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Abstract
This paper focuses on qualitative and quantitative ana-
lysis of influence of system components on system relia-
bility/availability. This analysis is implemented based on
the concept of minimal cut sets (minimal cut vectors) and
minimal path sets (minimal path vectors). New mathe-
matical method is proposed for calculation of minimal cut
vectors and minimal path vectors. This method is based
on direct partial logic derivatives, which are part of logical
differential calculus. The principal goals of this work are
development of new algorithms for calculation of mini-
mal cut vectors and minimal path vectors for any system
that can be represented as a binary- or multi-state system
and use them in computation of measures for estimation
of system reliability/availability. These goals result in
solving the following three problems: detailed analysis of
existing methods and concepts used in reliability analy-
sis; development of universal mathematical background
for calculation of minimal cut vectors and minimal path
vectors for binary- and multi-state systems; and creat-
ing new algorithms for calculation of measures for system
reliability/availability estimation.

Categories and Subject Descriptors
C.4 [Performance of Systems]: Reliability, availability,
and serviceability; G.3 [Probability and Statistics]:
Reliability and life testing

Keywords
reliability analysis, binary-state system, multi-state sys-
tem, minimal cut set, minimal path set, logical differential
calculus, importance measures
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c© Copyright 2011. All rights reserved. Permission to make digital
or hard copies of part or all of this work for personal or classroom use
is granted without fee provided that copies are not made or distributed
for profit or commercial advantage and that copies show this notice on
the first page or initial screen of a display along with the full citation.
Copyrights for components of this work owned by others than ACM
must be honored. Abstracting with credit is permitted. To copy other-
wise, to republish, to post on servers, to redistribute to lists, or to use
any component of this work in other works requires prior specific per-
mission and/or a fee. Permissions may be requested from STU Press,
Vazovova 5, 811 07 Bratislava, Slovakia.

The principal step in reliability analysis is construction of
mathematical model. As a rule, two models are preferred
in reliability engineering: Binary-State Systems (BSSs)
and Multi-State Systems (MSSs). A BSS can be in one
of two possible states – functioning and failed. The main
problem of BSSs is to define the boundary between these
two states, i.e., circumstances under which the system can
be considered functioning and when it is failed. Therefore,
BSSs are useful in identification and analysis of situations
that result in the total failure of the system, or that cause
deviation of the system from its perfect functioning [16,
19, 32]. A MSS allows defining more than two states
in system performance and, therefore, it can be used to
analyze processes that cause gradual degradation of the
system [16, 17, 32].

Minimal Cut Sets (MCSs) and Minimal Path Sets (MPSs)
are one of the principal concepts of reliability engineering.
They have been used for both mathematical models, but
most papers related to MCSs and MPSs consider their ap-
plication in qualitative and quantitative analysis of BSSs,
e.g., [2, 3, 5, 19, 20, 25]. In these cases, MCSs represent
minimal sets of system components whose simultaneous
failure results in system failure while MPSs correspond to
minimal sets of components whose simultaneous work en-
sures that the system is functioning. This indicates that
MCSs and MPSs can be used to evaluate system reliabili-
ty from different points of view, e.g., they allow estimat-
ing system availability/reliability, or they can be used to
identify components that have the most influence on sys-
tem activity. Therefore, they are very useful in reliability
analysis of BSSs.

The concept of MCSs and MPSs is used also in reliability
analysis of MSSs. In this case, MCSs and MPSs, or their
alternatives known as Minimal Cut Vectors (MCVs) and
Minimal Path Vectors (MPVs) respectively, are primarily
used in reliability evaluation of network systems, e.g., [4,
23, 24, 26]. This indicates that the existing algorithms
for identification of MCVs (MPVs) are designed for sys-
tems that can be presented as a network and, therefore,
they cannot be used for application of MCVs and MPVs
methods to other types of MSSs. Because of that, devel-
opment of algorithms for calculation of MCVs (MPVs)
for systems of any type is an actual problem in reliability
analysis. Different mathematical methods can be used to
solve this task. One of them is logical differential calculus.

Logical differential calculus has originally been developed
for analysis of dynamic properties of Boolean and multiple-
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Figure 1: Research topic

valued logic functions. Its application in reliability analy-
sis of BSSs and MSSs has been considered in several works,
e.g., [27, 30, 31]. These works have primarily focused on
homogeneous systems, i.e., systems in which every system
component has the same number of states as the system.
However, a general MSS allows defining different numbers
of states for individual system components and, therefore,
the approach presented in the works [27, 30, 31] cannot
be used in reliability analysis of general MSSs. This in-
dicates some complications in designing the universal al-
gorithm for finding all system MCVs (MPVs). There-
fore, the principal goals of this work were development of
new algorithms for calculation of MCVs and MPVs for
any system that could be represented as a BSS or MSS
(not only homogeneous) and use them in computation of
measures for estimation of system reliability/availability
(Figure 1). These goals resulted in solving the following
problems:

• detailed analysis of existing methods and concepts
used in reliability analysis;

• development of universal mathematical background
for calculation of MCVs (MCSs) and MPVs (MPSs)
for BSSs and MSSs (this introduced integrated and
expanded logic derivatives;

• creating new algorithms for calculation of measures
for system reliability/availability estimation.

2. Reliability Analysis and Logical Differential
Calculus

Two different types of models are used in reliability analy-
sis (Figure 2): Binary-State Systems (BSSs) and Multi-
State Systems (MSSs). A BSS allows defining only two
states in system/component (a basic part of the system
that is assumed to be indivisible into smaller parts) per-
formance: functioning (state 1) and failed (state 0). The
correlation between system state and states of system
components is defined by the structure function:

φ(x) = φ(x1, x2, . . . , xn) : {0, 1}n → {0, 1}, (1)

where n is a number of system components, xi for i =
1, 2, . . . , n is a state of the i-th component, and x =
(x1, x2, . . . , xn) is a vector of system states (state vec-
tor). An example of a BSS is a system of two hard disk
drives (components) combined into RAID 1 configuration,
which is working if at least one disk is working (Figure 3).
Please note that the structure function of a BSS can be
interpreted as a Boolean function, which allows us to use

Figure 2: System models
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Figure 3: A parallel system modeled as a BSS

some concepts of Boolean functions in reliability analysis
of BSSs.

A MSS makes possible defines more than only two states
in system/component behavior. Therefore, its structure
function has the following form:

φ(x) = φ(x1, x2, . . . , xn) :

{0, 1, . . . ,m1 − 1} × {0, 1, . . . ,m2 − 1} × . . . (2)

· · · × {0, 1, . . . ,mn − 1} → {0, 1, . . . ,m− 1},

where n is a number of system components, xi for i =
1, 2, . . . , n is a state of component i, x = (x1, x2, . . . , xn)
is a vector of system states (state vector), mi defines num-
ber of states of component i (state mi−1 – perfectly func-
tioning, state 0 – completely failed) and m is a number of
system states (state m − 1 – perfectly functioning, state
0 – completely failed). As an example, consider a simple
parallel system in Figure 4 consisting of two components.
This system represents a network that is used to transport
some commodity from point A to point B; therefore, its
performance depends on the number of working lines (sys-
tem components). According to this, the system structure
function has the form defined by table in Figure 4.

Homogeneous MSSs are a special class of MSSs. A ho-
mogeneous MSS contains only components that have the
same number of states as the system, i.e., m1 = m2 =
· · · = mn = m. The structure function of a homogeneous
MSS is very similar to the definition of a Multiple-Valued
Logic (MVL) function, which allows us to use some tech-
niques of MVL in reliability analysis of MSSs.
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Figure 4: A parallel system modeled as a MSS
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Figure 5: DPBDs and identification of coincidence
between component and system failure/repair

Reliability analysis primarily focuses on coherent systems.
A coherent system is defined as a system whose struc-
ture function is monotonic. This implies that a failure
(degradation) of any system components cannot results
in system failure (degradation). If this assumption is not
satisfied, then the system is recognized as noncoherent.
Noncoherent systems are not very common in reliability
analysis and, therefore, in what follows, we will assume
that the systems are coherent.

