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Abstract
Abstract regular tree model checking is an infinite state
system verification method that is based on represent-
ing possibly infinite sets of states by tree automata. The
method was originally defined over deterministic tree au-
tomata, involving expensive determinisation steps many
times within a single verification run, which significantly
limits scalability of the method. To avoid determinisation,
we redesign the method on top of nondeterministic tree
automata. For this, we develop needed efficient methods
for reducing size and checking language inclusion of non-
deterministic tree automata. Our experimental results
confirm that the version of abstract regular tree model
checking based on nondeterministic automata performs
much better than the original deterministic automata-
based version.

Categories and Subject Descriptors
F.1.1 [Computation by Abstract Devices]: Models of
Computation—Automata; F.1.2 [Computation by Ab-
stract Devices]: Models of Computation—Alternation
and Nondeterminism; D.2.4 [Software Engineering]:
Software/Program Verification—Model checking

Keywords
Finite automata, nondeterministic finite tree automata,
simulation, language inclusion, antichain, quotienting, ab-
stract regular tree model checking.

1. Introduction
Abstract regular tree model checking (ARTMC) is a me-
thod for verifying systems with unbounded or infinite
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number of states. Such systems arise often in preactice,
for instance in various parametrised protocols or pointer
manipulating programs. The basic idea of ARTMC is
to represent possibly infinite sets of states by finite au-
tomata. In regular model checking (RMC), we start with
a finite word automaton (FA) AI representing a set of
initial configurations I of a system and iteratively apply
transition relation τ (symbolically, on the structure of the
automaton) until a fixpoint is reached, thus computing an
FA representing the set τ∗(AI) of all configurations reach-
able from the initial configurations. Then, it is checked
whether this set satisfies the verified properties. In ab-
stract regular model checking [8], abstraction (together
with a counterexample guided refinement) is used to ac-
celerate the computation. Checking the fixpoint condi-
tion means to decide whether τ i(AI) ⊆ τ i+1(AI), which
requires an efficient language inclusion algorithm. Dur-
ing the computation, the intermediate automata typically
grow quickly, therefore it is needed to reduce their size.
Tree automata (TA) are used instead of FA when configu-
rations of the system being verified are better represented
by trees than by words, e.g., certain parametrised commu-
nication protocols, pointer programs manipulating tree-
like data structures etc. In that case, we speak about ab-
stract regular tree model checking (ARTMC) [9, 3, 6, 7].

ARTMC was originally based on deterministic tree au-
tomata, involving implicit determinisation after each step.
However, this exponential step is very costly and signifi-
cantly limits scalability of the method. In this work, we
aim at avoiding the determinisation step by redesigning
the method on top of nondeterministic tree automata.
To do this, we need two ingredients. Methods for reduc-
ing size of nondeterministic tree automata and efficient
methods for checking language inclusion of tree automata.
Both problems are hard. The language inclusion problem
and the minimisation problem for (nondeterministic) tree
automata are EXPTIME-complete. A classical approach
to cope with these problems is determinisation. TA can
be determinised and minimised in a canonical way. Test-
ing language inclusion of deterministic minimal automata
is then easy. However, since even the canonical minimal
deterministic automaton can still be exponentially larger
than the original nondeterministic one, its computation
easily becomes a major bottleneck of any automata-based
method.

A reasonable and pragmatic approach to the size reduc-
tion and language inclusion problem is to consider some
relation on states of an automaton that respects language
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inclusion on states, but which can be checked efficiently,
using a polynomial algorithm. Such a relation can then be
used for approximating language inclusion between two
automata by checking whether each initial state of one
automaton is related to an initial state of other automa-
ton. This method is sound but incomplete in the case
when the relation is a proper subset the language inclu-
sion on states. Such a relation can be also used for re-
ducing the size of an automaton by collapsing equivalent
states. Here, a natural trade-off between the strength of
the considered relation and the cost of its computation
arises. In the case of word automata, a relation which is
widely considered as a good trade-off in this sense is sim-
ulation preorder. It can be checked in polynomial time,
and efficient algorithms have been designed for this pur-
pose (see, e.g., [13, 14, 19, 11]). These algorithms make
the computation of simulation preorder quite affordable
even in comparison with the one of bisimulation equiv-
alence, which is cheaper [16, 18, 21], but which is also
stronger, and therefore leads to less significant reductions
of automata and also its capability of approximating lan-
guage inclusion is limited.

