the positive answer for the O(n) space, and hence
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the answers to these two questions are not independent.
Analogically, a collapse of nondeterminism with determinism for the O(log log n) space would imply the same collapse for the O(log n) space. (For a survey and bibliography about such translations, see e.g., [20, 67].) Analogous
upward translations can be derived for time complexity
classes as well.
At first glance, the problem has been resolved for finite
state automata. Even a two-way nondeterministic finite
automaton (2nfa, for short) and hence any simpler device
as well (e.g., its deterministic version, 2dfa) can recognize a regular language only. Thus, 2nfas can be converted into deterministic one-way automata. However,
the problem reappears, if we take into account the size of
these automata, measured in the number of states (i.e.,
estimating the state complexity of these automata).
On one hand, we know that eliminating nondeterminism
in one-way n-state automata does not cost more than
2n states (by the classical subset construction), and that
there exist witness regular languages for which exactly
2n states are indeed required. (For examples of such languages, see [47, 54, 59].)
On the other hand, we know very little about eliminating
nondeterminism in the two-way case: it was conjectured
by Sakoda and Sipser [58] that there must exist an exponential blow-up for the conversion of 2nfas into 2dfas.
Nevertheless, the best known lower bound is Ω(n2 ) [14],
2
while the best conversion uses about 2n states (converting actually into deterministic one-way machines). Thus,
it is not clear whether there exists a polynomial trade-off.
The problem has been attacked several times by proving exponential lower bounds for restricted versions of
2dfas: Sipser [64] — for sweeping machines (changing the
direction of the input head movement at the endmarkers only); Hromkovič and Schnitger [34] — for oblivious
machines (moving the input head along the same trajectory on all inputs of the same length); Kapoutsis [42] — a
computability separation for “moles” (seeing only a part
of the input symbol thus traveling “in a network of tunnels” along the input). For machines accepting unary lan2
guages, a subexponential upper bound 2O(log n) has been
obtained by Geffert, Mereghetti and Pighizzini [23].
It was even observed [58] that there exists a family of regular languages {Bn : n ≥ 1} which is complete for the twoway automata, playing the same role as, e.g., the satisfia?
bility of boolean formulas for the P = NP question or the
?
reachability in graphs for dspace(log n) = nspace(log n):
the trade-off between the 2nfas and 2dfas is polynomial
if and only if it is polynomial for Bn , i.e., if and only if
Bn can be accepted by a 2dfa with a polynomial number
of states. (For 2nfas, n states are enough to accept Bn .)
We have summarized the known upper bounds for conversions between different types of finite state automata
on Figure 2.
In the absence of a solution for the general case, it is
quite natural to ask whether some properties of the twoway automata cannot be translated into more powerful
machines or language classes, in perfect analogy with the
corresponding results for the upward translation estab-
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Figure 2: Relations between different models of
one-way finite state automata and two-way finite
state automata.

