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Abstract
This dissertation thesis contains analysis, development
and application of computational model of blood flow.
The main aims of this thesis are: Analysis of the compu-
tational model, calibration of model, development of new
features and the application in biological research. At the
beginning we describe computational model, which is dis-
tributed as part of the open source software ESPResSo.
The main part of the thesis describes the object-fluid inte-
raction provided by the immersed boundary method and
calibration of it. In the next part of the work, we deal with
implementation of membrane viscosity into the computa-
tional model. At the end of the work, we discuss appli-
cations of the model in biological research, especially in
microfluidics.

Categories and Subject Descriptors
I.6.5 [Computing Methodologies]: Simulation and mo-
deling—model development; J.3 [Computer Applicati-
ons]: Life and medical sciences

Keywords
red blood cell, computational model, immersed boundary
method, viscosity, capture rate, collision rate

1. Introduction
In these days, modeling of blood flow is very popular. It
is widely used in biomedicine. I am member of research
group Cell-in-Fluid, which has created module Object-in-
fluid. It allows modeling of elastic objects immersed in
fluid. It is focused on the modeling of blood flow in the
microfluidic devices. The Object-in-fluid module is distri-
buted as part of open source software ESPResSo [3]. In
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this work, I analyzed, developed and applied this simula-
tion model.

2. Computational Model
The computational model consists of two basic parts, fluid
and objects. The fluid is described by Lattice-Boltzmann
method. Computational domain is divided into the cubic
Euler’s mesh, which is fixed thorough the whole simula-
tion.

The elastic objects are described by triangulation of their
surface. The elastic properties are modeled by following
five elastic moduli [6]:

• Stretching modulus - It preserves edge length bet-
ween points.

• Bending modulus - It preserves angle between adja-
cent triangles.

• Local area conservation modulus - It preserves local
area of each triangle.

• Global area conservation modulus - It keeps surface
of whole object constant.

• Volume conservation modulus - It keeps constant
volume of object constant.

2.1 Object-Fluid Interaction
The interaction between objects and fluid is modeled by
Immersed boundary method. It is two way interaction,
objects act on fluid and fluid acts on objects. According
to theory the velocity of immersed boundary is same like
velocity of the fluid in boundary position. In our model it
is kept by transfered force Fi. This force is calculated as
[11, 2]

Fi = ξ(vi − ui), (1)

where vi is velocity of object node, ui is interpolated ve-
locity of fluid in object node position and ξ is friction
coefficient. It is optional parameter and its value is very
important for right interaction between objects and fluid.
The problem about right value of this parameter is desc-
ribed in Section 4.

3. Analysis of Computational Model
In this section, we have dealt with model analysis. We fo-
cused on the analysis effectiveness of parallelization and
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simulation initialization problem for higher hematocrit
(ratio between volume of all objects to the volume of sus-
pension).

3.1 Parallel Computing
The effectiveness of parallel computing was tested on si-
mulation experiment from Section 6.1. We used a simu-
lation box of size 100µm ×50µm ×30µm with cylindrical
obstacles, with wall on the top and bottom and with one
larger spherical cell. In our analysis, we allocated the task
to the different number of computing units (1, 2, 4 and
8). For each allocation we used four different numbers of
red blood cells (0, 25, 50 and 75) in the simulation box.
For each combination we performed 10 simulations with
randomly seeded red blood cells. The simulations ran for
2500 steps.

The effectiveness of parallelization was evaluated by spe-
edup ratio and parallel efficiency. The speedup is defined
for each number of processors p as the ratio of the elapsed
time when executing a program on a single processor (the
single processor execution time) to the execution time
when p processors are available. The efficiency is defined
as the average utilization of the n allocated processors. In
both causes the greater value means more effectiveness of
parallelization [9].

Table 1: The speedup and efficiency of parallel
computing for p = 2, 4 and 8, n = 2500 and four
different number of cells in simulation box.

Speedup ratio
Number of cells

0 25 50 75

N
um

be
r

of
no

de
s 2 1.91 1.65 1.66 1.64

4 3.28 2.84 2.9 2.84
8 4.35 4.35 4.65 4.73

Parallel efficiency
Number of cells

0 25 50 75

N
um

be
r

of
no

de
s 2 0.95 0.83 0.83 0.82

4 0.82 0.71 0.73 0.71
8 0.54 0.54 0.58 0.59

We see the results of speedup and efficiency for a sug-
gested series of simulations in Table 1. Here we see that
parallelization to the two computation units is still re-
latively effective. If we use eight computation units, effi-
ciency of parallel computing decreases almost to half. In
this case a lot of computing time is absorbed by com-
munication among computing units. This inefficiency of
parallelization to the eight computational units we see
also in the speedup ration. The value in this case is mo-
ving approximately 4.5 times for all cell counts. It means
that parallelization is not too very effective. In ideal case
it should has value around 8.0