2.1 Logical Differential Calculus
Logical differential calculus is a tool that has been devel-
oped for analysis of dynamic properties of logic functions.
The central term of this tool is a derivative that is defined
for Boolean function f(x) as follows [22]:

∂f(x)

∂xi
= f(1i,x)⊕ f(0i,x), (3)

where ⊕ is a symbol of logic operation XOR and (si,x) =
(x1, x2, . . . , xi−1, s, xi+1, . . . , xn) for s ∈ {0, 1}.

The definition of the Boolean derivative implies that it
identifies situations in which a change of the value of
Boolean variable xi results in a change of the value of
Boolean function f(x). However, it does not allow iden-
tifying whether the Boolean function changes from value
1 to 0 or vice versa. Because of that, another type of
Boolean derivatives has been introduced. These deriva-
tives are known as Direct Partial Boolean Derivatives
(DPBDs), and they are defined as follows [22]:

∂f(j → j)

∂xi(s→ s)
=

{
1 if f(si,x) = j and f(si,x) = j

0 else
(4)

for s, j ∈ {0, 1}.

Clearly, there exist four different DPBDs. In the case of
BSSs with the structure function φ(x), Boolean deriva-
tives ∂φ(1→ 0)/∂xi(1→ 0) and ∂φ(0→ 1)/∂xi(0→ 1)
can be used to find scenarios when a failure (repair) of
component i causes that the system fails (will be repaired)
(Figure 5). Similarly, DPBDs ∂φ(0→ 1)/∂xi(1→ 0) and
∂φ(1→ 0)/∂xi(0→ 1) identify situations in which com-
ponent failure (repair) results in system repair (failure).
However, these two derivatives are irrelevant in the analy-
sis of coherent BSSs because only the first two derivatives
can be nonzero for such systems [31].

Several types of logic derivatives exist in the case of MVL
functions. For our purposes, Direct Partial Logic Deriva-
tives are the most important. These derivatives are de-

Figure 6: DPLDs and identification of coincidence
between component and system degradation/im-
provement

fined for MVL function fm(x) as follows [22]:

∂fm(j → h)

∂xi(s→ r)
=

{
1 if fm(si,x) = j and fm(ri,x) = h

0 else

for s, r, j, h ∈ {0, 1, . . . ,m− 1}, s 6= r, j 6= h, (5)

where (ai,x) = (x1, x2, . . . , xi−1, a, xi+1, . . . , xn) for a ∈
s, r. It is clear, that the DPLD identifies such situations
in which change of MVL variable xi from value s to r
causes that the value of the MVL function fm(x) changes
from j to h.

DPBDs and DPLDs are defined only in such points of
Boolean or MVL function in which variable xi takes value
s since these derivatives assume that the variable changes
from value s to another.

In the case of homogeneous systems, a DPLD can be used
to find situations in which change of state of component
i from value s to r results in the change of system state
from j to h (Figure 6). It is clear that only DPLDs that
meet the next assumptions can be nonzero in the case of
coherent systems:

a) s > r and j > h (identification of situations in which
component degradation results in system degradation);

b) r > s and h > j (identification of situations in which
component improvement results in system improve-
ment).

2.2 Qualitative Analysis of Binary-State Systems
The qualitative analysis focuses on identification of situ-
ations that causes system failure or repair of its activity.
Its basic terms are Minimal Cut Sets (MCSs), Minimal
Path Sets (MPSs), Minimal Cut Vectors (MCVs), Mini-
mal Path Vectors (MPVs) and component criticality [19].

A cut set is a set of components whose simultaneous fai-
lure results in system failure. If no component can be
removed from a cut set without losing its status as a cut
set, then the cut set is minimal. Similarly, a (minimal)
path set corresponds to a (minimal) set of components
whose simultaneous functioning ensures that the system
is working.

A MCV agrees with a situation in which a repair of any
failed component results in system repair. A MPV repre-
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sents such situation in which a failure of any working com-
ponent causes that the system fails. It can be shown sim-
ply that MCVs correspond to MCSs while MPVs are a
form of MPSs.

Component is critical when its failure (repair) causes that
the system fails (will be repaired). If component i is criti-
cal at state vector (.i,x) = (x1, x2, . . . , xi−1, xi+1, . . . , xn),
then state vector (1i,x) is recognized as critical path vec-
tor for component i and state vector (0i,x) is known as
critical cut vector for the component.

The relation between DPBDs and critical path (cut) vec-
tors has been studied in work [31]. It has been shown
that nonzero values of DPBD ∂φ(1→ 0)/∂xi(1→ 0) cor-
respond to critical path vectors for component i while
nonzero values of DPBD ∂φ(0→ 1)/∂xi(0→ 1) coincide
with critical cut vectors. Therefore, DPBDs can be used
in qualitative analysis of BSSs based on the concept of
component criticality. However, the considered paper has
not studied the relationship between MCSs (MPSs) and
DPBDs. Since MCSs and MPSs are very important in re-
liability analysis, the first goal of our research was to find
whether DPBDs can be used to identify them. This result
could be used not only in qualitative analysis of BSSs but
also in their quantitative analysis.

2.3 Quantitative Analysis of Binary-State Systems
The quantitative analysis allows studying system from the
point of view of probability theory. For this purposes, the
probabilities of component states have to be known:

pi = Pr{xi = 1}, pi = Pr{qi = 0}, pi + qi = 1. (6)

Please note that the probability pi is known as availability
of component i while qi is identified as its unavailability.

The knowledge of system structure and availabilities of
its components allows us to compute system availability
and unavailability:

A(p) = Pr{φ(x) = 1}, U(q) = Pr{φ(x) = 0}, (7)

A(p) + U(q) = 1,

where p = (p1, p2, . . . , pn) is a vector of availabilities of
system components and q = (q1, q2, . . . , qn) is a vector of
their unavailabilities.

System availability is one of the basic measures used in
reliability analysis. It can also be used to compute other
measures, such as, mean time to system failure or mean
time to system repair. However, it does not permit quan-
tifying influence of system components on system activity.
To this purpose, other measures are used. These measures
are known as Importance Measures (IMs) [10].

IMs are used to quantify the correlation between com-
ponent failure (repair) and system failure (repair). The
most commonly known IMs are Structural Importance
(SI), Birnbaum’s Importance (BI), Criticality Importance
(CI), and Fussell-Vesely’s Importance (FVI). Their defini-
tions and meaning are presented in Table 1. The IMs can
be divided into two groups. The first group is composed
of IMs based on critical path (cut) vectors (SI, BI, CI,
etc.). These IMs analyze from different points of view the
probability that a given component is critical for system
failure (functioning). The second group contains IMs that
quantify contribution of a given component to system fai-
lure (functioning). The typical example of such IMs is the

FVI. (Please note that a component contributes to system
failure (functioning) if at least one MCS (MPS) contain-
ing the component is failed (functioning) [10] (expression
MCSs(i) in the definition of the FVcIi).)

Since the definitions of the SI and BI correspond to quan-
tifying situations in which component i is critical, they
can also be computed based on DPBDs (Table 2) [31].
Before this thesis, it was not known how to compute the
FVI based on DPBDs since the relation between MCSs
(MPSs) was not identified. Therefore, finding dependency
between MCSs (MPSs) and DPBDs allows us to propose
new formulae for computation of the FVI that will be based
on logical differential calculus. And, this was another goal
of the thesis.

2.4 Availability of Multi-State Systems
In the case of MSSs, system availability is defined as the
probability that the system is in an acceptable state. The
acceptable state is a state in which the system can perform
required tasks [16, 17]. If we assume that the system is
functioning if it is at least in state j, then the availability
and unavailability are defined as follows [16, 17]:

A≥j(p) = Pr{φ(x) ≥ j}, U≥j(q) = Pr{φ(x) < j},

A≥j(p) + U≥j(q) = 1, (8)

for j ∈ {0, 1, . . . ,m− 1},

where p = (p1,p2, . . . ,pn) is a vector of probabilities of
all states of all components of the MSS and vector pi =
(pi,0, pi,1, . . . , pi,mi−1) for i = 1, 2, . . . , n defines probabi-
lities of all states of component i, i.e., pi,s = Pr{xi = s}
for s = 0, 1, . . . ,mi − 1. This definition indicates that it
can be quite complicated to define the availability of a
MSS without the knowledge of minimal requirements on
system performance.