lished for the classical space and time complexity classes.
So far, the only result of this kind [4] is that if an exponential trade-off between 2nfas and 2dfas could be
obtained already by using a subset of the original language that consists of polynomially long strings, then
dspace(log n) 6= nspace(log n).
In the same spirit as in [4], we shall study the relation between the standard two-way automata and more powerful
devices, namely, two-way nondeterministic and deterministic finite automata equipped with a single additional
“pebble”(one-pebble machines), movable along the input
tape (pebble-2nfa, pebble-2dfa, respectively). The twoway one-pebble machines were first introduced in 1967 by
Blum and Hewitt [6]. Later, several scientists were studying variations of devices augmented with one or more pebbles (in particular Turing machines [13, 67], and robots
exploring graphs [3]).
Formally, a one-pebble two-way nondeterministic finite automaton (pebble-2nfa, for short) is A = (Q, Σ, δ, qI , F ),
where Q is the finite set of states, Σ is the finite input
alphabet, `, a 6∈ Σ are two special symbols, called the
left and the right endmarker, respectively, and qI ∈ Q is
the initial state. The transition function δ is of the• form
•
δ : Q × (Σ ∪ Σ• ∪ {`, a, `• , a• }) → 2Q×{−1,0,+1,−1 ,+1 }.
The presence of the pebble on the current input tape
symbol a ∈ Σ ∪ {`, a} is indicated by using the symbol a• ∈ Σ• ∪ {`• , a• }, while the new input head movements −1• , +1• are introduced to move the pebble. More
precisely, a classical transition in the form δ(q, a) 3 (q 0, d),
with a ∈ Σ∪{`, a} and d ∈ {−1, 0, +1}, is applicable only
if the pebble in not placed on the current input tape symbol (change the current state from q to q 0 and move the
input head in the direction d), while δ(q, a• ) 3 (q 0, d) can
be executed only if the pebble is placed on a ∈ Σ ∪ {`, a}
at the moment (move the input head in the direction d,
but leave the pebble in its original position). Finally, a
transition δ(q, a• ) 3 (q 0, d• ), with d• ∈ {−1• , +1• }, moves
also the pebble in the same direction d, together with the
input head. Transitions in the form δ(q, a) 3 (q 0, d• ) are
meaningless, and hence not allowed.
The machine A starts its computation in the initial state qI with both the input head and the pebble placed on
the left endmarker, and accepts by reaching, anywhere
along the input tape, a final state q ∈ F . Similarly, the
final position of the pebble is irrelevant for acceptance.
A one-pebble two-way deterministic finite state automaton (pebble-2dfa) is defined in the usual way.
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Despite the fact that such single pebble can be used to
mark some input tape position, even a nondeterministic one-pebble machine cannot accept a nonregular language [13, 67]. However, measured in the number of
states, the pebble machines are much more powerful. Converting a pebble-2dfa to a classical 2nfa may require an
exponential blow-up, i.e., the loss of the pebble cannot be
compensated economically by gaining nondeterminism:
Theorem 4.1. For each sufficiently large n, there exists a finite unary language Ln that can be accepted by
a pebble-2dfa with√ n states, but for which each 2nfa requires at least 2Ω( n·log n) states.
Similarly as in the case of the classical two-way machines,
we do not know whether there exists a polynomial tradeoff between the pebble-2nfas and pebble-2dfas. However, we show that these two machine models are related:
Theorem 4.2. If, for some function f (n), each 2nfa
with n states can be replaced by an equivalent 2dfa with
at most f (n) states (no pebbles), then each pebble-2nfa
with m states can be replaced by an equivalent pebble-2dfa
having no more than 5·f (3m) states.
In particular, if f (n) ≤ O(nk ), that is, if there exists a
polynomial transformation from nondeterministic to deterministic classical two-way automata, then there must
also exist a polynomial transformation, with the same degree of the polynomial, from nondeterministic to deterministic two-way automata equipped with a pebble, since
5·(3m)k = (5·3k )·mk ≤ O(mk ).
Thus, we have an upward collapse (and a downward separation) between the classical two-way automata and the
much more powerful pebble model, but staying still within
the class of regular languages.
A similar upward collapse holds for the trade-off between
a two-way nondeterministic automaton accepting a language L and a machine for the complement of L:
Theorem 4.3. If, for some function f (n), each 2nfa
with n states can be replaced by a 2nfa with at most
f (n) states recognizing the complement of the original language (no pebbles), then each pebble-2nfa with m states
can be replaced by a pebble-2nfa with no more than 5·f (3m)
states recognizing the complement.
In particular, if f (n) ≤ O(nk ), that is, if there exists a
polynomial transformation for complementing nondeterministic classical two-way automata, then there must also
exist a polynomial transformation, with the same degree of
the polynomial, for complementing nondeterministic twoway automata equipped with a pebble.
Corollary 4.4. For each pebble-2dfa with m states,
there exists a pebble-2dfa with at most 60·m states recognizing the complement of the original language.
So far, the problem of the polynomial trade-off is open for
both these models. These results are obtained by showing
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that each pebble-2nfa (or pebble-2dfa) can be, by using
suitable inputs, simulated by a classical 2nfa (or 2dfa,
respectively) with only a linear number of states, despite
the fact, that the blow-up between the classical and pebble two-way automata is exponential. (See Theorem 4.1
above.)
The same holds for the corresponding conversions in the
opposite direction, from the classical machines to pebble
machines.

5.