3.2 Initializations of Dense Simulations
In our work we also proposed initialization method which
allows to achieve higher values of hematocrit. This proce-
dure is complex and can be used for various shapes of the
simulation channel. The proposed method was presented
in the simulation experiment from Section 6.1. The first
part of two-phase method is called sedimentation of cells.
At the beginning of this part we expand the simulation
box. The best approach is to expand on its shortest edge.
Then we seed the cells in expanded simulation box by
randomly generating their centers, so that their distance

is always at least twice the radius of the red blood cell.
In this simulation, we set the fluid flow in such a direc-
tion that the cells flow from the expanded part of the
simulation box to its original one. We also set an obstacle
for objects so that the cells in our box do not run away.
When all the cells are moved to the original part of the
simulation box, we record their positions. We can see the
initial and final distribution of red blood cells in the se-
dimentation phase in Figures 1 and 2.

Figure 1: The exten-
ded simulation box
and initial seeding of
cells at the beginning
of the sedimentation
phase.

Figure 2: The exten-
ded simulation box
and layout of cells at
the end of the sedi-
mentation phase.

In the second phase, the red blood cells are loaded into
the original simulation box and then distributed even th-
roughout the box. This phase is called shaking. Evenly
distribution across the simulation box is achieved by cho-
osing the right simulation settings. The demonstration of
cell shaking in the simulation box immediately after lo-
ading is shown in Figure 3. In the Figure 4, we see the
final distribution of red blood cells.

Figure 3: The layout
of cells after loading
to the simulation box
with original size at
beginning of shaking
phase.

Figure 4: The final la-
yout of cells with 450
red blood cells (hema-
tocrit 34.44%) at the
end of shaking phase.

4. Calibration of Object-Fluid Interaction
Current implementation of the Object-in-fluid framework
requires to set the friction coefficient. This unknown pa-
rameter is very important for right behavior of interaction
between objects and fluid. In my thesis we designed the-
oretical experiment for its calibration.

Drag force experiment
We put a sphere into a constant flow. We exert a hori-
zontal force against direction of flow. Our aim is to find
a force, which will be keep the object at the same place
without any movement. It will be equal to drag force of
object.

4.1 Reference Calculating
At the beginning we found correct value of friction co-
efficient for sphere with 393 nodes and 4µm radius. This
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reference value we used for recalculation of value for anot-
her spherical object.

We see the dependency of simulation results on friction
value in the Figure 5. The red line represents value of the-
oretical result following from the physical consideration.
We detected the right value of ξ at 1.82 in our experiment.
The fluid properties, like density and viscosity, were set
to those of blood plasma.
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Figure 5: The dependence of drag force on value
of friction coefficient.

4.2 Generalization of Friction Coefficient for Diffe-
rent Shape of Object

We have derived a formula for calculating the friction
coefficient for spheres with different size and number of
triangulation points. Then, we got the following recalcu-
lation formula for spherical object with S surface and n
number of points

ξn,S = nref

n

√
S√
Sref

ξref . (2)

The referral values are values of calibrated case, so nref =
393, Sref = 201.06 (surface of sphere with radius 4µm)
and ξref = 1.82.

The designed formula (2) was verified in our experiment
with objects with elliptical shape. The shape coefficient
of ellipsoids was calculated by [1]. In the Table 2 we see
simulation results for different ellipsoids, where we used
our designed recalculation formula for friction coefficient
(2).

5. Viscoelasticity of Cell Membrane
In this section, we go to another important part of my
thesis. It is the development and implementation of new
feature into our model. Within this, we have added into
model the new elastic modulus that captures the viscosity
properties of the cell membrane. This property is based
on structure of the cell membrane. As we showed, inclu-
ding these features has a significant impact on dynamic
behavior of cells, especially on the speed of relaxation. It
was the main reason why incorporation of viscosity into
cell model was very important.

5.1 Implementation into Computational Model
The cell membrane has viscoelastic properties. The edges
in our model originally had represented the springs. Now,
an edge will represent a scheme with springs and dampers.
The damper describes the physical idea of viscosity and
it acts against the direction of deformation.