2.5 Qualitative Analysis of Multi-State Systems
Two different approaches exist in the qualitative analysis
of MSSs. The first approach focuses on ”system state”
while the second is based on the definition of system
availability. This can be seen in the definitions of com-
ponent criticality (Table 3) when we distinguish between
situations in which a component is critical for a given level
of system availability [16] and in which it is critical for a
concrete system state [21].

MCVs and MPVs are other terms of the qualitative anal-
ysis of MSSs [16]. Both, a MCV and MPV, are defined
only with respect to system availability level. A MCV
for level j of system availability agrees with a situation
in which the system is in state below j and improvement
of any non-perfectly working component causes that the
system will be at least in state j. Similarly, a MPV for
level j of system availability corresponds to such situation
in which the system is at least in state j and degradation
of any component that can degrade results in decrease
in system availability level below value j. It follows that
MCVs (MPVs) can be defined for j ∈ {1, 2, . . . ,m − 1}.
The concept of MCSs and MPSs also exists in reliability
analysis of MSSs [1], but it is not used very often since
definitions of MCSs and MPSs are quite complicated for
MSSs and they have no deeper meaning for practice.

Use of DPLDs in the qualitative analysis of MSSs has been
considered in several works, e.g., [27, 30]. These works fo-
cus on identification of critical path vectors for a system
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Table 1: Basic importance measures

Importance 
Measure Definition Meaning 

SI SI� =
� ��(1�, �) − �(0�, �)�(⋅	,�)∈{�,�}��

2���
 

A relative number of situations in which 
a given component is critical for the 
system activity. 

BI BI� = Pr{�(1�, �) − �(0�, �) > 0} 
The probability that the component is 
critical for the system. 

CI C�I� = BI�
��

�(�)
 

The probability that the system failure 
has been caused by the component 
failure given that the system has failed. 

FVI FV�I� =
Pr{MCSs(�)}

�(�)
 

The probability that the component 
contributes to the system failure 
probability. 

Table 2: Basic importance measures based on DPBDs

Importance 
Measure Definition Note 

SI SI� = TD�
��(1 → 0)
���(1 → 0)� 

TD(. )... the truth density of a given 
Boolean function, i.e. a relative number 
of situations in which the Boolean 
function is nonzero  

BI BI� = Pr 	
��(1 → 0)
���(1 → 0) ↔ 1� ↔... symbol of logical biconditional 

Table 3: Component criticality for MSSs

Term Definition Meaning 
Path vector for 

level � of system 
availability 

�(�) ≥ � 
It corresponds to situations when the 
system is at least in state �. 

Critical path vector 
for level � of 

system availability 
and for state � of 

component �  

�(��, �) ≥ � and 
�((� − 1)�, �) < � 

It corresponds to situations in which 
degradation of state � of component � 
results in degradation of system state 
below value �. 

Cut vector for level 
� of system 
availability 

�(�) < � 
It corresponds to situations when the 
system is below state �. 

Critical cut vector 
for level � of 

system availability 
and for state � of 

component � 

�(��, �) < � and 
�((� + 1)�, �) ≥ � 

It corresponds to situations in which 
improvement of state � of component � 
results in improvement of system state 
at least to value �. 

Path vector for 
system state � �(�) = � 

It corresponds to situations when the 
system is in state �. 

Critical path vector 
for system state � 
and for state � of 

component � 

�(��, �) = � and 
�((� − 1)�, �) < � 

It corresponds to situations in which 
degradation of state � of component � 
results in degradation of system state �. 
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state in homogeneous MSSs in which a degradation of any
system component by one state can cause system degra-
dation by only one state. This implies that only DPLDs
∂φ(j → j − 1)/∂xi(s→ s− 1) for j, s ∈ {1, 2, . . . ,m− 1}
can be nonzero in such systems. However, these DPLDs
are not sufficient for analysis of other types of systems.
This implied another goal of our work that was proposing
extension of DPLDs in such a way that they would be able
identifying any type of critical state vectors regardless of
type of the investigated system. Another point was to find
the relation between DPLDs and MCVs (MPVs). Solu-
tions to these two works allow us to propose a complex
framework for qualitative analysis of MSSs that is based
on one mathematical tool and that can be used to propose
new algorithms for quantitative analysis of MSSs.

2.6 Importance Analysis of Multi-State Systems
In the case of MSSs, it is also important to find com-
ponents that have the most influence on system perfor-
mance. There exist a lot of generalizations of IMs from
BSSs on MSSs, e.g., [1, 6, 21, 30]. In these works, several
approaches of how to extend IMs on MSSs can be reco-
gnized. Firstly, we can analyze influence of a given com-
ponent state on a given system state (availability level) [1,
30]. Another possibility is to identify the importance of a
given component state on the entire system (not only on a
concrete system state) or to find total influence of a given
component on a concrete system state (availability level)
[6]. Finally, we can also analyze the total importance of a
given component on the whole system [21]. Therefore, it
would be useful to propose a universal method that could
be used to analyze all possible dependencies. Logical dif-
ferential calculus can be a good choice for this task. Its
use in importance analysis of MSS has been considered,
for example, in work [30]. In this work, computation of
the SI and BI using DPLDs has been proposed for the spe-
cial type of homogeneous systems. Our goal was to extend
this method on a MSS of any type. Also, another objec-
tive was to propose the FVI computation based on logical
differential calculus since this IM has not been considered
in the aforementioned work.

3. Binary-State Systems: Minimal Cut/Path Vec-
tors and Logical Differential Calculus

Relations between MCVs (MPVs) and DPBDs have been
studied in works [11, 28]. Firstly, recall that a MCV
correspond to a situation in which a repair of any failed
component results in system repair. Since the influence of
component i on system state can be modeled using DPBD
∂φ(0→ 1)/∂xi(0→ 1), a state vector can be a MCV if
and only if it contains at least one failed component and
DPBD ∂φ(0→ 1)/∂xi(0→ 1) computed with respect to
any failed component has nonzero value for the considered
state vector. This implies that a MCV can be identified
as a point of the structure function at which every deriva-
tive ∂φ(0→ 1)/∂xi(0→ 1) that can be computed in it
(i.e., DPBDs with respect to every component that is in
state 0) takes nonzero value (Figure 7). For this purpose,
we have proposed expanded DPBDs in paper [28] that are
defined for Boolean function f(x) as follows:

∂ef(j → j)

∂exi(s→ s)
= (9)

=


1 if xi = s and f(si,x) = j and f(si,x) = j

0 if xi = s and (f(si,x) 6= j or f(si,x) 6= j)

∗ if xi = s

.

Table 4: u-conjunction of two expanded DPBDs

⊓-conjunction 
���(�� → ��
 )

�����
(�� → ��
 )

 

∗ 0 1 

���(�� → ��
 )

�����
(�� → ��
 )

 
∗ ∗ 0 1 
0 0 0 0 
1 1 0 1 

Next, define a special conjunction of two expanded deriva-
tives that will be referred to as u-conjunction and whose
computation for a coherent BSS with the structure func-
tion φ(x) is defined by Table 4. This conjunction has
three possible values. In terms of reliability analysis, value
1 agrees with situations in which at least one component
from i1 and i2 is in state s and its change to state s causes
the same change of the system state, e.g., for s = 0, the
value 1 corresponds to cut vectors at which at least one of
components i1 and i2 can be critical, and all components
from set {i1, i2} that can be critical are critical. Value
0 corresponds to situations when at least one component
can change from state s to s, but this change has no effect
on system state. Finally, value ∗ agrees with state vectors
in which no component from set {i1, i2} can change into
state s because both are in this state. This implies that
computation of u-conjunction of all expanded DPBDs
∂eφ(0→ 1)/∂exi(0→ 1) allows us to identify situations in
which a repair of any failed component results in system
repair. This agrees with the meaning of MCVs and, there-
fore, we can state that the MCVs correspond to points at

which expression
n
u
i=1

∂eφ(0→ 1)/∂exi(0→ 1) takes value

1. For illustration, consider a series-parallel system de-
picted in Figure 8. The system is functioning if and
only if component 1 is functioning and at least one of
components 2 and 3 is functioning. This implies that
the system MCVs are components sets {1} and {2, 3}.
These sets correspond to MCVs (0, 1, 1) and (1, 0, 0). If
we want to find these MCVs based on logical differen-
tial calculus, then we have to compute expanded DPBDs
∂eφ(0→ 1)/∂exi(0→ 1) for i = 1, 2, 3 and find their u-
conjunction. As we can see in Table 5, the u-conjunction
of these derivatives takes value 1 at points (0, 1, 1) and
(1, 0, 0) of the structure function, therefore, these points
are MCVs of the considered system. This result is in
agreement with our expectations.