As for what concerns language inclusion and universality
problem, apart from the classical determinisation-based
methods and simulation-based approximation technique,
there has recently been proposed the so called antichain
universality and inclusion testing method for FA [22]. It is
essentially an optimisation of the classical method based
on subset construction (i.e., on determinisation), it is still
of an exponential worst case complexity, but it behaves
very well in practice.

In the case of tree automata, the only methods for size
reduction that were previously studied (apart from deter-
minisitc minimization) are based on bisimulation relations
[2, 15] and concerning language inclusion testing, the only
methods formerly available are the classical ones based on
explicit determinisation. However, these methods are not
efficient enough. The former ones are rather weak since
bisimulation relations are usually relatively sparse and the
latter ones suffer from the problem of state space explo-
sion too often.

The lack of efficient methods for reducing size and test-
ing language inclusion of nondeterministic tree automata
described above has significantly limited their practical
usability not only in ARTMC. There, we aimed at adapt-
ing techniques that work well for word automata to tree
automata, which in particular concerns the size reduction
methods based on simulations and the language inclu-
sion testing algorithms based on the antichain principle
[22]. Apart from generalising existing methods from word
automata to tree automata, we introduced new types of
relations suitable for reducing the size of word as well as
tree automata.

Tree Automata Reduction Methods. Our tree automata
reduction methods are build on the notions of downward
and upward tree automata simulations (proposed first in
[4]) that are the tree automata counterparts the forward
and backward FA simulations.

We design efficient algorithms for computing tree auto-
mata simulations. A deep examination of the structure of
the TA simulations reveals that both upward and down-

ward TA simulations can be computed by the same algo-
rithmic pattern. More specifically, the problems of com-
puting a TA simulation can be reduced to a problem of
computing a common FA simulation (a tree automaton is
translated into an FA and then a common FA simulation
algorithm is used).

We have identified a principle of combining upward and
downward TA simulations and forward and backward FA
simulations that yields an equivalence, called mediated
equivalence, suitable for reducing automata by collaps-
ing their states while preserving the language. Mediated
equivalence is coarser than downward resp. forward simu-
lation equivalence and thus gives a better reduction. The
principle of mediated minimisation of FA generalises the
principle of forward simulation minimisation. Two for-
ward simulation equivalent states can be safely collapsed
since they have the same forward languages (symmetri-
cally for backward simulation). In contrary, the property
that allow collapsing two mediated equivalent states p and
q is the following. Whenever there is a computation un-
der a word u starting in an initial state that ends in a
state p, and another computation under a word v start-
ing in a state q and ending in a final state, then there is
a computation under uv from an initial to a final state.
Therefore, collapsing the two states p, q does not intro-
duce any new behaviour since every word accepted via
the new state was accepted also before collapsing. The
case of TA mediated equivalence can be explained ana-
logically. It may be seen from the above that unlike sim-
ulations, mediated equivalences approximate neither for-
ward nor backward language equivalence on states, and
similarly the tree automata mediated equivalence is not
compatible with any notion of language of a state of a tree
automaton. The combination principle allows to build a
mediated equivalence from any downward/backward re-
lation (simulation, bisimulation or identity relation) and
any upward/forward relation (simulation, bisimulation,
identity). This yields a scale of mediated equivalences
offering a fine choice between the computation cost and
reduction power, as confirmed by our experimental re-
sults.

Language Inclusion Checking for TA. Our universality
and language inclusion algorithms for tree automata build
on the antichain based method for FA proposed first in
[22]. It is a complete method that optimises the classi-
cal subset construction based algorithms. We first briefly
review its main idea.

Consider a nondeterministic FA A. In the simpler case
of universality checking, the method is based on a search
for a nonaccepting state of the determinised version A′
of A reachable from an initial state of A′. Such a state
is a counterexample to universality of A. When a coun-
terexample is reached, the algorithm may terminate even
before all states of A′ are constructed. The states of A′,
called macro-states, have the form of subsets of the set of
states of A. The key idea is that some macro-states have a
better chance of finding a counterexample than other ones
since they have provably smaller languages (in our termi-
nology, we say that they subsume the states with larger
languages). Therefore, one can safely continue searching
only from the generated macro-states that have minimal
languages, and simply discard any generated macro-state
that is subsumed by another one. In [22], the subsump-
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tion relation is just set inclusion, and already this simple
solution gives a fundamental speedup.