Table 2: Simulation results for different ellipsoids
are presented. We used the formula (2) to recalcu-
late the friction coefficient. Next, a represents the
size of two axes and b the size of the extended axis.
The direction is a flow direction with respect to
oblate/prolate shape. ∆v a ∆F are relative errors
from the theoretical solution.
mesh a b K flow S ξ ∆F

622 3 4.5 1.102 → 152.26 1.00 1.17%
390 4 7 1.153 → 306.88 2.27 1.02%
130 5 8.75 1.153 → 479.50 8.50 1.25%
986 6 10.5 1.153 → 690.48 1.34 3.05%
622 3 4.5 1.194 ↓ 152.26 1.00 -0.28%
390 4 7 1.288 ↓ 306.88 2.27 -0.47%
130 5 8.75 1.288 ↓ 479.50 8.50 -0.43%
986 6 10.5 1.288 ↓ 690.48 1.34 2.47%
594 3 1.5 0.905 → 78.05 0.75 0.14%
130 4 1 0.867 → 113.92 4.14 -2.27%
374 5 1.25 0.867 → 178.00 1.80 -2.76%
1026 6 1.5 0.867 → 256.32 0.79 -3.45%
594 3 1.5 0.793 ↓ 78.05 0.75 3.26%
130 4 1 0.682 ↓ 113.92 4.14 3.35%
374 5 1.25 0.682 ↓ 178.00 1.80 1.81%
1026 6 1.5 0.682 ↓ 256.32 0.79 0.70%

We designed a new elastic module which decribes the vis-
cous properties. The viscous force acting between points
A and B is calculated following

Fv(A,B) = µ
dLAB(t)

dt
nA,B , (3)

where µ is the viscous coefficient, dLAB(t)
dt

is velocity of
deformation and nA,B is direction vector from point A to
point B.

5.2 Incorporation into Cell Model
The cell model is described by the five elastic moduli from
Section 2 is expanded by viscous properties. We verified
their effects using the relaxation experiment described in
[7]. According to [10], we describe the relaxation and we
can estimate the relaxation time independently of the ini-
tial stretch.

In our simulation experiment we consider a red blood cell
immersed in a fluid with density 1000kg · m−3 and dy-
namic viscosity 1.5kg ·m−1 · s−1 . Its elastic coefficients
were selected according to [13]. The viscosity module has
not affect the static properties that have been used to
calibrate the elastic coefficients. The comparison of the
relaxation for the six different viscous coefficient values
in the simulation experiment thus proposed can be seen
in Figure 6.

In the Table 3, we see a comparison of the relaxation time
calculated by [10] by the best approximation of the expo-
nential function. Compared to the case without viscosity,
we were able to increase the relaxation time more than
five times.

According to [8], the viscosity of the cell membrane cau-
ses relaxation to slow approximately twice. It is clear that
this, our solution meets. The problem is inconsistent with
the length of relaxation time in the model in the case wit-
hout viscosity. This is much shorter than it really should
be. We have not been able to identify the exact cause of



4 Bušík M.: Development and Optimisation of Model for Cells Flowing in Fluid

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  0.01  0.02  0.03  0.04  0.05  0.06

R
e

la
x
a

ti
o

n

Time [s]

 µ=0.0 

 µ=20.0 

 µ=40.0 

 µ=60.0 

 µ=80.0 

 µ=100.0 

Figure 6: The relaxation of cell for different vis-
cous coefficient by [10].

this problem during the work.

Table 3: The caparison of relaxation time for six
different values of friction coefficient.

µ 0 20 40 60 80 100
10−2 × tc[s] 0.4 0.77 1.16 1.53 1.86 2.09

6. Application of Model into Biological Research
In the first part, an extensive analysis of microfludic de-
vices with periodic field is presented . Those devices are
intended to capturing of specific cell types, and acquired
results are published in [4]. In the second we focus on the
analysis of microfludic devices with shifted field of ob-
stacles. Here we focused on the effect of hematocrit on
the number of collisions with obstacles.

6.1 Simulation Study of Rare Cell Trajectories and
Capture Rate in Periodic Obstacle Arrays

In this section we show the analysis of a microfluidic de-
vice with a periodic obstacle array. We assumed devices
rely on adhesion and antibody coated surfaces. The analy-
sis was performed for different obstacle radii and different
values of hematocrit. We evaluated the design based on
the values of capture rate.

The capture rate was derived from [12], which was exten-
ded to include the influence of contact surface. We got
the capture rate value in the following expression

Pa ' aAc exp
[
−b τ

Ac

]
, (4)

where a, b are constants, τ is the shear stress in the center
of the circulating cancer cell, and Ac is the contact area
of the cell with the wall.

6.1.1 Description of Simulation Experiment
Our goal is to simulate a microfluidic device with a pe-
riodic array of cylindrical obstacles. The simulation of
whole microfluidic device would be extremely computa-
tionally demanding. Fortunately, in our case, we simulate
just one block of the periodic field as shown in Figure 7.
We assumed a periodicity in the x and y direction. The
dimension of our simulated area were 100µm × 50µm ×
28µm.