 

�� �� �� �(��, ��, ��) 

0 0 0 0 

0 0 1 0 

0 1 0 0 

0 1 1 0 

1 0 0 0 

1 0 1 1 

1 1 0 1 

1 1 1 1 
 

Figure 8: A series-parallel system

At the end of this section, please note that the MPVs of
a BSS can be identified in the similar way. The only dif-
ference is that expanded DPBDs ∂eφ(1→ 0)/∂exi(1→ 0)
have to be used because MPVs correspond to such situ-
ations in which failure of any working component results
in system failure.
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Figure 7: The relation between MCSs, MCVs and DPBDs

Table 5: Computation of MCVs based on expanded DPBDs

�� �� �� �(�) 
�	�(0 → 1)

�	��(0 → 1)
 

�	�(0 → 1)

�	��(0 → 1)
 

�	�(0 → 1)

�	��(0 → 1)
 ⊓-conjunction 

0 0 0 0 0 0 0 0 

0 0 1 0 1 0 * 0 

0 1 0 0 1 * 0 0 

00  11  11  0 1 * * 11  

11  00  00  0 * 1 1 11  

1 0 1 1 * 0 * 0 

1 1 0 1 * * 0 0 

1 1 1 1 * * * * 

3.1 Algorithm for Identification of Minimal Cut Vec-
tors

The method for identification of MCVs described above
can be implemented on a computer in the form of the
following algorithm:

1. Compute expanded DPBDs

∂eφ(0→ 1)/∂exi(0→ 1) for all system

components.

2. Using rules defined in Table 4,

calculate u-conjunction of

expanded DPBDs from the previous

step , and identify state vectors

for which it is 1. This state

vectors correspond to MCVs of the

system.

We analyzed time complexity of this algorithm by com-
paring it with another one from papers [7, 8]. The algo-
rithm from the considered works is based on the problem
of dualization of monotone Boolean functions which lies
in identification of all prime implicants (implicates) of a
monotone Boolean function if all prime implicants (impli-
cates) of the dual function are known. (The dual function
to a Boolean function f(x1, x2, . . . , xn) is a Boolean func-

tion of the form of f(x1, x2, . . . , xn).) It can be shown
simply that prime implicates correspond to MCSs while
the meaning of prime implicants agree with the meaning
of MPSs. This implies that this algorithm can also be
used to find all system MCVs and MPVs.

We implemented both algorithms in C++ programing
language, and the experiments were done on a computer
with CPU Intel Core i5 2.5 GHz, 4 GB RAM and Win-

dows 7 64 bit OS. The results of the experiments are
presented in Figures 9 – 12. These figures analyze time
complexity of the compared algorithms based on the num-
ber of MCVs that exist in a BSS and also based on the
number of system components. The dependency between
time complexity and the number of MCVs of these two
algorithms is compared in Figures 9 and 10. It can be
seen that the approach based on the expanded DPBDs
(the solid line denoted as DPBD) does not depend on the
number of MCVs while the algorithm based on the duali-
zation of monotone Boolean functions [7, 8] (the dotted
line denoted as MBFD) does. The graphs in Figures 11
and 12 present the dependency of computation time on
the number of system components. In this situation, the
compared systems have a different number of components,
but they have the same counts of MCVs. As we can see,
the algorithm [7, 8] for identification of MCVs (the dotted
line denoted as MBFD) depends on the number of system
components very little while the algorithm based on ex-
panded DPBDs (the solid line denoted as DPBD) depends
much more. So, the experiments have showed that our al-
gorithm, which is based on logical differential calculus, is
more appropriate for systems containing a huge amount
of MCVs (MPVs) than the algorithm proposed in works
[7, 8] and, therefore, it can be useful in reliability analysis
of systems with complicated structure.

3.2 Fussell-Vesely Importance based on Logical Dif-
ferential Calculus

It was showed in the dissertation thesis that the FVI can
be computed using MCVs as follows:

FVcIi =
Pr{∃MCV(0i) ∈ MCVs;x ≤ MCV(0i)}

U(q)
, (10)
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Figure 9: Dependency between the number of
minimal cut vectors and computation time for sys-
tems of 20 components

Figure 10: Dependency between the number of
minimal cut vectors and computation time for sys-
tems of 24 components

where MCVs is a set of all MCVs, MCV(0i) is a MCV in
which xi = 0, event {∃MCV(0i) ∈ MCVs;x ≤ MCV(0i)}
means that there is at least one MCV with xi = 0 that is
greater than or equal to an arbitrary state vector x (x ≤ y
if and only if xi ≤ yi for every i ∈ {1, 2, . . . , n}), and U(q)
denotes system unavailability. This definition of the FVI
indicates that only MCVs that contain component i in
state 0 are needed to compute this IM. According to the
definition of a MCV, DPBD ∂φ(0→ 1)/∂xi(0→ 1) has
to be nonzero at points that correspond to MCVs with
xi = 0. This means that the MCVs needed for calcu-
lation of the FVI of component i can be gained directly
from DPBD ∂φ(0→ 1)/∂xi(0→ 1) without need to com-
pute the expanded DPBDs and their u-conjunction. We
showed in the dissertation thesis that the MCVs of the
form of (0i,x) correspond to the elements of the follow-
ing set:

max

{
argone
x∈{0,1}n

(
xi
∂φ(0→ 1)

∂xi(0→ 1)

)}
, (11)

where argone(.) identifies all state vectors for which ex-
pression xi∂φ(0→ 1)/∂xi(0→ 1) is nonzero while max{.}
takes maximal from these state vectors in the sense of the
relation ”<” defined on the set of all state vectors. (This
relation is defined for two state state vectors x and y as
follows: x < y if and only if xi ≤ yi for all i ∈ {1, 2, . . . , n}
and there exists at least one i such that xi < yi.) There-
fore, it is possible to compute the FVI in the following
way:

FVcIi =

=

Pr

{
∃y ∈ max

{
argone

x∈{0,1}n

(
xi

∂φ(0→1)
∂xi(0→1)

)}
;x ≤ y

}
U(q)

. (12)

Figure 11: Dependency between the number of
components and computation time for systems
with 1 minimal cut vector

Figure 12: Dependency between the number of
components and computation time for systems
with 167960 minimal cut vectors

Finally, define the minimal negative function for Boolean
function f(x):

MNF(f(x)) =

=

1 if ∃y ∈

{
argone
x∈{0,1}n

(
xi

∂φ(0→1)
∂xi(0→1)

)}
;x ≤ y

0 else

(13)

that represents a non-increasing Boolean function that
can be created from the Boolean function f(x) in such a
way that we change value of the function f(x) to value
1 in the minimal number of points at which the Boolean
function takes value 0. Then, it can be shown that the
FVI based on MCVs can be computed using only DPBDs
and the concept of the minimal negative function in the
following manner:

FVcIi =
Pr
{

MNF
(
xi

∂φ(0→1)
∂xi(0→1)

)}
U(q)

=
qi Pr

{
MNF

(
∂φ(0→1)
∂xi(0→1)

)}
U(q)

, (14)

where qi is unavailability of component i. So, we have
obtained the new formula for calculation of the FVI that
requires no a priori information about MCSs or MCVs.
The similar relation can also be gotten for the FVI based
on MPSs.