We adapt the FA antichain technique for tree automata.
The adaptation is quite straightforward, and similarly as
in the case of FA, it has a major impact on efficiency of
the TA language inclusion and universality tests.

Experimental Evaluation. Based on our new tree au-
tomata reduction and language inclusion techniques, we
design a version of abstract regular tree model checking
method on top of nondeterministic automata. We have
implemented the method and compared its performance
with the original deterministic automata-based version.
The experiments show that the new version greatly out-
perform the original version.

Outline. In Section 2, we introduce preliminary notions
that we build on. Section 3 is devoted to methods for
reducing size of nondeterministic TA, Section 4 describes
our TA language inclusion checking algorithm, Section 5
presents the nondeterministic automata based version of
ARTMC and its experimental evaluation. Section 6 con-
cludes the paper.

More details and full proofs of theorems and lemmas pre-
sented may be found in [4, 5, 1].

2. Preliminaries
Here we give preliminaries on relations, labelled transition
systems, finite automata, simulations, tree automata, and
regular tree model checking that we build on in this work.

Relations. Given a binary relation R ⊆ X ×X on a set
X, we often use the infix notation xRy to denote that
(x, y) ∈ R. Given a subset Y of X, the relation R∩Y ×Y
is the restriction of R to Y . For an equivalence relation
≡ on X, we use X/≡ to denote the partitioning of X
according to ≡, and we call an equivalence class of ≡ a
block. For two relations R and S, we denote R ◦ S their
composition where x(R ◦ S)y ⇐⇒ ∃z : xRzSy.

Labelled Transition Systems and Finite Automata.
A (finite) labelled transition system (LTS) is a tuple
T = (Σ, Q, δ) where Q is a finite set of states, Σ is a finite
set of labels, and δ ⊆ Q× Σ×Q is a transition relation.
Given two states q, r ∈ Q, we denote by q

a−→ r that
(q, a, r) ∈ δ.

Forward and Backward Simulations. A (forward) sim-
ulation over an LTS T = (Σ, Q, δ) is a binary relation R

on Q such that for any states q, r, q′, if qRr and q
a−→ q′,

then there is a state r′ with r
a−→ r′ and q′Rr′.

Any given simulation on an LTS can be closed under re-
flexivity, transitivity and union, and so there is a unique
maximal simulation on the given LTS, called the simu-
lation preorder. It also holds that, for any given initial
preorder I ⊆ Q × Q, the set of simulations over T in-
cluded in I is closed under union, reflexive and transitive
closure, and thus there is a unique maximal simulation

included in I on T , which we call the simulation preorder
included in I.

Backward simulation is a dual notion to forward simula-
tion. A backward simulation over an LTS T = (Σ, Q, δ)
is a forward simulation over the LTS T −1 = (Σ, Q, δ−1)
where δ−1 = {(p, a, q) | (q, a, p) ∈ δ}.

Trees and Tree Automata. A ranked alphabet Σ is a set
of symbols together with a function # : Σ → N. For
a ∈ Σ, the value #(a) is called the rank of a. For any
n ≥ 0, we denote by Σn the set of all symbols of rank n
from Σ. Let ε denote the empty sequence. A tree t over a
ranked alphabet Σ is a partial mapping t : N∗ → Σ that
satisfies the following conditions:

• dom(t) is a finite, prefix-closed subset of N∗, and

• for each p ∈ dom(t), #(t(p)) = n ≥ 0 iff {i | pi ∈
dom(t)} = {1, . . . , n}.

Each sequence v ∈ dom(t) is called a node of t. For a node
v, we define the ith child of p to be the node pi, and the
ith subtree of v to be the tree t′ such that t′(v′) = t(viv′)
for all p′ ∈ N∗. A leaf of t is a node v which does not have
any children, i.e., there is no i ∈ N with vi ∈ dom(t). We
denote by T (Σ) the set of all trees over the alphabet Σ.

A (finite, non-deterministic, bottom-up) tree automaton
(abbreviated as TA in the following) is a quadruple A =
(Σ, Q,∆, F ) where Q is a finite set of states, F ⊆ Q is a
set of final states, Σ is a ranked alphabet, and ∆ is a set
of transition rules. Each transition rule is a triple of the
form ((q1, . . . , qn), a, q) where q1, . . . , qn, q ∈ Q, a ∈ Σ,

and #(a) = n. We use (q1, . . . , qn)
a−→ q to denote that

that ((q1, . . . , qn), a, q) ∈ ∆. When using this notation,
states q1, . . . , qn, q ∈ Q and symbol a ∈ Σ are often con-
sidered to be implicitly existentially quantified. In the
special case where n = 0, we speak about the so-called
leaf rules, which we abbreviate as

a−→ q. Finally, the rank
of A denoted by r̂ is defined as the greatest n ∈ N such
that (q1, . . . , qn)

a−→ q.