Concluding remarks

In this thesis, we have studied the descriptional complexity of finite state automata. More precisely, our interest
has been focused on two research topics: we have examined the transition (and state) complexity of the translation of regular expressions into one-way finite automata,
and the state complexity while eliminating nondeterminism within two-way pebble automata.
We have shown a conversion of regular expressions into
nondeterministic 2-realtime automata, using at most 4n+
2
·log n+0.744) ε2 states, n ε-free transitions and n·( log(3/2)
edges. We have also shown a construction of a 1-realtime
1
automaton with at most 4n + 2 states, n·( log(3/2)
·log n −
1
0.128) ε-free transitions and n·( log(3/2) ·log n + 1.872) εtransitions. Alternatively, there exists also another construction of a 1-realtime automaton, with a smaller number of states and ε-transitions, but with a slightly increased number of ε-free transitions. In all above cases,
the total number of all edges is bounded by O(n log n).
How many transitions are needed for a general case of
k-realtime automata, where k > 2, is still an open problem. It might be possible that, by using ε-paths longer
than 2, we may potentially save some transitions. This
is related to the open question of whether there exists a
fixed constant k such that, for each n, the resulting krealtime automaton will have only O(n) transitions. The
best (rather trivial) construction of a realtime automaton
with a linear number of transitions, known to the authors,
can be obtained by using the automaton of Theorem 3.2
as a starting point, in which we eliminate all cycles composed of ε-edges by unifying all states in such a cycle into
a single state. However, this results in an (n−1)-realtime
automaton, that is, in k = n − 1, which is not a fixed
constant.
In Table 1, we give a survey on complexity of different
types automata resulted from conversions of regular expressions.
Afterwards, we have discussed the conversion of pebble2nfas to pebble-2dfas from the state complexity perspective. Already in 1978, it was conjectured by Sakoda and
Sipser that there must exist an exponential blow-up, in
the number of states, for the transformation of the classical 2nfas into 2dfas. Nevertheless, this problem is still
open. We have shown, by Theorem 4.2 above, that such
blow-up could possibly be derived by proving an exponential gap between pebble-2nfas and pebble-2dfas. Even
showing a less impressive lower bound for the pebble-2nfa
versus pebble-2dfa trade-off, say, Ω(nk ) with some k ≥ 3,
would imply the same lower bound Ω(nk ) for the classical 2nfa versus 2dfa conversion. (To the best of authors’ knowledge, the highest lower bound obtained so
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Type of automata

States

ε-free edges

ε-edges

ε-free automata
(0-realtime)

O(n)

O(n log2 n)

0

1 realtime automata

O(n)

O(n log n)

O(n log n)

2 realtime automata

O(n)

O(n)

O(n log n)

k realtime automata
k>2

?

?

?

O(n)

O(n)

O(n)

ε-automata

Table 1: Conversion of regular expressions into
1NFA. The best known upper bounds for different
types of automata.
far is Ω(n2 ) [14].) Since a pebble automaton is a different computational model, the argument might use some
different witness languages.
Similarly, by Theorem 4.3, proving an exponential gap
for the complementation of the pebble-2nfas would imply the same exponential gap for the complementation of
the classical 2nfas. This, in turn, would imply the exponential gap for the trade-off between 2nfas and 2dfas,
and also between pebble-2nfas and pebble-2dfas, since
the complementation for the deterministic two-way machines is linear (namely, 4·n states for 2dfas, by [24], and
at most 60 · n states for pebble-2dfas, by Corollary 4.4
above).
The most natural related open problem is whether the
translation results presented in Theorems 4.2 and 4.3 cannot be generalized to two-way automata equipped with
more than one pebble placed on the input tape. More
precisely, we do not know whether a polynomial tradeoff between nondeterministic and deterministic k-pebble
two-way automata implies the polynomial trade-off for
automata equipped with k + 1 pebbles. The same question can be asked about complementation of multi-pebble
2nfas. (The argument might be quite difficult, since such
machines can accept non-regular languages: as an example, already with 2 pebbles we can easily recognize L =
{an bn cn : n ≥ 0}, which is known not to be context-free.)
Nevertheless, the answers to these questions might bring
a deep insight into the world of O(log n) space bounded
computations, since the multi-pebble 2nfas and 2dfas
correspond to the complexity classes nspace(log n) and
dspace(log n), respectively (see Section 3.2 in [67]). For
example, we know that nspace(log n) is closed under complement, by the inductive counting [38, 66], but the inductive counting technique increases the number of pebbles.
Similarly, we need translation(s) among other computational models that are weak enough to stay within the
class of regular languages but strong enough to provide,
in some cases, a more succinct representation than the
classical models. (As an example, we do not know too
much about complexity of two-way automata equipped
with a pushdown of a constant height [22].)
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J. Hromkovič, S Seibert, T. Wilke. Translating regular expressions
into small ε-free nondeterministic automata. Proceedings of the
Symposium on Theoretical Aspects of Computers Science, Lecture
Notes in Computer Science, Vol. 1200, 55–66, Springer Berlin,
1997.
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