4. Multi-State Systems and Logical Differential
Calculus

Use of DPLDs in reliability analysis of MSSs has been
considered in papers [27, 30]. These works have consi-
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dered only homogeneous MSSs in which a degradation of
any system component by one state can result in degrada-
tion of system state at most by one state too. However, a
lot of systems are non-homogeneous or do not satisfy this
property.

4.1 Integrated Direct Partial Logic Derivatives and
Critical State Vectors

It was showed in the thesis, that the following modifica-
tion of the definition of DPLD allows us to use it in the
analysis of non-homogeneous systems with the structure
function φ(x):

∂φ(j → h)

∂xi(s→ r)
=

{
1 if φ(si,x) = j and φ(ri,x) = h

0 else

(15)

for s, r ∈ {0, 1, . . . ,mi − 1} and

j, h ∈ {0, 1, . . . ,m− 1}, s 6= r, j 6= h.

However, these derivatives are not very suitable for anal-
ysis of systems in which a degradation of component by
one state (a minor degradation) can result in degrada-
tion of system state by more than one state. Therefore, a
new type of DPLDs was defined in the dissertation the-
sis. These derivatives were named as Integrated Direct
Partial Logic Derivatives (IDPLDs) since they combine
several DPLDs together.

There exist three basic types of IDPLDs. IDPLDs of type
I are suitable for analysis of consequences of component
degradation on a concrete system state, and they are de-
fined with respect to the structure function φ(x) as fol-
lows:

∂φ(j ↘)

∂xi(s→ r)
=

j−1
∨
h=0

∂φ(j → h)

∂xi(s→ r)
(16)

=

{
1 if φ(si,x) = j and φ(ri,x) < j

0 else
,

∂φ(↘ j)

∂xi(s→ r)
=

m−1
∨

h=j+1

∂φ(j → h)

∂xi(s→ r)
(17)

=

{
1 if φ(si,x) > j and φ(ri,x) = j

0 else
.

It is clear that the first derivative identifies situations in
which change of the i-th component state from value s
to r results in system degradation below state j while
the second derivative can be used to find situations in
which the analyzed change of component i causes that
the system falls into state j.

IDPLDs of type II are defined with respect to the struc-
ture function φ(x) as follows:

∂φ(↘)

∂xi(s→ r)
=

m−1
∨
j=1

j−1
∨
h=0

∂φ(j → h)

∂xi(s→ r)
(18)

=

{
1 if φ(si,x) > φ(ri,x)

0 else
,

and the main sense of these derivatives is that they allow
identifying situations in which the considered change of
component state results in system degradation regardless
of a concrete state (availability level) of the system.

Figure 13: IDPLDs and identification of coinci-
dence between component and system degrada-
tion/improvement

Finally, IDPLDs of type III can be used to analyze con-
sequences of the considered component state change on a
given level of system availability and, therefore, we define
them as follows:

∂φ(h≥j → h<j)

∂xi(s→ r)
=

m−1
∨

hu=j

j−1
∨

hd=0

∂φ(hu → hd)

∂xi(s→ r)
(19)

=

{
1 if φ(si,x) ≥ j and φ(ri,x) < j

0 else
.

Clearly, the proposed derivatives analyzing system degra-
dation can be nonzero for a coherent system if and only
if s > r. Next, it is also clear that the similar IDPLDs
can also be defined to analyze consequences of component
improvement on system performance.

Use of IDPLDs analyzing results of component state chan-
ge on system activity is presented in Figure 13. If we
compare this figure with Figure 6, then we can see that
the situation in which the i-th component degradation
has no effect on system performance can be modeled by
only one IDPLD while three different derivatives have to
be used in the case of DPLDs (Figure 6).

Another advantage of IDPLDs is a possibility of using
them in building a complex framework for the qualitative
analysis of MSSs. This possibility was studied in the dis-
sertation thesis in great detail. The main result of this
study is introduction of new critical state vectors that fo-
cuses not only on a concrete component state (Table 3)
but also on the whole component or the entire system.
These critical state vectors for component degradation
and their relations to individual IDPLDs are summarized
in Table 6.

4.2 Integrated Direct Partial Logic Derivatives and
Minimal Cut Vectors

IDPLDs can also be used to find MCVs and MPVs for
a given level of system availability. IDPLDs of type III
are most appropriate for this purpose since they are de-
signed for analysis of consequences of component degrada-
tion (improvement) on a given level of system availability.
This part of the dissertation thesis is based on our results
published in papers [12, 13, 14].

Firstly, recall that MCVs for level j of system availabi-
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Table 6: Critical state vectors based on component degradation

Critical State Vector Definition Identification based on 
IDPLDs 

Critical path vectors for system state � and 
for state � of the �-th system component 

�(��, �) = � and 
�((� − 1)�, �) < � {�� ↔ �} 
�(� ↘)


��(� → � − 1) ↔ 1 

Critical state vectors for falling into 
system state � and for state � of the �-th 

system component 

�(��, �) > � and 
�((� − 1)�, �) = � {�� ↔ �} 
�(↘ �)


��(� → � − 1) ↔ 1 

Critical path vectors for level � of system 
availability and for state � of the �-th 

system component 

�(��, �) ≥ � and 
�((� − 1)�, �) < � {�� ↔ �} 
��ℎ�� → ℎ���


��(� → � − 1) ↔ 1 

Critical path vectors for state � of the �-th 
system component �(��, �) > �((� − 1)�, �) {�� ↔ �} 
�(↘)


��(� → � − 1) ↔ 1 

Critical state vectors for degradation of 
system state � and for component � 

�(��, �) = � and 
�((� − 1)�, �) < �  

for some � ∈
{1,2,… ,�� − 1} 

� 
�(� ↘)

��(� → � − 1)

����

���
↔ 1 

Critical state vectors for falling into 
system state � and for component � 

�(��, �) = � and 
�((� + 1)�, �) > �  

for some � ∈
{0,1,… ,�� − 2} 

� 
�(↘ �)

��(� → � − 1)

����

���
↔ 1 

Critical state vectors for level � of system 
availability and for component � 

�((�� − 1)�, �) ≥ � and 
�(0�, �) < � 


��ℎ�� → ℎ���

��(�� − 1 → 0) ↔ 1 

lity correspond to a situation in which a minor improve-
ment of any non-perfectly working component causes that
the system reaches at least state j. The previous sec-
tion implies that impact of component improvement on
system availability can be modeled by integrated deriva-
tive ∂φ(h<j → h≥j)/∂xi(s→ s+ 1) for s = 0, 1, ...,mi−2
(IDPLD of type III for system improvement). It follows
that a state vector is a MCV if and only if it contains at
least one non-perfectly working component, i.e., a compo-
nent that is in state si such that si < mi− 1, and deriva-
tive ∂φ(h<j → h≥j)/∂xi(si → si + 1) computed for any
such component is nonzero for the considered state vec-
tor. This implies that MCVs for level j of system availa-
bility can be identified as points at which all derivatives
∂φ(h<j → h≥j)/∂xi(si → si + 1) that can be computed
at them (i.e., IDPLDs with respect to all components
that are non-perfectly working) take nonzero values. This
indicates that a special conjunction of all IDPLDs analy-
zing consequences of one state component improvement
on level j of system availability should be computed at
every point of the system structure function to find all
MCVs for the considered level of system availability. The
problem is that the conjunction of different IDPLDs has
to be computed at every point of the structure function
since no IDPLD is defined at all points. The concept of
expanded IDPLDs has been introduced in paper [14] to
solve this problem:

∂eφ(h<j → h≥j)

∂exi(s→ r)
= (20)

=


1 if xi = s and φ(si,x) < j and φ(ri,x) ≥ j
0 if xi = s and (φ(si,x) ≥ j or φ(ri,x) < j

∗ if xi 6= s

.