A run of A over a tree t ∈ T (Σ) is a mapping π :
dom(t) → Q such that, for each node p ∈ dom(t) where
q = π(p), if qi = π(pi) for 1 ≤ i ≤ n, then ∆ contains

a rule (q1, . . . , qn)
t(p)−−→ q. We write t

π
=⇒ q to denote that

π is a run of A over t such that π(ε) = q. We use t =⇒ q

to denote that t
π

=⇒ q for some run π. The language
accepted at a state q is defined by L(q) = {t | t =⇒ q},
while the language of A is defined by L(A) =

⋃
q∈F L(q).

Regular Tree Model Checking. Regular tree model che-
cking (RTMC) [20, 9, 4, 6] is a general and uniform frame-
work for verifying infinite-state systems. In RTMC, con-
figurations of a system being verified are encoded by trees,
sets of the configurations by tree automata, and transi-
tions of the verified system by a term rewriting system
(usually given as a tree transducer or a set of tree trans-
ducers). Then, verification problems based on performing
reachability analysis correspond to computing closures of
regular languages under rewriting systems, i.e., given a
term rewriting system τ and a regular tree language I, one
needs to compute τ∗(I) where τ∗ is the reflexive-transitive
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closure of τ . This computation is impossible in general.
Therefore, the main issue in RTMC is to find accurate
and powerful fixpoint acceleration techniques helping the
convergence of computing language closures. One of the
most successful acceleration techniques used in RTMC is
abstraction whose use leads to the so-called abstract reg-
ular tree model checking (ARTMC) [6], on which we con-
centrate in this work.

Abstract Regular Tree Model Checking. We briefly re-
call the basic principles of ARTMC in the way they were
introduced in [6]. Let Σ be a ranked alphabet and MΣ

the set of all tree automata over Σ. Let I ∈ MΣ be a tree
automaton describing a set of initial configurations, τ a
term rewriting system describing the behaviour of a sys-
tem, and B ∈ MΣ a tree automaton describing a set of bad
configurations. The safety verification problem can now
be formulated as checking whether the following holds:

τ∗(L(I)) ∩ L(B) = ∅ (1)

In ARTMC, the precise set of reachable configurations
τ∗(L(I)) is not computed to solve Problem (1). Instead,
its overapproximation is computed by interleaving the ap-
plication of τ and the union in L(I)∪τ(L(I))∪τ(τ(L(I)))
∪ . . . with an application of an abstraction function α.
The abstraction is applied on the tree automata encoding
the so-far computed sets of reachable configurations.

An abstraction function is defined as a mapping α : MΣ →
AΣ where AΣ ⊆ MΣ and ∀A ∈ MΣ : L(A) ⊆ L(α(A)). An
abstraction α′ is called a refinement of the abstraction α if
∀A ∈ MΣ : L(α′(A)) ⊆ L(α(A)). Given a term rewriting
system τ and an abstraction α, a mapping τα : MΣ →
MΣ is defined as ∀A ∈ MΣ : τα(A) = τ̂(α(A)) where
τ̂(A) is the minimal deterministic automaton describing
the language τ(L(A)). An abstraction α is finitary, if the
set AΣ is finite.

For a given abstraction function α, one can compute it-
eratively the sequence of automata (τ iα(I))i≥0. If the ab-
straction α is finitary, then there exists k ≥ 0 such that
τk+1
α (I) = τkα(I). The definition of the abstraction func-

tion α implies that L(τkα(I)) ⊇ τ∗(L(I)).

If L(τkα(I)) ∩ L(B) = ∅, then Problem (1) has a positive
answer. If the intersection is non-empty, one must check
whether a real or a spurious counterexample has been en-
countered. The spurious counterexample may be caused
by the used abstraction (the counterexample is not reach-
able from the set of initial configurations). Assume that
L(τkα(I))∩L(B) 6= ∅, which means that there is a symbolic
path:

I, τα(I), τ2
α(I), . . . , τn−1

α (I), τnα (I) (2)

such that L(τnα (I)) ∩ L(B) 6= ∅.