We performed 10 different random seedings of red blood
cell for each radius of obstacle (7, 9, 11 and 13µm) and

Figure 7: The periodic obstacle array in a microf-
luidic device.

for each number of cells (10, 50 and 100). Ten different
seedings of circulating tumor cell was evenly placed at the
beginning of simulation box between two obstacles. We
performed 10 different seeding od red blood cell for each
seedings of CTC. Finally, 1200 simulations were made.
The cancer cells were modeled as a sphere with a radius of
8.75µm. The red blood cells were described with a typical
biconvex shape with a radius of 3.91µm.

Table 4: The capture rate for different number of
cells and different hematocrit.

r = 7 r = 9
ncell Ht P Ht P
10 2.79 1.43 2.92 13.75
50 5.42 1.78 5.67 12.54
100 8.71 2.01 9.10 12.13

r = 11 r = 13
ncell Ht P Ht P
10 3.09 38.12 3.33 76.48
50 6.00 36.59 6.46 77.33
100 9.64 34.93 10.38 73.38

6.1.2 Results
We have statistically processed the results of 1200 simu-
lations and they are summarized in Table 4. Here we see
that with a larger obstacle radius the capture rate is inc-
reasing. Conversely, with the increasing number of cells,
the capture rate decreases (except for the obstacle with a
radius of 7µm).

As a result, we have shown that a full three-dimensional
simulation involving cell-cell contacts is very useful for
analyzing microfluidic devices with a periodic obstacle ar-
ray. Through these simulations, we have shown the effect
of hematocrit and the cylindrical obstacle radius on the
trajectory of the cancer cell and the capture rate.

6.2 Study of Collision Rate for Rare Cell in Shifted
Periodic Obstacle Array

Based on [5], we presented the effect of hematocrit on
optimal design of microfluidic devices with shifted ob-
stacle array. In this case the evaluation parameter is the
collisions per row. We showed influence of hematocrit on
the optimal design by collision per row.

6.2.1 Design of Microfluidic Device
In our study, we considered devices with shifted rows of
obstacles, as you see in Figure 8. Here Γ is the horizontal
distance of two obstacles, Λ is their vertical distance, ∆ is
the displacement of adjacent rows of obstacles, and R is
the radius of the obstacles. Our goal is to find an optimal
shift of adjacent rows of obstacles.
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Figure 8: Design of microfluidic device with shif-
ted obstacle array. Γ is horizontal distance of two
obstacles, Λ is their vertical distance, ∆ is the row
shift value and R is radius of obstacle. Simulation
box is marked by dotted line.

6.2.2 Definition of Evaluated Parameter
We evaluated the design of devices with shifted rows of
obstacles by evaluation parameter, collision per row. It
expresses how many times the cell has collided with an
obstacle in relation to the total number of passes by a
row of obstacles. The amount of collisions to shift ∆ is
calculated by [5] as

CpR∆ =
∑n

i=1 h
i
∆∑n

i=1 p
i
∆
, (5)

where n is the number of cells in the system, i is the cell
index, hi

∆ is the number of collisions of i with the obstacle
and pi

∆ is the number of passes of i through row of obstac-
les. The collision mode is value of ∆, which has the biggest
value of collision per row for all possible displacements.

6.2.3 Results
In Figure 9, we see the evolution of the collision rate for
different values of ∆. We can notice that an optimal disp-
lacement maximizing the collision rate is different for the
different number of cells. The collision mode gradually
decreases, when in case with seven cells are all value less
than 0.5. As we see everything important is happening for
∆ = 1, 3, . . . , 31. Beyond these values, the collision rate is
always less than 0.5.
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Figure 9: Development of CpR for one, three, five
and seven cells.

In Figure 10, we see the development of collision rates
for seven different values of hematocrit and for values of
shift ∆ = 1, 3, . . . , 31. The circled values are maximum for
given hematocrit, .i.e collision modes. There is no circled
value in the case of a 4.9% hematocrit because we have
never reached value equal to or grater than 0.5. Based on

the development of these maxims, it is possible to see how
the optimal design changes with respect to hematocrit.
This is another example of how important it is to consider
of cell-cell interactions.
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Figure 10: The dependence of collision rate on he-
matocrit for ∆ = 1, . . . , 31. The blue color means
collision rate equals to 0.5 and red color equal to
1.0.

7. Conclusion
This work is devoted to the description, development and
use of simulation model. This model is specialized to si-
mulate the flow of cells in a homogeneous environment
in artificial devices. We have performed the calibration
of immersed boundary method, which is one of the ba-
sic things in this kind of model. We have implemented
the new viscous module to computational model and tho-
roughly analyzed it. At the end we have performed two
application studies. We have optimized design of microf-
luidic devices and shown how important is full 3D simu-
lation with cell- cell contacts in these cases.
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