Their main advantage is that they are defined no only at
points (si,x) of the function φ(x) but also at other points
which allows us to compute their conjunction very simply

at any point. In the case of the structure function φ(x), 1-
value of the IDPLD identifies situations in which compo-
nent i is in state s and its change from state s to r causes
that the system reaches at least level j of system availabi-
lity, value 0 corresponds to situations when the considered
component is in state s, but its change to state r does not
result in the required system improvement and, finally,
value ∗ indicates that the component is not in state s and,
therefore, it cannot change in the required sense. Ex-
panded IDPLDs ∂eφ(h<j → h≥j)/∂exi(si → si + 1) will
be important to find system MCVs because a MCV agrees
with a situation in which a minor improvement of any
non-perfectly working components causes that the system
reaches at least availability level j.

Next, let us define u-conjunction of two expanded deriva-
tives ∂eφ(h<j → h≥j)/∂exi(si → si + 1), whose compu-
tation is based on the rules in Table 7 [13, 14]. Value
1 of this conjunction corresponds to situations in which
at least one component can be improved in the required
sense, and the improvement of any component that can be
improved results in the required improvement of system
availability level, value 0 means that at least one of the
considered components can be improved in the required
way, but at least one of these improvements does not re-
sult in the required increase in system availability level
and, finally, value ∗ agrees with situations in which no
component can change in the considered way because the
first one is in a state different from s1, and the second is
not in state s2.

In the case of expanded DPBDs, only u-conjunction of
DPBDs computed with respect to different variables is
meaningful. However, this is not true for IDPLDs because
we can also compute u-conjunction of expanded IDPLDs
calculated with respect to one variable, i.e., u-conjunction
of expanded IDPLDs ∂eφ(h<j → h≥j)/∂exi(s1 → s1 + 1)



Information Sciences and Technologies Bulletin of the ACM Slovakia 11

Table 7: u-conjunction of two expanded IDPLDs
of type III for analysis of improvement of system
availability level

⊓-conjunction 
����ℎ�	 → ℎ�	�
����(�� → �� + 1)

 

∗ 0 1 

����ℎ�	 → ℎ�	�
����(�� → �� + 1)

 
∗ ∗ 0 1 
0 0 0 0 
1 1 0 1 

and ∂eφ(h<j → h≥j)/∂exi(s2 → s2 + 1). In this case, the
u-conjunction identifies situations in which component i
is in state s1 or s2 and its improvement causes that the
system achieves at least state j. Therefore, if we com-
pute u-conjunction of expanded integrated logic deriva-
tives ∂eφ(h<j → h≥j)/∂exi(s→ s+ 1) through all possi-
ble values of s for the considered component, i.e., through
s = 0, 1, . . . ,mi − 2, then we can detect all situations in
which a minor improvement of the considered component
results in the required change of system availability level.
It follows that the computation of u-conjunction of ex-

pressions
mi−2
u
s=0

∂eφ(h<j → h≥j)/∂exi(s→ s+ 1) through

all system components, i.e., through i = 1, 2, . . . , n, al-
lows us to find state vectors at which improvement of any
non-perfectly working component causes that the system
reaches at least availability level j, which agrees with the
meaning of MCVs. This method of finding all MCVs for
level j of system availability can be formalized in the form
of the next algorithm:

1. Repeat the next two steps for all

system components:

1.1. Compute expanded IDPLDs

∂eφ(h<j → h≥j)/∂exi(s→ s+ 1) for

s = 0, 1, . . . ,mi − 2.
1.2. Based on the rules in Table 7,

calculate u-conjunction
mi−2
u
s=0

∂eφ(h<j → h≥j)/∂exi(s→ s+ 1)

of expanded IDPLDs computed

in the previous step.

2. Using the rules defined in Table 7,

calculate u-conjunction of

u-conjunctions computed in step 1,

and identify state vectors for

which it has value 1. These state

vectors correspond to MCVs for

level j of system availability.

Clearly, if we repeat this algorithm for all possible levels
of system availability, i.e., for j = 1, 2, ,m − 1, then we
find all MCVs of the considered system.

As in the case of BSSs, we analyzed time complexity of
this algorithm based on two aspects – with respect to the
number of MCVs existing in the system and with regard
to the number of system components. (We have not com-
pared this algorithm with existing ones because, accord-
ing to our knowledge, the existing algorithms [23, 24, 26]
are suitable for network systems only and, therefore, they
cannot be applied to MSSs whose structure does not agree
with a network.) The algorithm was implemented in C++
programing language and the experiments were done on

a computer with CPU Intel Core i5 2.5 GHz, 4 GB RAM
and Windows 7 64 bit OS. Results of the experiments are
presented in Figures 14 – 16 (for simplicity, we considered
only homogeneous systems). These graphs show that the
algorithm speed does not depend on the number of MCVs
that exist in the system but depends on the number of
system components. This is more obvious in Figure 16,
which shows the dependency between the number of sys-
tem components and computation time of the algorithm.
Furthermore, this figure also shows that the algorithm de-
pends exponentially on the number of components states.
These results are quite logical since the size of the struc-
ture function of a MSS, which is used in the computation
of expanded IDPLDs and their u-conjunction, grows ex-
ponentially with the number of system components and
the number of components states.

Figure 14: Dependency between the number of
minimal cut vectors and computation time for 3-
state systems

Figure 15: Dependency between the number of
minimal cut vectors and computation time for 4-
state systems

Figure 16: Dependency between the number of
components and computation time for multi-state
systems with the similar number of minimal cut
vectors
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The results of the experiments imply that the proposed
algorithm is more appropriate for systems with a compli-
cated structure, i.e., for systems containing a huge amount
of MCVs, but it is not very suitable for systems consist-
ing of lots of components or whose components have many
states. Therefore, further research will be needed to pro-
pose some modifications of the algorithm that will speed
it up.

Please note that the similar algorithm can also be used
to find all system MPVs. However, expanded IDPLDs
analyzing consequences of component degradation, i.e.,
∂eφ(h≥j → h<j)/∂exi(s→ s− 1), should be used instead
of ∂eφ(h<j → h≥j)/∂exi(s→ s+ 1).

The issue of MCVs (MPVs) computation based on logic
derivatives was studied in the dissertation thesis in great
detail. The results of this research are presented in Table
8, which shows that there exist also other relations that
can be used to find MCVs (MPVs). However, these re-
lations are primarily suitable for symbolic manipulation
with IDPLDs and, therefore, we have not considered their
computer implementation. This table also introduced a
concept of MCVs (MPVs) for level j of system availabili-
ty and for state s of component i. It is clear that these
MCVs (MPVs) represent a subset of MCVs (MPVs) for a
given level of system availability in which the i-th system
component is in state s. The notable fact is that, accord-
ing to Table 8, these MCVs (MPVs) can be identified from
IDPLDs directly without need to compute the expanded
IDPLDs and their u-conjunction. This will allow us to
compute the FVI based on MCVs (MPVs) from IDPLDs
directly without a priori knowledge of MCVs (MPVs).

At the end of this part, please note that the previous para-
graphs indicate that we showed in the dissertation thesis
that logical differential calculus can be applied to a MSS
of any type (not only to the special type of homogeneous
systems). This result allowed us to propose a complex
framework for the qualitative analysis of MSSs that com-
bine the concept of component criticality with the concept
of MCVs (MPVs). Based on this, we can state that logi-
cal differential calculus can be seen as a tool that allows
us to perform the complex qualitative analysis of MSSs
(Figure 17).