Let Xn = L(τnα (I)) ∩ L(B). Now, for each l, 0 ≤ l < n,
Xl = L(τ lα(I))∩τ−1(Xl+1) is computed. Two possibilities
may occur: (a)X0 6= ∅, which means that Problem (1) has
a negative answer, and X0 ⊆ L(I) is a set of dangerous
initial configurations. (b) ∃m, 0 ≤ m < n,Xm+1 6= ∅ ∧
Xm = ∅ meaning that the abstraction function is too
rough—one needs to refine it and start the verification
process again.

In [6], two general-purpose kinds of abstractions are pro-
posed. Both are based on automata state equivalences.

Tree automata states are split into several equivalence
classes, and all states from one class are collapsed into
one state. An abstraction becomes finitary if the number
of equivalence classes is finite. The refinement is done
by refining the equivalence classes. Both of the proposed
abstractions allow for an automatic refinement to exclude
the encountered spurious counterexample.

The first proposed abstraction is an abstraction based on
languages of trees of a finite height. It defines two states
equivalent if their languages up to the give height n are
equivalent. There is just a finite number of languages of
height n, therefore this abstraction is finitary. A refine-
ment is done by an increase of the height n. The second
proposed abstraction is an abstraction based on predicate
languages. Let P = {P1, P2, . . . , Pn} be a set of predi-
cates. Each predicate P ∈ P is a tree language repre-
sented by a tree automaton. Let A = (Q,Σ, F, q0, δ) be a
tree automaton. Then, two states q1, q2 ∈ Q are equiva-
lent if the languages L(Aq1) and L(Aq2) have a nonempty
intersection with exactly the same subset of predicates
from the set P provided that Aq1 = (Q,Σ, F, q1, δ) and
Aq2 = (Q,Σ, F, q2, δ). Since there is just a finite number
of subsets of P, the abstraction is finitary. A refinement is
done by adding new predicates, i.e. tree automata corre-
sponding to the languages of all the states in the automa-
ton of Xm+1 from the analysis of spurious counterexample
(Xm = ∅).

3. Tree Automata Reduction Methods
Our tree automata reduction methods are build on the
notions of downward and upward tree automata simula-
tions (proposed first in [4]) that are the tree automata
counterparts the forward and backward FA simulations.
Let us fix a tree automaton A = (Σ, Q,∆, F ). The tree
automata simulations are defined as follows.

Downward Simulation. A downward simulation D on A
is a binary relation on Q where if qDr and (q1, . . . , qn)

a−→
q, then (r1, . . . , rn)

a−→ r with qiDri for each i : 1 ≤ i ≤ n.

Upward Simulation. Given a preorder D on Q, an up-
ward simulation U induced by D is a binary relation on
Q such that if qUr, then

1. if (q1, . . . , qn)
a−→ q′ with qi = q, 1 ≤ i ≤ n, then

(r1, . . . , rn)
a−→ r′ with ri = r, q′Ur′, and qjDrj for

each j : 1 ≤ j 6= i ≤ n;

2. q ∈ F =⇒ r ∈ F .

There is a unique maximal downward simulation D on A
which is a preorder. We call it the downward simulation
preorder on A and we call the equivalence D ∩ D−1 the
downward simulation equivalence on A. Analogically, for
a preorder D on Q, there is a unique maximal upward
simulation U induced by D which is a preorder. We call
it the upward simulation preorder on A induced by D and
we call the equivalence U ∩ U−1 the upward simulation
equivalence on A induced by D.

Mediation. Downward simulation can be shown to be
compatible with the tree language equivalence. Upward



22 Hoĺık, L.: Abstract Regular Tree Model Checking with Nondeterministic Automata

simulation is not compatible with the tree language equiv-
alence. It is rather compatible with the so-called context
language equivalence, where a context of a state q is a tree
with a hole on the leaf level such that if we plug a tree
in the tree language of q into this hole, we obtain a tree
recognised by the automaton. Unlike downward simula-
tion, upward simulation alone cannot be used for reducing
tree automata. However, we have identified a principle of
combining upward and downward TA simulations simula-
tions that yields an equivalence, called mediated equiva-
lence, suitable for reducing automata by collapsing their
states while preserving the language. Mediated equiv-
alence is coarser than downward simulation equivalence
and thus gives a better reduction.