4.3 Integrated Direct Partial Logic Derivatives and
Importance Analysis

Based on the relation between IDPLDs and critical state
vectors, a complex framework for importance analysis of
MSSs was developed in the dissertation thesis. This frame-
work allows identifying components or their states that
have the most influence on the entire system or on a speci-
fied system state (availability level). For this purpose,
definitions of the SI, BI, CI and FVI based on IDPLDs
were proposed in the thesis. We also showed that our def-
initions of the SI and BI can be viewed as a generalization
of those considered in works [1, 6, 21, 30]. As an example
of our approach, let us consider Table 9, which contains
all SI measures analyzing impact of a minor degradation
of a system component proposed in the thesis. The first
part of this table contains SI measures that identify coin-
cidence between degradation of a given component state
and a given system state (availability level). In the second
part, the SI for finding component state whose degrada-
tion results in system degradation most frequently is pre-
sented. The third part of Table 9 includes SI measures

that analyze dependency between component degrada-
tion and degradation of a given system state (availability
level). These SI measures can be used to find compo-
nents that are most important for the considered system
state (availability level) from topological point of view.
Finally, the SI analyzing the total topological importance
of a given component on the system is presented in the
last row of the table. Furthermore, relationships between
individual types of the SI measures were considered in
the thesis. It was shown that all SI measures from the
second, third, and fourth part of the table can be com-
puted directly from the SI analyzing the coincidence be-
tween degradation of a given component state and a given
system state (availability level). IDPLDs were also used
to propose the similar definitions for computation of the
BI, CI, and FVI measures.

One of the principal contributions of this part is develo-
ping new formulae for calculation of the FVI that allow
calculating this IM directly from IDPLDs without a priori
knowledge of the MCVs. These formulae were derived
in the similar way as in the case of the FVI for BSSs
and, therefore, the FVI of a given component state for a
given level of system unavailability can be computed in
the following way:

FVcI
≥j
i,s =

= Pr

{
MNF

(
xi
∂φ(h<j → h≥j)

∂xi(s− 1→ s)

)
↔ 1

}
pi,s−1

U(p)
, (21)

where MNF(.) is the minimal negative function for a func-
tion that can be interpreted as a function with Boolean-
valued output (note that DPLDs and IDPLDs have only
two possible values – 0 and 1, therefore, they can be
viewed as functions with Boolean valued output), pi,s−1

denotes the probability that component i is in state s−1,
i.e. a minor degradation of state s of component i has oc-
curred, and U(p) is system unavailability computed with
respect to system state j.

At the end of this section, please note that the proposed
FVI estimates the probability that a degradation of a
given state of a given component contributes to system
unavailability, which is in agreement with the original FVI
proposed for BSSs. We mention this fact because there
also exist other definitions of the FVI for MSS, e.g., [15,
18, 33], but they are more similar to the CI than to the
FVI. Therefore, one of the main contributions of our work
is the extension of the original FVI from BSSs on MSSs
of any type.

5. Conclusion
In the dissertation thesis, the problem of developing new
algorithms for reliability analysis of BSSs and MSSs re-
presented by the structure function was considered. New
algorithms for identification of MCVs and MPVs for sys-
tems of any type were developed. The algorithms are
based on the relation between MCVs (MPVs) and logical
differential calculus that was identified in this work. New
algorithms for importance analysis of non-homogeneous
MSSs that are based on finding critical state vectors us-
ing logical differential calculus were proposed also in this
work. These results were achieved by successful solving
the next problems:

• detailed analysis of existing methods and concepts
of reliability analysis:
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Table 8: Minimal cut/path vectors for system availability level and their relation to (expanded) IDPLDs
of type III

Concept Definition Identification based on IDPLDs 

Minimal cut vectors 
for level � of system 

availability 

�(�) < � and �(�) ≥ � for 
any � > � 

�� �{	
 ↔ �
 − 1} ∨ � � {	
 ↔ �} ���ℎ�� → ℎ����	
(� → � + 1)
����
���  !"


�# ! $�{	
 < �
 − 1}"

�# % 

⊓
�#" ⊓������� �'��ℎ�� → ℎ����'	
(� → � + 1) 

Minimal cut vectors 
for level � of system 
availability and for 

state � of 
component * 

�(�
, �) < � and �(�) ≥ � for 
any � > (�
, �) 

max - argone�∈ℳ��(�)� 0{	
 ↔ �} ���ℎ�� → ℎ����	
(� → � + 1)23 

Minimal path 
vectors for level � 

of system 
availability 

�(�) ≥ � and �(�) < � for 
any � < � 

�� �{	
 ↔ 0} ∨ � � {	
 ↔ �} ���ℎ�� → ℎ����	
(� → � − 1)
���#
��#  !"


�# ! $�{	
 > 0}"

�# % 

⊓
�#" ⊓��#���# �'��ℎ�� → ℎ����'	
(� → � − 1)  

Minimal path 
vectors for level � 

of system 
availability and for 

state � of 
component * 

�(�
, �) ≥ � and �(�) < � for 
any � < (�
, �) 

min - argone�∈ℳ��(�)� 0{	
 ↔ �} ���ℎ�� → ℎ����	
(� → � − 1)23 

*note: ℳ��(�)� = {0,1, … , �# − 1} × {0,1, … , �� − 1} × … ×  {0,1, … , �" − 1} 

Figure 17: Logical differential calculus as a unifying tool in the qualitative analysis of MSSs
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Table 9: Structural importance measures based on component degradation

Structural 
Importance Definition Interpretation 

The SI of given 
component state and 

for given system state 

SI�,�
�↘ = TD�

��(	 ↘)
�
�(� → � − 1) 

A relative number of situations in 
which state � of component � is 

critical for degradation of state 	 of 
the system. 

SI�,�
↘� = TD�

��(↘ 	)
�
�(� → � − 1) 

A relative number of situations in 
which state � of component � is 

critical for falling the system into 
state 	. 

The SI of given 
component state and 

for given level of 
system availability 

SI�,�
�� = TD�

���ℎ�� → ℎ���
�
�(� → � − 1) 

A relative number of situations in 
which state � of component � is 

critical for degradation of level 	 of 
system availability. 

The SI of given 
component state SI�,�↘ = TD�

��(↘)
�
�(� → � − 1) 

A relative number of situations in 
which state � of component � is 
critical for system degradation. 

The SI of given 
component for given 

system state 

SI�
�↘ =

TD�⋁ ��(	 ↘)
�
�(� → � − 1)

����
��� �

�� − 1
 

A relative number of situations in 
which component � is critical for 

degradation of state 	 of the system. 

SI�
↘� =

TD�⋁ ��(↘ 	)
�
�(� → � − 1)

����
��� �

�� − 1
 

A relative number of situations in 
which component � is critical for 

falling the system into state 	. 
The SI of given 

component for given 
system availability 

level 
SI�

�� =
TD�

���ℎ�� → ℎ���
�
�(�� − 1 → 0)

�� − 1
 

A relative number of situations in 
which component � is critical for 
degradation of level 	 of system 

availability. 

The total SI of given 
component SI�↘ =

∑ SI�,�↘����
���
�� − 1

 
A relative number of situations in 
which component � is critical for 

system degradation. 

– it was presented that a lot of methods and ap-
proaches exist in reliability analysis, especially,
in the analysis of MSSs;

– it was showed that one IM has several mean-
ings;

• development of universal mathematical background
for calculation of MCVs (MCSs) and MPVs (MPSs)
for BSSs and MSSs:

– new types of logic derivatives were proposed:

∗ concept of expanded DPBDs and DPLDs
for reliability analysis of BSSs and MSSs
respectively was introduced;
∗ the new type of DPLDs that were named

IDPLDs for analysis of non-homogeneous
MSSs was defined;

– the correlation between IDPLDs, critical state
vectors, and MCVs (MPVs) of MSSs was pre-
sented. This correlation indicates that logical
differential calculus can be viewed as a tool uni-
fying several methods used in reliability analy-
sis of MSSs (Figure 17);

– new algorithms for identification of MCVs and
MPVs of BSSs and MSSs that are based on the
concepts of expanded derivatives and IDPLDs
were developed;

• creating new algorithms for calculation of measures
for system reliability/availability estimation:

– new methods for computation of the SI, BI,
CI, and FVI measures were developed based
on IDPLDs for MSSs. These methods allow
identifying:

∗ components with the most influence on sys-
tem degradation/improvement;
∗ components with the most influence on de-

gradation/improvement of a concrete sys-
tem state (availability level);
∗ component states with the most impact on

system degradation/improvement;
∗ component states with the most impact on

degradation/improvement of a specified sys-
tem state (availability level);

– it was showed that the proposed definitions of
IMs combined several approaches used in im-
portance analysis of MSSs;

The principal contribution of this work is development of
new mathematical method for importance analysis that
can be used for BSSs and MSSs without any significant
modifications. It is important that the new technique
for calculation of the FVI for MSSs was proposed based
on this method. According to our knowledge, it is the



Information Sciences and Technologies Bulletin of the ACM Slovakia 15

first technique that calculates the FVI whose meaning
corresponds to the original FVI that has been proposed
for BSSs.