For the sake of simplicity, we will explain the combina-
tion principle on FA and forward and backward simula-
tion, for which it is also relevant. Mediated minimisa-
tion of FA generalises the principle of forward simulation
minimisation. Two forward simulation equivalent states
can be safely collapsed since they have the same forward
languages (symmetrically for backward simulation). In
contrary, the property that allow collapsing two medi-
ated equivalent states p and q is the following. Whenever
there is a computation under a word u starting in an ini-
tial state that ends in a state p, and another computation
under a word v starting in a state q and ending in a final
state, then there is a computation under uv from an ini-
tial to a final state. Therefore, collapsing the two states
p, q does not introduce any new behaviour since every
word accepted via the new state was accepted also before
collapsing.

The case of TA mediated equivalence can be explained
analogically. It may be seen from the above that unlike
simulations, mediated equivalences approximate neither
forward nor backward language equivalence on states, and
similarly the tree automata mediated equivalence is not
compatible with any notion of language of a state of a
tree automaton.

The combination of a downward and an upward simula-
tion (or forward and backward simulation in the case of
FA) yielding a mediated equivalence is defined using the
following combination operator.

Combination Operator. The relation combination oper-
ator ⊕ is defined such that given two preorders D and U
over a set Q, for x, y ∈ Q, x(D⊕U)y iff (i) x(D ◦U)y and
(ii) ∀z ∈ Q : yDz =⇒ x(D ◦ U)z.

Consider a reflexive and transitive downward simulation
D on A, and a reflexive and transitive upward simulation
U induced by D. We call the relation M = D ⊕ U−1 a
mediated preorder induced by D and U and ≡M= M ∩
M−1 a mediated equivalence induced by D and U .

We aim at reducing tree automata by quotienting wrt.
to mediated equivalence. Informally, quotienting wrt. an
equivalence relation means merging equivalent states of an
automaton. We define this operation formally as follows.

Quotient Tree Automata. Consider an equivalence re-
lation ≡ on Q. We denote [q] the equivalence class of ≡
containing q. The quotient of A according to ≡ is the tree

automaton A/≡ = (Σ, Q/≡,∆/≡, {[q] | q ∈ F}) where
∆/≡ = {(([q1], . . . , [qn]), a, [q]) | ((q1, . . . , qn), a, q) ∈ ∆}.

We show that quotienting A with respect to ≡M preserves
the language, as stated by the below theorem.

Theorem 1. L(A/≡M ) = L(A).

4. Language Inclusion of Tree Automata
Let A = (Q,Σ, F,∆) and B = (Q′,Σ, F ′,∆′) be two tree
automata. We want to check if L(A) ⊆ L(B). The tradi-
tional approach computes the complement of B and checks
if it has an empty intersection with A. This is costly as
computing the complement necessitates determinisation.
Here we show how to check inclusion without determini-
sation.

The idea is to find at least one tree accepted by A and
not by B. For that, we simultaneously simulate the runs
of the two automata using pairs (p, s) with p ∈ Q and
s ⊆ Q′ where p memorises the run of A and s all the
possible runs of B. If t is a tree accepted by A and not by
B, the simultaneous run of the two automata on t reaches
the root of t at a pair of the form (p, s) with p ∈ F and
s ⊆ F ′. Notice that s must represent all the possible runs
of B on t to make sure that no run of B can accept the
tree t. Therefore, s must be a set of states.

Formally, an antichain over Q× 2Q
′

is a set S ⊆ Q× 2Q
′

such that for every (p, s), (p′, s′) ∈ S, if p = p′, then
s 6⊂ s′. We denote by LI the set of all antichains over

Q×2Q
′
. Given a set S ∈ Q×2Q

′
, an element (p, s) ∈ S is

minimal if for every s′ ⊂ s, (p, s′) /∈ S. We denote by bSc
the set of minimal elements of S. Given two antichains
S and S ′, we define the order vI , the least upper bound
tI , and the greatest lower bound uI as follows: S vI S ′
iff for every (p, s′) ∈ S ′, there is (p, s) ∈ S s.t. s ⊆ s′;
StI S ′ = b{(p, s∪s′) | (p, s) ∈ S∧(p, s′) ∈ S ′}c; and SuI
S ′ = b{(p, s) | (p, s) ∈ S ∨ (p, s) ∈ S ′}c. These definitions
can be extended to arbitrary sets in the usual way leading
to the operators

⊔
I and

d
I , yielding a complete lattice.

Given f ∈ Σn, n ≥ 0, we define

IPostf
(
(p1, s1), . . . , (pn, sn)

)
=

{(p, s) |f(p1, . . . , pn)→∆ p ∧ s =

Post∆
′

f (s1, . . . , sn)}.

Let S be an antichain over Q× 2Q
′
. Then, let

IPost(S) = b{IPostf
(
(p1, s1), . . . , (pn, sn)

)
|

n ≥ 0, (p1, s1), . . . , (pn, sn) ∈ S, f ∈ Σn}c.

Let IPost0(S) = S and let

IPost i(S) = IPost
(
IPost i−1(S)

)
uI S.

We can show that ∀S ∈ LI ∀i ≥ 0 : IPost i+1(S) vI
IPost i(S), and that for every antichain S, there exists a
J such that IPostJ+1(S) = IPostJ(S). Let IPost∗(S) =

IPostJ(S). Note that IPosta(∅) = {(q, Post∆
′

a (∅)) | a→∆

q} for a ∈ Σ0, and IPostf (∅) = ∅ for f ∈ Σn, n ≥ 1.
Then, we can also the following two lemmas.

Lemma 4.1. Let A = (Q,Σ, F,∆), B = (Q′,Σ, F ′,∆′)
be two tree automata, and let t be a tree over Σ. Let p ∈ Q
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such that t
∗→∆ p, and s = {q ∈ Q′ | t ∗→∆′ q}. Then,

IPost∗(∅) vI {(p, s)}.

Lemma 4.2. Let A = (Q,Σ, F,∆), B = (Q′,Σ, F ′,∆′)
be two tree automata, and let (p, s) ∈ IPost∗(∅). Then

there is a tree t over Σ s.t. t
∗→∆ p and s = {q | t ∗→∆′ q}.

Then, we can decide inclusion without determinising the
automata as follows:

Theorem 2. Let A = (Q,Σ, F,∆), B = (Q′,Σ, F ′,∆′)
be two tree automata. Then, L(A) ⊆ L(B) iff for every
(p, s) ∈ IPost∗(∅), p ∈ F ⇒ s 6⊆ F ′.

We note that this algorithm can be further improved as
presented in [1] by interconnecting the antichain principle
with a use of simulations over states of the two automata.

5. Abstract Regular Tree Model Checking with
Nondeterministic Automata

As is clear from the definition of τ̂ in Section 2, ARTMC
was originally defined for and tested on minimal deter-
ministic tree automata (DTA). However, the various ex-
periments done showed that the determinisation step is
a significant bottleneck. To avoid it and to implement
ARTMC using nondeterministic tree automata (TA), we
need the following operations over TA: (1) application of
the transition relation τ , (2) union, (3) abstraction and its
refinement, (4) intersection with the set of bad configura-
tions, (5) emptiness, and (6) inclusion checking (needed
for testing if the abstract reachability computation has
reached a fixpoint). Finally, (7) a method to reduce the
size of the computed TA is also desirable—τ̂(A) is then
redefined to be the reduced version of the TA obtained
from an application of τ on an TA A. We note that the
method would in theory work without reduction methods
too. However, often hundreds of the steps (1) to (6) are
performed within a single verification run, and most of
them increases the size of automata1. Therefore, good
reduction techniques are in fact crucial since the size of
automata tends to explode which reduces scalability of
the method.

An implementation of Points (1), (2), (4), and (5) is easy.
Moreover, concerning Point (3), the abstraction mecha-
nisms of [6] can be lifted to work on nondeterministic TA
in a straightforward way while preserving their guarantees
to be finitary, overapproximating, and the ability to ex-
clude spurious counterexamples. Furthermore, Section 3
gives efficient algorithms for reducing TA based on com-
puting suitable simulation equivalences on their states,
which covers Point (7). Hence, the last obstacle for im-
plementing nondeterministic ARTMC was Point (6), i.e.,
the need to efficiently check inclusion on TA. We have
solved this problem by our algorithm presented in Sec-
tion 4, which allowed us to implement a nondeterministic
ARTMC framework in a prototype tool and test it on
suitable examples. Below, we present the first very en-
couraging results that we have achieved.

1Some abstraction methods reduce the size of automata
too, however, not sufficiently enough to outweigh the in-
crease of size caused by the other steps.