The future work should focus on finding some ways of
how to make the algorithm for identification of MCVs
(MPVs) more efficient for MSSs with a lot of components
or lot of components states since its analysis showed that
it is not very suitable for such systems. Next, the idea of
expanded DPBDs, DPLDs, and u-conjunction was intro-
duced in this work. This idea was primarily aimed to pro-
pose a simple implementation of the algorithm for finding
all system MCVs (MPVs). However, our current research
indicates that it might be useful in identification of prime
implicants or prime implicates of noncoherent systems.
Some ideas of how to use logical differential calculus in
reliability analysis of such systems have been presented
in papers [9, 29]. These works have shown that logical
differential calculus is very intuitive for noncoherent sys-
tems and, therefore, it could be used as a tool that extends
some techniques from the analysis of coherent systems on
noncoherent ones.

References
[1] D. A. Butler. A complete importance ranking for components of

binary coherent systems, with extensions to multi-state systems.
Naval Research Logistics Quarterly, 26(4):565–578, December
1979.

[2] A. Emadi and H. Afrakhte. A novel and fast algorithm for
locating minimal cuts up to second order of undirected graphs
with multiple sources and sinks. Int. J.l of El. Pow. & En. Sys.,
62:95–102, November 2014.

[3] N. S. Fard and T.-H. Lee. Cutset enumeration of network systems
with link and node failures. Rel. Eng. & Sys. Safe.,
65(2):141–146, August 1999.

[4] M. Forghani-elahabad and N. Mahdavi-Amiri. A new efficient
approach to search for all multi-state minimal cuts. IEEE Trans.
on Rel., 63(1):154–166, March 2014.

[5] J. Fussell. How to hand-calculate system reliability and safety
characteristics. IEEE Trans. on Rel., R-24(3):169–174, August
1975.

[6] W. S. Griffith. Multistate reliability models. J. of App. Prob.,
17(3):735–744, September 1980.

[7] V. Gurvich and L. Khachiyan. On generating the irredundant
conjunctive and disjunctive normal forms of monotone Boolean
functions. Discrete Applied Mathematics, 96-97:363–373,
October 1999.

[8] L. Khachiyan, E. Boros, K. Elbassioni, and V. Gurvich. An
efficient implementation of a quasi-polynomial algorithm for
generating hypergraph transversals and its application in joint
generation. Discrete Applied Mathematics, 154(16):2350–2372,
November 2006.

[9] J. Kostolny, M. Kvassay, and S. Kovalik. Reliability analysis of
noncoherent systems by logical differential calculus and binary
decision diagrams. Komunikacie, 16(1):114–120, 2014.

[10] W. Kuo and X. Zhu. Importance Measures in Reliability, Risk,
and Optimization: Principles and Applications. Wiley,
Chichester, UK, 2012.

[11] M. Kvassay and J. Kostolny. Minimal cut sets and path sets in
binary decision diagrams and logical differential calculus. In The
10th International Conference on Digital Technologies 2014,
pages 179–186, July 2014.

[12] M. Kvassay and E. Zaitseva. Construction of healthcare system
structure for reliability analysis. In 2014 Federated Conference on
Computer Science and Information Systems, FedCSIS 2014, pages
191–199, September 2014.

[13] M. Kvassay, E. Zaitseva, and V. Levashenko. Minimal cut sets and
direct partial logic derivatives in reliability analysis. In Safety and
Reliability: Methodology and Applications - Proceedings of the
European Safety and Reliability Conference, ESREL 2014, pages

241–248, 2015.
[14] M. Kvassay, E. Zaitseva, V. Levashenko, and J. Kostolny. Minimal

cut vectors and logical differential calculus. In 2014 IEEE 44th
International Symposium on Multiple-Valued Logic, pages
167–172, May 2014.

[15] G. Levitin, L. Podofillini, and E. Zio. Generalised importance
measures for multi-state elements based on performance level
restrictions. Rel. Eng. & Sys. Safe., 82(3):287–298, December
2003.

[16] A. Lisnianski and G. Levitin. Multi-state System Reliability.
Assessment, Optimization and Applications. World Scientific,
Singapore, SG, 2003.

[17] B. Natvig. Multistate Systems Reliability Theory with
Applications. Wiley Series in Probability and Statistics. John
Wiley & Sons, Ltd, Chichester, UK, 2011.

[18] J. E. Ramirez-Marquez and D. W. Coit. Composite importance
measures for multi-state systems with multi-state components.
IEEE Trans. on Rel., 54(3):517–529, September 2005.

[19] M. Rausand and A. Høyland. System Reliability Theory. John
Wiley & Sons, Inc., Haboken, NJ, 2 edition, 2004.

[20] W. Vesely. A time-dependent methodology for fault tree
evaluation. Nuc. Eng. and Des., 13(2):337–360, August 1970.

[21] S. Wu. Joint importance of multistate systems. Comp. & Ind.
Eng., 49(1):63–75, August 2005.

[22] S. N. Yanushkevich, D. M. Miller, V. P. Shmerko, and R. S.
Stankovic. Decision Diagram Techniques for Micro- and
Nanoelectronic Design Handbook, volume 2. CRC Press, Boca
Raton, FL, December 2005.

[23] W.-C. Yeh. A simple approach to search for all d-MCs of a
limited-flow network. Rel. Eng. & Sys. Safe., 71(1):15–19,
January 2001.

[24] W.-C. Yeh. A new approach to the d-MC problem. Rel. Eng. &
Sys. Safe., 77(2):201–206, August 2002.

[25] W.-C. Yeh. Search for all MCs in networks with unreliable nodes
and arcs. Rel. Eng. & Sys. Safe., 79(1):95–101, January 2003.

[26] W.-C. Yeh. A fast algorithm for searching all multi-state minimal
cuts. IEEE Trans. on Rel., 57(4):581–588, December 2008.

[27] E. Zaitseva. Reliability analysis methods for healthcare system. In
Human System Interactions (HSI), 2010 3rd Conference on, pages
211–216. IEEE, May 2010.

[28] E. Zaitseva, J. Kostolny, M. Kvassay, V. Levashenko, and
K. Pancerz. Failure analysis and estimation of the healthcare
system. In 2013 Federated Conference on Computer Science and
Information Systems (FedCSIS), pages 235–240, September 2013.

[29] E. Zaitseva, M. Kvassay, V. Levashenko, and J. Kostolny.
Reliability analysis of logic network by logical differential
calculus. In 2014 ELEKTRO, pages 245–250, May 2014.

[30] E. Zaitseva and V. Levashenko. Multiple-valued logic
mathematical approaches for multi-state system reliability
analysis. J. of App. Logic, 11(3):350–362, September 2013.

[31] E. N. Zaitseva and V. G. Levashenko. Importance analysis by
logical differential calculus. Aut. and Rem. Control,
74(2):171–182, February 2013.

[32] E. Zio. Reliability engineering: Old problems and new challenges.
Rel. Eng. & Sys. Safe., 94(2):125–141, Februar 2009.

[33] E. Zio and L. Podofillini. Monte Carlo simulation analysis of the
effects of different system performance levels on the importance
of multi-state components. Rel. Eng. & Sys. Safe., 82(1):63–73,
October 2003.

Selected Papers by the Author
E. Zaitseva, M. Kvassay, V. Levashenko, J. Kostolny. Reliability

analysis of logic network with multiple outputs. Komunikacie,
17(1A): 44–50, 2015.

M. Kvassay, E. Zaitseva, V. Levashenko. Minimal cut sets and direct
partial logic derivatives in reliability analysis. In Tomasz
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