Experiments with Nondeterministic ARTMC.
We have implemented the version of ARTMC framework
based on nondeterministic tree automata using the Tim-
buk tree automata library [12] and compared it with an
ARTMC implementation based on the same library, but
using DTA. In particular, the deterministic ARTMC fra-
mework uses determinisation and minimisation after com-
puting the effect of each forward or backward step to try
to keep the automata as small as possible and to allow
for easy fixpoint checking: The fixpoint checking on DTA
is not based on inclusion, but identity checking on the
obtained automata (due to the fact that the computed
sets are only growing and minimal DTA are canonical).
For TA, the tree automata reduction from Section 3 that
we use does not yield canonical automata, and so the
antichain-based inclusion checking is really needed.

We have applied the framework to verify several proce-
dures manipulating dynamic tree-shaped data structures
linked by pointers. The trees being manipulated are en-
coded directly as the trees handled in ARTMC, each node
is labelled by the data stored in it and the pointer vari-
ables currently pointing to it. All program statements
are encoded as (possibly non-structure preserving) tree
transducers. The encoding is fully automated. The only
allowed destructive pointer updates (i.e., pointer manipu-
lating statements changing the shape of the tree) are tree
rotations [10] and addition of new leaf nodes.

We have in particular considered verification of the depth-
first tree traversal and the standard procedures for rebal-
ancing red-black trees after insertion or deletion of a leaf
node [10]. We have verified that the programs do not ma-
nipulate undefined and null pointers in a faulty way. For
the procedures on red-black trees, we have also verified
that their result is a red-black tree (without taking into
account the non-regular balancedness condition). In gen-
eral, the set of possible input trees for the verified proce-
dures as well as the set of correct output trees were given
as tree automata. In the case of the procedure for re-
balancing red-black trees after an insertion, we have also
used a generator program preceding the tested procedure
which generates random red-black trees and a tester pro-
gram which tests the output trees being correct. Here,
the set of input trees contained just an empty tree, and
the verification was reduced to checking that a predefined
error location is unreachable. The size of the programs
ranges from 10 to about 100 lines of pure pointer manip-
ulations.

The results of our experiments on an Intel Xeon proces-
sor at 2.7GHz with 16GB of available memory are sum-
marised in Table 1. The predicate abstraction proved to
give much better results (therefore we do not consider the
finite-height abstraction here). The abstraction was either
applied after firing each statement of the program (“full
abstraction”) or just when reaching a loop point in the
program (“restricted abstraction”). The results we have
obtained are very encouraging and show a significant im-
provement in the efficiency of ARTMC based on nondeter-
ministic tree automata. Indeed, the ARTMC framework
based on deterministic tree automata has either been sig-
nificantly slower in the experiments (up to 25-times) or
has completely failed (a too long running time or a lack
of memory)—the latter case being quite frequent.
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Table 1: Running times (in sec.) of det. and nondet. ARTMC applied for verification of various tree
manipulating programs (× denotes a too long run or a failure due to a lack of memory)

DFT
RB-delete

(null,undef)
RB-insert

(null,undef)
det. nondet. det. nondet. det. nondet.

full abstr. 5.2 2.7 × × 33 15
restricted abstr. 40 3.5 × 60 145 5.4

RB-delete
(RB preservation)

RB-insert
(RB preservation)

RB-insert
(gen., test.)

det. nondet. det. nondet. det. nondet.
full abstr. × × × × × ×

restricted abstr. × 57 × 89 × 978

6. Conclusions and Future Directions
We have designed efficient methods for reducing size of
tree automata based on tree automata simulations and al-
gorithm for checking language inclusion of tree automata.
Based on these techniques, we implemented a version of
abstract regular tree model checking method on top of
nondeterministic tree automata instead of on determinis-
tic ones. This greatly improved efficiency and scalability
of the method as confirmed by our experimental results.

There is a number of interesting directions of further work.
The mediation principle itself can be further elaborated.
We already have some preliminary results suggesting that
it is possible to define a hierarchy of coarser and coarser
relations similar to the mediated equivalence (and suit-
able for quotienting automata), where a mediated rela-
tion of level i is used to induce a mediated relation of
level i + 1. We are also working towards applying our
methods in practice. We are developing an efficient BDD
based library that would provide procedures for handling
nondeterministic tree automata (in the style of [17]). This
work includes also a development of BDD versions of our
algorithms, which is itself an interesting problem. We
are also working on an ARTMC based method for verifi-
cation of pointer manipulating programs that will make
use of our TA reduction and language inclusion checking
techniques.
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